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ABSTRACT 

Igneous plutons frequently show chemical zoning. The most commonly documented zoning is with the lighter, more 
silicic, rocks in the centre of the body and the denser, more basic, rocks in the external zone (normal zoning). Less 
commonly, some plutons show reverse zoning so that the more basic rocks occupy the centre. Widespread evidence shows 
that zoning in many plutons is the result of interaction between basic and silicic melts. 

This work studies, by means of finite difference numerical models, pluton zoning which is due to internal circulation in 
diapirs comprising two magmas of different composition. Diapirs are modelled here as buoyant isothermal spheres 
composed of two Newtonian fluids rising through a Newtonian ambient fluid. Ratios of viscosities and densities of the two 
fluids were varied and the results demonstrated two different styles of internal circulation in rising spheres. The first style, 
termed "coupled circulation", is characterised by continuous overturning of both the fluids in a single cell, evolving through 
both normal and reverse compositional zoning. The overturns stir the fluids and enhance both magma mingling and mixing. 
Coupled circulation develops in spheres comprising fluids of similar densities and viscosities. As these properties become 
increasingly different the internal circulation tends to decouple. "Decoupled circulation", is characterised by circulation of 
the fluids in two separate cells. Decoupling stops the overturns between the two magmas so that the diapir preserves a 
reverse zoning throughout its rise, with the denser fluid occupying the central zone. There is less possibility of magma 
mingling in diapirs undergoing decoupled circulation. Thus, pairs of magmas of similar properties, such as andesite and 
rhyolite, are most likely to develop coupled circulation leading to both normal and reverse zoning in diapirs; whereas 
magmas of very different properties, such as basalt and rhyolite, are most likely to decouple resulting in reverse zonation. 

The models indicate that reverse zoning would be the most common internal pluton geometry if zoning were controlled 
by internal circulation alone. Model diapirs which rise along channels of warm, low viscosity wall-rock (hot Stokes' models) 
or low viscosity shear zones show an increased tendency towards coupled circulation and more intense mechanical stirring of 
the magmas. 

Introduction 

Widespread evidence suggests that mantle 
basalts trigger melting of the silicic crust leading 
tO plutons initially composed of two distinct melts 
[1,2]. This association is often observed in the 
form of mechanical mingling and chemical mixing 
of the two magmas in zoned plutons or as mafic 
enclaves in granitoids (e.g. [3,4]). The most com- 
monly described pattern of compositional zoning 
in granitoid plutons--normal zoning--is charac- 
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terised by mafic margins around felsic cores (e.g. 
[5,6]). Felsic margins around mafic cores--re- 
verse zoning--are considered to be less common 
(e.g. [4,7-9]). Several mechanisms have been pro- 
posed for compositional zoning in plutons. Some 
models suggest mechanisms, such as differentia- 
tion during crystallization, thermal convection, 
and crystal settling [10] that occur after the plu- 
ton has been emplaced at high crustal levels. The 
models considered here suggest that zoning is 
caused by mechanisms related to pluton ascent 
and offer alternative answers to several questions 
regarding this zoning [11]. The present work in- 
vestigates the possibilities of zoning due to inter- 
nal circulation caused by diapiric ascent of bi- 
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modal plutons, or by diapirs rising from a deep, 
differentiated magma chamber [9]. The ascent of 
these composite diapirs was simplified to a buoy- 
ant isothermal sphere (following [12-16]) contain- 
ing two immiscible Newtonian fluids. The pat- 
terns of internal circulation in the sphere caused 
by the viscous drag by its surroundings were stud- 
ied by means of finite-difference numerical mod- 
els. 

This paper opens with a short summary of 
previous research, followed by a description of 
the methods used for the numerical models. The 
results are then used to distinguish tw6 styles of 
internal circulation: coupled and decoupled circu- 
lation (Fig. 1). The physical parameters of the 
fluids were systematically varied in the numerical 
models and the effects of each parameter on the 
internal circulation are described individually. 
The results are then integrated into a general 
picture and the implications for magma mixing 
and mingling [17] are discussed. Following this 
insight into the parameters controlling the inter- 
nal circulation and the patterns developed, the 
results of calculations where a sphere rises along 
a pathway (channel) of low viscosity ambient fluid 
are discussed (simplified hot Stokes model). A 
similar experimental approximation has previ- 
ously been noted [16]. Channel models are be- 
lieved to be analogues of low viscosity shear zones, 
or of diapirs rising along pathways in the crust 
which have been warmed by preceding diapirs. 

