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ABSTRACT Based on the Smith-Watson-Topper (SWT) method, a phenomenological approach for
multiaxial fatigue analysis, the maximum SWT parameter is proposed as a single param-
eter to evaluate the stress state in the rail head for assessing the fatigue integrity of the
structure. A numerical procedure to calculate the maximum SWT parameter from a
finite element analysis is presented and applied in a case study, where the stress and strain
fields due to wheel/rail rolling contact are obtained from a three-dimensional finite
element simulation with the steady-state transport analysis technique. The capability of
the SWT method to predict fatigue crack initiation in the rail head is confirmed in the
case study. Analogous to von Mises stress for strength analysis, the maximum SWT
parameter can be applied to evaluate the fatigue loading state not only in rail head due
to rolling contact fatigue but also in a generic structure subjected to a cyclic loading.

Keywords stress state in rail head; rolling contact fatigue; SWT method; maximum SWT
parameter; finite element modelling.

NOMENCLATURE Δεe¼ elastic strain range
Δεp¼ plastic strain range
Δε¼ normal strain range
Nf¼ fatigue life
b¼ fatigue strength exponent
c¼ fatigue ductility exponent

σ ’
f ¼ fatigue strength coefficient
E¼ elastic modulus
ε’f ¼ fatigue ductility coefficient

σmax¼ maximum normal stress
σ11, σ22, σ33¼ normal stresses
τxy, τyz, τxz¼ shear stresses
εxx, εyy, εzz¼ normal strains
γxy, γyz, γxz¼ shear strains

n¼ unit normal to the candidate critical plane
nx, ny, nz¼ direction cosines of unit normal n

σ’¼ critical plane normal stress
ε’¼ critical plane normal strain

SWT¼ Smith-Watson-Topper parameter
SWT
max ¼ maximum Smith-Watson-Topper parameter
θi¼ candidate critical plane angles
x¼ running direction along the rail head
y¼ transverse direction across the rail head
h¼ the depth of the rail head

C1, C2¼ the two crack surfaces
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I NTRODUCT ION

The demanding conditions imposed by rail transport
with higher axle loads and increasing annual haulage
rates lead to increased rates of rail degradation, such
as wear and rolling contact fatigue. Although these
situations can be mitigated by the development and
application of higher strength rail steels, rolling contact
fatigue, for example, in the form of dense surface cracks
as shown in Fig. 1, is commonly found on the rail, espe-
cially in heavy haul railways, because of the combination
of high axle loads and frequent train operations.1

Therefore, the study of the degradation behaviour of
rail steel has become an attractive research field in
recent years. Some experimental studies and field
observations2–6 reported that the rolling contact fatigue
strength/behaviour is dependent on rail grades, micro-
structure, composition and hardness of the rail steels.
For instance, the improvement of the wear resistance by
increasing the carbon content of the rail steels can influ-
ence the relative rates at which wear and rolling contact
fatigue damage occur in rail head, and in some cases alter
the morphology of the rolling contact fatigue damage.
Additionally, Cookson and Mutton7 found that the
environmental factors play an important role in rolling
contact fatigue cracking processes.

Basically, development of rolling contact fatigue
damage can be divided into three stages, (i) initiation of
cracks; (ii) crack propagation; and (iii) final failure.
Among these three stages, prediction of fatigue crack
initiation due to wheel/rail rolling contact is of foremost
interest in railway management. First of all, such a
theoretical analysis is applicable to prolonging the life
for fatigue crack initiation. Second, the results of the pre-
diction incorporating the analysis of crack propagation
can be applied to estimate the appropriate rail grinding
interval, which relies on the quantitative information of

wear and rolling contact fatigue development. As
rolling contact fatigue is a stress-related damage phe-
nomenon, it is essential to investigate and quantify
the stress state in the rail head by conducting stress
analysis. Additionally, the results of the stress analysis
can be used to design experimental tests, such as cyclic
bi-axial compression-torsion test, in order to obtain
the material parameters for the study of the ratcheting
behaviour of rail steels using a three-dimensional
cyclic plastic model.

Tournay et al.8 have identified controlling the stress
state in the rail head as of importance. Appropriate
control of stress state of the railway can not only prevent
unexpected failure, such as rolling contact fatigue
damage, but also improve the life of both wheel and rail
and the service reliability.9 Fröhling10 also emphasises
that the stress state at the wheel/rail interface must be
controlled within an acceptable limit for safer and more
cost effective railway operations. Some previous studies
were carried out to analyse the contact stresses or the
stress field in the rail head under different rolling contact
conditions. Influence of the tangential surface traction on
the contact stresses was investigated by Jiang et al..11 Xu
and Jiang12 and Wen et al.13 studied the influence of par-
tial slip conditions in the contact area on the stress field in
the rail using two-dimensional and three-dimensional
finite element model, respectively. Study of the stress
distribution on the white etching layer on rail head was
carried out using two-dimensional finite element model
by Seo et al..14 The influence of non-steady rolling
contact on the contact stresses was investigated by Wen
et al..15 Mutton et al.1 also investigated the influence of
loading conditions and increased head loss on longitudi-
nal stresses in the rail head and the tendency for rolling
contact fatigue cracks to cause rail failure.

Although the importance of controlling the stress
state of the railway has been highlighted, most of the
stress analyses conducted so far aimed to study the influ-
ence on either the contact stresses or the stress field in
the rail head, which could be extracted from the finite
element simulation directly. The basic question of how
to evaluate the stress state in the rail head due to cyclic
rolling contact for the assessment of structural integrity
of the rail has not been fully investigated yet. Clearly,
von Mises stress, which is used to evaluate the stress state
for strength analysis of a structure, is not suitable for
purpose for fatigue analysis of a structure under cyclic
loading. The objective of this research is to identify a sin-
gle parameter to evaluate the stress state in the rail head
during actual rolling contact situations without carrying
out a complicated fatigue life analysis. Such a parameter
should have the capacity to correctly characterise the
possible rail degradation level, such as the initiation of
rolling contact fatigue.

Fig. 1Dense surface cracks on the surface of the rail head in a heavy
haul rail.1
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The Smith-Watson-Topper (SWT) method,16 which
considers stress, elastic strain and plastic strain compo-
nents, has demonstrated the capacity to predict the
location, the orientation of crack initiation and the
fatigue life of a structure under multiaxial cyclic loading,
for example,17 and 18 Additionally, Klemenc et al.19

combined the SWT method as an analytical model with
a hybrid multi-layer perceptron to model the dependency
of the SWT damage parameter on the number of cycles
to fatigue failure. To improve the accuracy for the
estimation of multiaxial fatigue life, two fatigue damage
models, were successfully developed by modifying the
SWT method.20,21 Therefore, the maximum SWT pa-
rameter from the SWT method for fatigue analysis is
proposed to effectively evaluate the stress state in the rail
head in the paper. A case study indicates that this param-
eter and the SWTmethod have the capability to not only
evaluate the stress state but also predict the initiation of
fatigue crack in the rail head.

The structure of this paper is as follows. The SWT
method for rolling contact fatigue analysis, which corre-
sponds to the maximum SWT parameter, is briefly
described in the section on SWT Method for Rolling
Contact Fatigue Analysis and the Maximum SWT
Parameter. The finite element model and the numerical
results from the SWT method in a case study is
presented and discussed in the section on Numerical
Example. Conclusions are given in the last section.

SWT METHOD FOR ROLL ING CONTACT FAT IGUE
ANALYS IS AND THE MAX IMUM SWT
PARAMETER

SWT method

Rolling contact fatigue is one of the two typical rail
degradation modes. The other degradation mode, wear,
is also the result of ratcheting mechanisms,22 with the
overall degradation of the rail reflecting the relative rates
at which these two processes occur. Research has been
extensively carried out to address all the three stages of
rolling contact fatigue. Generally, two approaches, a
phenomenological approach and a fracture mechanics
approach, can be applied to study fatigue.23 The aim of
current research is to evaluate the stress state in rail head
for assessing and controlling the rail integrity without
carrying out a complicated fatigue life analysis. For this
purpose, the phenomenological approach for fatigue
analysis is adopted.