Previous research 

Grout [18] suggested that magmas can rise by 
forcefully piercing through their overlying rocks 
(diapiric ascent). Since the work of Ramberg 
[19,20] diapirism has been widely used to account 
for the ascent o f  magmas through both mantle 
and crust. Batchelor [21] showed that a fluid 
sphere moving at a constant low velocity (low 
Reynolds number) through another fluid will re- 
tain its spherical shape during flow. Laboratory 
models show that diapirs with a viscosity lower 
than that of the enclosing medium, as is the 
general case in nature, will achieve an almost 
spherical shape after rising a distance equivalent 
to few radii [22]. Similar results have been ob- 
tained from numerical analysis [23,24]. Although 
a sphere is a good approximation of the shape of 

rising diapirs, several other factors present in 
natural systems may influence their shapes. These 
include: the geometry of the source region, super- 
imposed syn-tectonic stresses, density and viscos- 
ity stratifications of the surrounding medium, or 
any other possible inhomogeneities [25]. 

Several workers have used the structures 
around granitoid plutons to conclude that the 
viscosity of the pluton and wall rocks must have 
been similar during ascent, which, in turn, implies 
that the granitoids must have been highly crystal- 
lized during their Stokes-like ascent [20,26]. An- 
other group of workers follow Grout [18] and 
suggest that deformation around diapirs occurs 
within narrow zones thermally softened by the 
diapir itself [12-15,27]. These "hot Stokes mod- 
els" consider the temperature dependence of the 
viscosity of the wall-rock and the Peclet number 
(Pe) of the system (which gives the ratio between 
heat advection by diapiric rise relative to heat 
diffusion to the enclosing medium). Most of the 
models described here simulate the isoviscous 
Stokes models, but simplified models of hot 
Stokes rise were also studied. 

Marsh [12] showed that the viscosity of the 
wall rock near the contact controls the drag im- 
posed on rising diapirs and that, for diapirs to 
rise considerable distances, the wall rock should 
attain at least the viscosity corresponding to its 
solidus. Thus, viscosity contrasts close to unity 
may be expected across the external boundary of 
diapirs. The viscosities of felsic and mafic mag- 
mas depend on their composition, temperature, 
pressure, crystallinity and water content [4,17,28, 

a) ~u b) }u 

COUPLED CIRCULATION DEOOUPLED CIRCULATION 

Fig. 1. (a) Coupled internal circulation showing one flow cell 
in each half sphere. (b) Decoupled internal circulation with 
two flow cells per half sphere,  a very thin skin of the fluid 

circulating in the core also surrounds the external fluid. 
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29]. Their viscosity ratio may vary several orders 
of magnitude and will keep changing as the diapir 
rises, circulates and cools. The viscosity contrasts 
between magmas of different compositions at 
thermal equilibrium have been calculated as a 
function of the volume of mafic magma in the 
total volume [4,17]. 

The steady velocity, u, reached by a buoyant 
sphere slowly rising through a Newtonian fluid of 
infinite extent is given by the extended Stokes' 
Law for the motion of a sphere [30,31]: 

1 rZgAp ('qo+'r/s) 
(1) 

3 ,o  

where: r is the sphere's radius; g the gravita- 
tional acceleration; Ap the density difference be- 
tween the sphere and surrounding medium, and 
rio and r/s are the viscosity of the ambient fluid 
and of the sphere, respectively. The theoretical 
velocity of the two-dimensional model spheres is 
found by multiplying eq. (1) by the correcting 
factor k for an infinite cylinder, k = 1/0.8488 
[321. 

The internal circulation promoted by viscous 
drag in an isothermal non-expanding fluid sphere 
moving through an infinite fluid has been studied 
earlier by several workers [21,25,30,31,33,34]. 
Schmeling et al. [25] studied this internal circula- 
tion using a model of Stokes flow past a fluid 
sphere, with arbitrary viscosity contrast to the 
ambient medium. Their results showed that the 
fluids inside the sphere overturn completely after 
travelling a distance Sov: 