Socie24 has reported that the SWT method can give a
good correlation with in-phase and out-of-phase fatigue
lives under multiaxial cyclic loadings. Some previous
studies have already shown the applicability of the critical

plane approach in the prediction of both crack plane and
the fatigue life.25,26 Ringsberg27 proposed a fatigue
parameter from a combined energy-density based and
critical plane models to predict the fatigue life of wheel/
rail cyclic loading. The SWT method in conjunction
with the critical plane approach has also been successfully
applied in a number of studies to predict the crack initia-
tion and crack location of fretting specimens.17,28–31 The
SWT method in conjunction with the critical plane
approach is applied to predict the fatigue resistance of
the rail steel due to rolling contact in the rail head in
current study. This method is briefly presented in the
succeeding text.

The SWT method belongs to the strain-life phenom-
enological approach, which includes both elastic strain
range and plastic strain range.17 The contribution of
the elastic strain range, Δεe, on the fatigue life, Nf is
originally described by the Basquin’s equation for high
cycle fatigue,

Δεe
2

� �
¼

σ ’
f

E
2Nf
� �b (1)

where σ ’
f is the fatigue strength coefficient and b is the fa-

tigue strength exponent. Under uniaxial compression-
tension cyclic loading with the loading ratio as �1, Eq.
(1) can be converted into the stress formula,

σmax ¼ Δεe
2

� �
E ¼ σ ’

f 2Nf
� �b (2)

where σmax is the stress amplitude under the uniaxial
compression-tension test. The contribution of the plastic
strain range, Δεp, is originally described by the Coffin-
Manson equation for low cycle fatigue,17,23

Δεp
2

� �
¼ ε’f 2Nf

� �c (3)

where ε’f is the fatigue ductility coefficient and c is the
fatigue ductility exponent. The summation of Eqs. (2)
and (3) gives the strain-life equation as follows,23

Δε
2

¼
σ ’
f

E
2Nf
� �b þ ε’f 2Nf

� �c (4)

The philosophy of the SWT method is to multiply
the Basquin’s formulation for maximum normal stress,
Eq. (2), by the strain-life equation, Eq. (3), which
leads to,
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σmax
Δε
2

¼
σ ’
f

� �2

E
2Nf
� �2b þ σ ’

f ε
’
f 2Nf
� �bþc (5)

For a given material, the material coefficients, b, c and
Young’s modulus, E in Eq. (5) can be obtained from ex-
perimental tests. To apply the SWT method Eq. (5) to
predict the fatigue life of a structure under three-dimen-
sional cyclic loading, the following SWT parameter,
SWT, is introduced.

SWT ¼ σ max
Δε
2

(6)

For a given material point, σmax is the maximum
normal stress component in a specified direction during
a fatigue loading cycle and Δε is the difference of the
maximum and minimum normal strain components in
the same specified direction during the loading cycle.
Therefore, the parameter, SWT is a function of the space
orientation at a given material point. Among all the
orientations, a maximum SWT, denoted as SWT

max , can be
found for this material point. Calculation should be
carried out for the whole structure to search for the
highest SWT

max during the loading cycle. It is the highest
SWT
max that is then applied in Eq. (5) to predict the fatigue

life to crack initiation in the structure,Nf. The location of
the highest SWT

max corresponds to the site of the fatigue
crack initiation. The orientation corresponding to the
highest SWT

max at the critical site represents the normal di-
rection of the predicted crack surface because the crack is
normally perpendicular to the maximum normal stress
component. The predicted crack surface was designated
as the critical plane in the literature.17

Numerical procedure to determine the maximum
SWT parameter

The parameter, SWT can be calculated on the basis of
stress and strain fields from a three-dimensional finite
element analysis. The determination of the maximum

SWT parameter SWT
max in the SWT method from a finite

element simulation for fatigue analysis requires some
basic material parameters, such as elastic modulus E,
yield strength Y, elastic Poisson’s ratio ν, which can be
obtained from a relatively simple testing method, that
is, the monotonic tensile test. The procedure to numeri-
cally determine the highest SWT

max for wheel/rail rolling
contact is shown in Fig. 2. The calculation starts from
the identification of a critical zone, which is large enough
to cover both large vonMises stress values and large prin-
cipal strain values, for example, the top 30% to 40% of
the von Mises stress values and of the maximum principal
strain values. This is because the highest SWT

max should be
within a zone with large von Mises stress and large
principal strain. After that, the values of the stress and
strain components at the integrations points of the ele-
ments within the selected critical zone are collected.
Three-dimensional critical plane implementation is then
applied to define the direction cosines of a unit normal, n,
to the candidate critical plane as described by Eqs. (7–9).17

nx ¼ � sinθv sinθh (7)

ny ¼ cosθh (8)

nz ¼ � sinθh cosθv (9)

where θv and θh are the two angles to define the orientation
of a specific candidate plane as shown in Fig. 3. Different
candidate critical planes are considered by varying the an-
gles of the plane from 0° to 360° with the increment of
5°. Three-dimensional stress and strain transformation as
described by Eqs. (10) and (11) are then applied to deter-
mine the normal stress σ’ and normal strain ε’ to different
candidate critical plane.

σ ’ ¼ σ xxn2x þ σ yyn2y þ σ zzn2z þ 2τxynxny þ 2τyznynz
þ2τxznxnz (10)

Fig. 2 Procedure to calculate the highest value of the maximum Smith-Watson-Topper parameter, SWT
max.
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ε’ ¼ εxxn2x þ εyyn2y þ εzzn2z þ 2γxynxny þ 2γyznynz
þ2γxznxnz

(11)

After that, the maximum normal stress component,
σmax, along the specified normal direction n, and the
strain range, Δε, which is the difference between the max-
imum and minimum values of the normal strain along the
specified normal direction n, that is, the direction normal
to the candidate critical plane of an integration point can
be determined. Finally, multiplying the maximum stress
amplitude by the strain range gives the SWT value for
each candidate critical plane. The plane which gives the
maximum SWT value, SWT

max is the critical plane of that
integration point. The same calculation should be re-
peated for all the integration points within the identified
critical zone. The integration point that gives the highest
SWT
max value is the predicted location where the first fatigue

crack will initiate in the structure. The critical plane at
the critical integration point for the highest SWT

max is the
crack initiating surface of the predicted fatigue crack. A
case study to determine the highest SWT

max is presented in
the next section.

NUMER ICAL EXAMPLE

Finite element model

In this numerical example, the commercial finite element
package Abaqus with the capability of steady-state trans-
port analysis is used to simulate the wheel/rail contact

under free rolling situation. The steady-state transport
analysis technique applies the arbitrary Lagrangian
Eulerian (ALE) formulation, which was developed by
Nackenhorst,32 to model rolling and sliding contact
problems. As the ALE formulation is applied, this tech-
nique is a time-independent method. A steady moving
contact is converted into a pure spatial problem by
decomposing the total deformation of the rolling wheel
into a rigid body motion and material deformation.33,34

The rigid bodymotion is described by the Eulerianmethod
while the material deformation is described by the
Lagrangian method. Therefore, the dynamics of the wheel
during rolling contact can be captured, although the rotat-
ing body does not undergo the large rigid body spinning
motion. This method has been practically validated and
some recent numerical studies of wheel/rail contact prob-
lems based on ALE formulation can be found in.33,35

A geometrically nonlinear three-dimensional finite
element model is generated as shown in Fig. 4. The
geometrical parameters of the wheel include the flange
radius of 16mm, the width of 145mm, and the diameter
of 965mm; see Fig. 5. The technical parameters of the
rail include the profile of a flat bottom rail, which has
the mass of 68 kg/m with crown radius of 254mm, gauge
radius of 31.75mm, and rail cant of 1/40; see Fig. 6.

The three-dimensional wheel model was generated by
revolving an axisymmetric model of the wheel profile
about its axis of revolution. The inner radius of the wheel
is clamped to a reference point, which is located at the
centre of the wheel. The normal load L, which is the axle
load, is applied on that reference point; see Fig. 4. The

Fig. 3 Definition of angles θv and θh for calculating SWT
max.

17

Fig. 4 Finite element model for simulating the steady-state wheel/
rail rolling contact.
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spinning motion of the wheel about its axis and the transla-
tional motion of the wheel with respect to the rail are
denoted as ω and v, respectively, as illustrated in Fig. 4.
The initial contact position between the wheel and the rail,
which is the origin of the global coordinate system of the
model, is calibrated by using a commercial mathematical
software package MATLAB. The origin point (0,0,0) is used
as the reference for presenting the results in following sec-
tions. The three-dimensional rail model was generated by
extruding a two-dimensional rail profile. The mesh at the
contact zone is refined in order to obtain accurate stress
and strain results while coarse mesh is applied to the other
part of the rail model in order to reduce the computational
time. The surface-based mesh tie constraint, which makes
the active degrees of freedom equal for a pair of surfaces
with uneven mesh densities,34 was applied to connect low
and high density mesh regions. The wheel-rail finite ele-
ment model consists of 88 631 C3D8 elements and it has
290 643 degrees of freedom in total.