32r (r/o + ~/s ) (2) 
S°v 3 ~/o 

Cruden [35] was the first to study internal circula- 
tion caused by viscous drag in spheres with an 
internal density stratification. This author did not 
notice any retardation of the internal circulation 
caused by the internal density differences and 
concluded that any internal stratigraphy behaved 
passively. However, retardation effects in his ex- 
periments may have been small and masked by 
both difficulties in measuring the circulation rates, 
and by differences in the volumes of his three 
internal layers. From the flow inside the diapir, 
Cruden calculated numerically the time-depend- 
ent finite strain developed inside the diapir and 

predicted the fabrics resulting from such strains. 
Cruden [35] also emphasised the relevance of 
internal circulation in diapirs for common fea- 
tures in plutons such as magma mixing and com- 
positional zoning. Magma mixing has been widely 
described in previous works (e.g. [36]) and Frost 
and Mahood have shown that magmas of the 
same viscosity mix the most easily [4]. 

According to scale model theory, the condi- 
tions of geometric, kinematic and dynamic Simi- 
larity with natural structures must be satisfied so 
that the model evolves similarly to the prototype 
[19]. In order to obtain dynamic similarity, the 
model materials and the natural prototype must 
also show theological similarity [37]. Magmas be- 
have as Newtonian fluids above their liquidus 
temperature and sometimes below [28,29]. Mag- 
mas below their liquidus, partial melts and natu- 
ral rocks all exhibit non-Newtonian behaviour 
[28,38-42]. Following Ramberg [43] the system 
will be simplified to an isothermal Newtonian 
flow in order to gain insight into the principal 
mechanisms of the problem considered. 

All previous studies dealing with internal cir- 
culation in buoyant spheres have explored single 
fluid spheres (e.g. [25,33-35]). The circulation in 
such a sphere occurs in a single toroidal cell and 
has been termed here coupled circulation (Fig. 
la). By introducing a second fluid in the sphere, 
it will be shown that the single cell may disrupt 
into two decoupled flow cells (decoupled circula- 
tion, Fig. lb), and that the parameters controlling 
the style of internal circulation are the differ- 
ences between densities, viscosities and volumes 
of the two internal fluids. 

Numerical  models 

The two-dimensional numerical models were 
carried out using a finite-difference computer 
code developed by Harro Schmeling that solves 
Stokes equations and was described in Weinberg 
and Schmeling [44]. The box used had a no-slip 
bottom boundary, a free-slip top boundary, and 
reflective lateral boundaries. All calculations used 
43 x 46 grid intersections and 200 x 200 markers. 
The width of the box controlled the maximum 
size of the flow cells caused in the ambient fluid 
by the rise of the sphere, and was a third of the 
height and approximately four times the radius 



80 R.F. WEINBERG 

1.0 

[ ]  111 =1.0 
Pl =1.0 

[ ]  "12 
P2 =0.9 

• 113 
P3 

V z = 0.78 V] 

0 
0.3 

Fig. 2. Initial geometry and physical properties in the numeri- 
cal models. All boxes were of the width indicated here, and p, 
,/, V are the density, viscosity and volume of the fluids, 

respectively. 

(4r)  of the sphere. Batchelor [21] and Marsh [12] 
pointed out that deformation of the surroundings 
will propagate  many body radii in viscous fluids. 
In order to evaluate how much the chosen width 
of the box affected the patterns of internal circu- 
lation, a few models were repeated in wider boxes 
(12r) without significant differences. 

In the numerical models described here, vis- 
cosity within the fluids are constant and the maxi- 
mum Reynolds number  obtained, Re  = 1 0 -  26, 
(Re = urAp/rl, calculated for u = 2 X 10 -11 
m / s  2, r = 2400 m, Ap = 420 k g / m  3 and r / =  2.8 
× 1020 Pas), is sufficiently small that inertia can 
be neglected and Stokes' Law can be applied [32]. 
The computer  code has problems dealing with 
high ( >  103) viscosity contrasts across material  
boundaries and this limitation constrained the 
viscosities used in the calculations. 

The initial configuration of the numerical 
models is shown in Fig. 2. The physical parame-  
ters of the ambient  fluid 1 were kept constant in 
all models, as well as the relative volumes of the 
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V2 =8.8x10 "3 
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0.2. 1.78R~ 

0.0 ~ 

Fig. 3. Reference model where the two internal fluids are of 
equal density and viscosity. For every step the rise of the 

sphere is indicated in terms of its radius. 

two internal fluids (V 2 and V3). The patterns of 
internal circulation were studied by systematically 
varying the densities and viscosities of  the inter- 
nal fluids (2 and 3, Fig. 2), and delineating the 
conditions for development of coupled and de- 
coupled circulations. The parameters  '}72 , "03 and 
P3 were varied individually in different sets of 
calculations while the other parameters  were kept 
constant at the non-dimensional values indicated 
in Fig. 2. The initial geometry of the sphere was 
designed to simulate diapirs formed by a batch of 
basalt melting a smaller volume of silicic crust. 