Both wheel and rail are treated as deformable body,
and they are described by the classical von Mises
elastic-plastic constitutive material model with the con-
sideration of isotropic hardening throughout the analysis.
The Young’s modulus and yield strength for the rail are
207GPa and 751MPa while those for the wheel are
210GPa and 910MPa. The Poisson’s ratio and the work
hardening exponent for both wheel and rail are 0.3 and

0.05, respectively. Coulomb friction law, which relates
the frictional stresses to the slip velocity, is used as the
friction model.34

Numerical results and discussion

The SWT method, which considers the effect of elastic
strain, plastic strain and stress, incorporating critical
plane approach is proposed to fully evaluate the stress
state in the rail head. Following Fig. 2, the results and
the details to determine the highest maximum SWT
parameter, SWT

max in the rail head of this wheel/rail rolling
contact example under heavy haul loading situation are
presented in the succeeding text.

Based on the finite element analysis, the von Mises
stress and the maximum principal strain fields in the rail
head for a free rolling case of friction coefficient of 0.3,
and axle load of 30 t are shown in Figs. 7 and 8, respec-
tively. The maximum von Mises stress zone is consistent
with the maximum principal strain zone. Importantly, the
critical zone for the SWT calculation can be determined
as the zone with the top 35% of the von Mises stress
values, which is outlined in Fig. 9. It is worth mentioning
that the critical zone must be reasonably large to cover
both large von Mises stress values and the large principal
strain values if the large von Mises stress zone is not con-
sistent with the large principal strain zone. After that, all

Fig. 5 Cross-section of the wheel profile.

914 C. L. PUN et al.

© 2014 Wiley Publishing Ltd. Fatigue Fract Engng Mater Struct, 2014, 37, 909–919



the elements within the critical zone are considered in
finding the highest SWT

max. The results of stress and strain
components of each integration points at each increment
within the loading cycle are then collected. With the use
of MATLAB, SWT

max is determined by following Eqs. (6–11).

Figure 10 shows the surface contour plot of SWT
max on

the x-y plane at different locations along the depth of
the rail head, h. For all calculations, the initial contact
position between the wheel and the rail is chosen to be
the reference point (0,0,0). Figures 10(a) and 10(b) show
that the distributions of the SWT

max on the top surface and
0.5mm below the top surface of the rail head are not as
smooth as those shown in Figs. 10(c) to 10(f). This fact
is due to the influence of the friction coefficient on both
stress and the strain fields at the contact between the
wheel and the rail. Additionally, the transverse location
of the highest SWT

max on each surface varies along the depth
of the rail head. ComparingSWT

max distribution in Fig. 10(a)
to 10(f), the highest SWT

max of the model is 11.589MPa and
it is located at 1.5mm below the top surface of the rail
head; see Fig. 10d.

Figure 11 shows SWT
max versus the depth of the rail head,

h on the plane with the highest SWT
max. It can be seen that

Fig. 6 Cross-section of the rail profile.

Fig. 7 von Mises stress field in the rail head of the case study.
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SWT
max increases with h until the highest SWT

max is reached.
After that, it decreases with h and approaches to zero.
Figure 12 shows the distribution of SWT

max on the plane
of the highest SWT

max along the transverse direction, y.
The results indicate that the transverse location of the
highest SWT

max is 1.5mm from the initial contact position
towards the gauge corner. Figure 13 demonstrates the
variation of SWT

max along the running direction x on the
plane with the highest SWT

max . The results clearly demon-
strate that the highest SWT

max is around the initial contact
position between the wheel and the rail. Combining the
results in Figs. 11, 12 and 13, the exact location of the
highest SWT

max of the specimen is at (�0.2, 1.5, �1.5) with
respect to the reference point. It is worth nothing that
the orientation of the candidate critical plane is defined
by the two angles θv and θh, which define the direction
cosines of a normal to the candidature plane; see Eqs.
(7–9). As mentioned earlier, angles of candidate critical
planes from 0° to 360° with the increment of 5° are consid-
ered in the calculation for each single integration point.
According to Eqs. (7–9), four sets of angles θv and θh give
the sameSWT

max value at each single integration point. In an-
other word, two crack surfaces give the sameSWT

max value for
each single integration point. In current case study, the
calculated angles θv and θh for the orientations of the

normal to the crack plane with the highest SWT
max are

summarised in Table 1. Additionally, the predicted direc-
tions of two crack surfaces, C1 and C2, at the location of
the highest SWT

max are illustrated in Fig. 14.
Typically, a rolling contact fatigue crack can be origi-

nated from either a small surface crack or sub-surface
crack.36 In the current case study, the results indicate that
the crack initiates in the sub-surface of the rail head and
propagates on two possible crack surfaces. Both crack
surfaces are inclined with a very acute angle of 15° to the
running surface of the rail head. The predicted rolling
contact fatigue cracks with such orientations have been
commonly observed in practice, for example, Fig. 1.1

Applying a single parameter to evaluate the stress state
in the rail head, the result of the critical position for crack
initiation from the von Mises stress method, is different
from the SWTmethod. This is because the SWTmethod
includes the elastic and plastic deformation of the material
for fatigue analysis while the von Mises stress does not. It
is worth nothing that a reasonable critical zone, which can
cover both large von Mises stress and large maximum
principal strain values, should be identified for determin-
ing the highest maximum SWT parameter and, therefore,
for locating the position of crack initiation and crack
direction(s). The value of the highest maximum SWT
parameter, combined with experimental data via Eq. (5),

Fig. 8 Maximum principal strain field in the rail head of the case study.

Fig. 9 Critical zone in the rail head of the case study.
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(a) (b)

(c) (d)

(e) (f)

Fig. 10 Surface contour plot of the maximum Smith-Watson-Topper parameter, SWT
max , on the x-y plane at (a) h = 0mm; (b) h = 0.5mm; (c)

h = 1mm; (d) h = 1.5mm; (e) h = 2mm; (f) h = 2.5mm.
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Fig. 11 Distribution of the maximum Smith-Watson-Topper, SWT
max,

along the depth of the rail head, h, on the plane of the highest SWT
max.
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Fig. 12 Distribution of the maximum Smith-Watson-Topper, SWT
max,

on the plane of the highest SWT
max along the transverse direction, y.
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can be used to predict the fatigue life. Additionally, the
case study demonstrates that to find the highest maximum
SWT parameter, the location of fatigue crack initiation
and the crack surfaces for crack propagation can also be
predicted. Therefore, the maximum SWT parameter is
proposed as a single parameter to evaluate the stress state
in the rail head for rolling contact fatigue, which is analo-
gous to use of von Mises stress as a single parameter to
evaluate the strength of a structure. Practically, knowing
the value of the highest maximum SWT parameter in a
rail head of a specified railway can provide a quantitative
measure about the structural integrity of the rail head
without carrying a complicated failure analysis. For exam-
ple, if the value of the highest maximum SWT parameter

in Case A is higher than that in Case B for the same rail,
then Case A is more vulnerable to fatigue failure. Actively
monitoring the highest maximum SWT parameter in a
rail head can provide the information for rail maintenance.
This single parameter can also be applied at the design
stage of a railway rail. Furthermore, analogous to von
Mises stress for strength analysis under static loading, the
maximum SWT parameter can be applied to evaluate
the fatigue loading state in a generic structure subjected
to a cyclic loading.

CONCLUS IONS

To search for a single parameter to evaluate the stress
state in the rail head for rolling contact fatigue analysis,
the maximum SWT parameter, which is originated from
the SWT method for multiaxial fatigue analysis, was
analysed in current study. The SWT method includes
the contribution of stress, elastic strain and plastic strain
components in a multiaxial fatigue analysis. It can predict
not only the fatigue life but also the location of the
possible rolling contact fatigue and the direction of the
initiated fatigue crack, which has been demonstrated
successfully in a case study. Consequently, the maximum
SWT parameter is proposed as a single parameter to
evaluate the stress state in the rail head for rolling contact
fatigue analysis. Practically, the value of this single
parameter can be applied as an indicator to control the
stress state and to maintain the rail in a railway system.
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Fig. 14 Illustration of the predicted directions of the crack surfaces,
C1 and C2, at the location of the highest SWT

max.
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