The results of calculations where the two in- 
ternal fluids, 2 and 3, have equal density and 
viscosity (effectively only one fluid) will be used 

Fig. 4. Results of model calculations where only density P3 was varied. In the left-hand side box the result of the reference model is 
shown for comparison and the constant parameters are specified. (a) P3 is decreased and P2 >~ P3. (b) P3 is increased, as is P2 ~< P3; 

notice how the sphere's tail becomes longer and more voluminous as P3 increases. 
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here as a reference model (Fig. 3). The sphere 
developed coupled internal circulation as de- 
scribed by Schmeling et al. [25] but similar shapes 
developed after shorter distances of rise. The top 
sphere shown in Fig. 3 rose 8.17r (r = radius of 
the sphere). A similar shape was obtained by 
Schmeling et al. [25] for a sphere rising in an 
infinite medium only after l l r  (re-calculated for 
the viscosity contrast between ambient fluid and 
sphere used here). The faster development is only 
apparent and results from the initial geometry 
used here, which corresponds to a later stage of 
evolution of the spheres calculated by Schemling 
et al. [25]. 

Early acceleration distorts the initial sphere 
into a teardrop, as a tail is dragged by the enclos- 
ing fluid 1 (Fig. 3, bottom diagram). As ascent 
continues, the velocity becomes constant and the 
initial spherical shape tends to be regained. The 
size of the tail is important because the rate of 
rise (discussed below) depends on the square of 
the sphere's radius. The models calculated here 
show that the tail increases in relative volume if 
the viscosities of fluids 2 and 1 are similar, or if a 
large density contrast exists within the sphere 
(Fig. 4). 

Density variation 
The coupled circulation developed in the ref- 

erence model (Fig. 3) tended to decouple when 
the density P3 was varied while keeping P2 con- 
stant. Circulation tends to decouple irrespective 
of whether P3 is smaller than P2 (Fig. 4a) or 
larger (Fig. 4b). The transition is gradual and, as 
the density difference increases, an increasing 
volume of the less dense fluid accumulates in the 
external zone and remains there over increasingly 
greater rise distances. For any given set of param- 
eters, there are thus two values of P3 that sepa- 
rate coupled from decoupled circulation, depend- 
ing on whether the lighter fluid is initially in the 
centre of the sphere (Fig. 4a) or in the external 
zone (Fig. 4b). In both cases a high density con- 
trast always leads to decoupling, with the lighter 
fluid occupying the external zone. 

The manner in which the circulation pattern 
develops depends on the relationship between 
viscous shear at the sphere's external boundary 
and the relative buoyancy between the two inter- 
nal fluids (analogous to the analytical solution of 

Marsh and Maxey [45] for light particles dragged 
downwards by flow in a convection cell). When 
the buoyancy contrast between the two internal 
fluids is low, viscous shear can drag the lighter 
fluid downwards around the periphery of the 
sphere and drive overturns. As buoyancy of the 
lighter fluid is increased (towards the right-hand 
side in Fig. 4), it increasingly resists the down- 
ward drag, trying to maintain the gravitationally 
stable stratification. As the buoyancy contrast in- 
creases, a point is reached where the initial single 
flow cell disrupts into two smaller cells. Flow in 
the two fluids becomes decoupled and circulation 
occurs inside the fluids' respective boundaries. 
This situation is stable. Once it is achieved, the 
relative position of the two fluids remains un- 
changed throughout the further rise of the sphere. 
A high-resolution calculation showed a small ra- 
dius sphere rising 14 radii to the top of the box in 
a stable decoupled configuration. 

When the core fluid 3 is much lighter than the 
margins, the flow decouples into two cells and the 
geometry becomes stable after half an overturn 
(Fig. 4a, right-hand side). On the other hand 
when the core fluid 3 is denser than the margins, 
flow can decouple early and stop any overturn. 
The denser fluid rises towards the top of the 
sphere during the initial acceleration but the vis- 
cous forces driving the circulation are so weak 
that it sinks down through the core of the sphere 
(Fig. 4b, right-hand side). In both cases the well 
known "up through the centre and down around 
the sides" sense of flow [21,35] breaks down into 
two separate cells; the sense of flow of the central 
cell being the reverse of that of the outer cell 
(Fig. lb). The case where P3 is denser than the 
ambient fluid 1 (basaltic magma denser than the 
crust) was not considered here. However, the tails 
formed behind the sphere in Fig. 4b allows the 
prediction that the ascending sphere will leave 
most of the dense fluid behind, and the internal 
circulation will be decoupled. The critical density 
contrasts separating coupled from decoupled cir- 
culation are relevant to magmatic processes in- 
side a rising diapir and will be defined later as a 
function of viscosity. 

Viscosity variations 
The influence of viscosity variations on the 

pattern of circulation of a two-fluid rising sphere 
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was studied by altering the viscosity of one inter- 
nal fluid while keeping all other parameters con- 
stant. Viscosity variations were studied in both 
fluids of equal density and fluids with different 
densities. The results show that the viscosity ra- 
tio, m (T]2/~3) between the two internal fluids 
plays an important role in decoupling internal 
circulation. 

Figure 5 shows the results of model calcula- 
tions in which the two internal fluids were of the 
same density and m was varied. The isoviscous 
sphere of Fig. 5a shows the most coupled circula- 
tion. As the internal viscosity contrast varies, 
internal circulation tends to decouple (Fig. 5b, c). 
In Fig. 5b the more viscous fluid is in direct 
contact with the equally viscous ambient fluid (1) 
causing a long tail, trailing behind the sphere, 
while the two internal fluids overturn. In the 

inverse initial situation (Fig. 5c), the low viscosity 
fluid occupies the external zone of the sphere, 
resulting in a small tail behind the sphere formed 
by the more viscous internal fluid 3, and a slower 
internal overturn as compared to Fig. 5b. The less 
viscous fluid tends to occupy the external zone of 
the sphere over greater distances in Fig. 5, as the 
less dense fluid did in Fig. 4. The differences 
observed in Fig. 5 contradict earlier observations 
that viscosity contrasts within the sphere would 
not affect the structures developed (fig. 1 in [46]) 
but may be explained by the principle of viscous 
dissipation [47] which states that two flowing flu- 
ids tend to minimise viscous dissipation by ar- 
ranging the lower-viscosity fluid in regions of 
higher shear (in this case the external zone of the 
sphere). The resulting internal circulation pattern 
is thus an equilibrium between the fluids' ten- 
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Fig. 5. Calculations for internal fluids with the same density, in which the initial position of the more viscous fluid in the sphere is 
changed. (a) Isoviscous sphere.  (b) With the more viscous fluid in the external zone of the sphere.  (c) With the less viscous fluid in 
the external zone. The different steps in (b) and (c) have been drawn beside each other  so that the tails are visible. All box sizes 

correspond to that in (a). 
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TABLE 1 

Model and theoretical velocities 

85 

m Radius  1-/ p u m B '  

a 10 0.0806 0.055 0.92 0.46 0.375 
b 0.1 0.0819 0.055 0.92 0.48 0.375 

Parameters  and velocities related to Fig. 7. All values are non-dimensional.  Radius is the sphere radius as measured  from the 
models; p and -,7 are the arithmetic average density and viscosity of the spheres respectively; v m is the non-dimensional  model 
velocity. In order to obtain dimensional  velocities, the non-dimensional  values should be multiplied by K/h = 3.3 x 10-11 m / s ,  
where K is thermal  diffusivity (10 -6  m2/s ) ,  and h is the dimensional height of  the model box (3 × 104 m). B '  is a non-dimensional  
measure  of buoyancy defined in the text. 

dency to minimise viscous dissipation, and viscous 
shear caused by the sphere's rise. 

The interplay of differences in both viscosity 
and buoyancy of the two internal fluids was stud- 
ied by selecting a density contrast close to the 
limit of decoupling found in Fig. 4. This density 
contrast was kept constant while the viscosity of 
one of the fluids was varied. As implied by the 
discussion above, Fig. 6a shows that, as the viscos- 
ity of the less dense fluid 2 is decreased (m = 
r/2/~73 decreased), the internal circulation be- 
comes increasingly decoupled, with the lower vis- 
cosity light fluid 2 occupying the external part of 
the sphere. Griffiths [46] obtained very similar 
results in models in which fluid densities and 
viscosities were both composition- and tempera- 
ture-dependent. His fig. 3-5 show how the denser 
and more viscous ambient fluid is, under some 
conditions, entrained in the lower core of the 
rising "thermal" and maintains this position 
throughout the rise of the thermal (decoupled 
internal circulation). 

A surprise, however, resulted when the viscos- 
ity of the denser fluid 3 was decreased (rn in- 
creased; Fig. 6b). Contrary to expectations, the 
less viscous fluid did not seek the external part of 
the sphere. Instead the circulation decoupled, 
with the lighter and more viscous fluid 2 occupy- 
ing the external zones. Comparison of Fig. 6a and 
b shows that any increase in the viscosity contrast 

(increase or decrease in rn values) increases the 
tendency towards decoupling of the circulation. 
In both cases, once the denser fluids dragged 
upwards by the forced circulation, the lighter 
fluid undergoes a Rayleigh-Taylor instability to 
produce internal plumes. The position of the 
plume migrates from the centre to the external 
zone of the sphere as m deviates from 1. The 
presence of a relatively low viscosity fluid inside 
the sphere thus allows the buoyancy difference 
between the two internal fluids to act more easily. 

Velocity 
In this section, rise rates of model spheres are 

compared to those predicted by theory (e.g. [30]). 
The non-dimensional model velocity (v m) of the 
reference sphere (Fig. 3) was compared to the 
theoretical non-dimensional velocity (v t) of a fluid 
drop rising through an infinite fluid (Stokes' Law, 
eq. (1), corrected for a two-dimensional sphere). 
The model sphere accelerated during the first 
steps of the calculations until it achieved a con- 
stant non-dimensional velocity, v m = 0.55. Using 
the radius of the model sphere after constant 
velocity was attained, eq. (1) predicted a theoreti- 
cal non-dimensional velocity of v t = 0.587. The 
discrepancy observed may be attributed both to 
difficulties in assessing the effective radius of the 
model sphere (because its shape is constantly 
changing slightly), and to entrainment of the wall 

Fig. 6. Influence of viscosity changes on the pat tern of internal circulation. (a) Results  for decreasing values of  m (decrease in '02)' 
(b) Resul ts  for increasing values of  m (decrease in */3)- Both variations of m result in the same change in the pat tern of internal 

circulation from coupled (left) to decoupled (right) irrespective of which of the two fluids becomes less viscous. 
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Fig. 7. Results of two calculations where V 2 = V 3 and the 
spheres have equal B'  values but different m. (a) Coupled 
circulation. (b) Limit between coupled and decoupled circula- 
tion. These two results were used for velocity comparisons 
(Table 1) since both spheres have the same average density 

and viscosity. 

rock fluid into the sphere. Similar discrepancies 
between calculated and measured velocities were 
found in all models. 

Velocities were measured in two model spheres 
where the only difference was that the denser 
fluid was more viscous in one, and less viscous in 
the other (different m and equal buoyancy, Table 
1 and Fig. 7a and b). The spheres were of equal 
average density and viscosity, and the two inter- 
nal fluids were of equal volume. The results show 
that, while coupled circulation occurs in the model 
with rn = 10 (Fig. 7a), the model with rn = 0.1 
(Fig. 7b) represents the limiting case between 
coupled and decoupled circulation. Following the 
initial acceleration, the constant velocities of both 
spheres were very similar and the small differ- 

ence can be attributed to the difference in radii 
(Table 1). Although the change in internal viscos- 
ity distribution did not significantly affect the 
velocities of the sphere, it clearly controlled the 
development of the internal flow. 

Discuss ion of  the internal circulation 

Density 
The influence of density variations on the pat- 

tern of circulation within the two-fluid sphere can 
be summarized as follows: circulation is con- 
trolled by the relationship between the viscous 
shear driving the internal circulation and the 
buoyancy forces inside the sphere that tend to 
preserve a gravitationally stable internal stratifi- 
cation. Buoyancy forces will either enhance or 
hinder the rate of internal overturn, depending 
upon whether the stratification is initially gravita- 
tionally unstable or stable. 

In order to quantify and predict the pattern of 
internal circulation developed by a rising two-fluid 
sphere, a non-dimensional parameter is defined 
in relation to the buoyancy forces affecting the 
system. Buoyancy forces have two different ef- 
fects on the system considered here. One is the 
effect of the total buoyancy force of the sphere 
itself (Bt) , which controls its rise velocity: B t = 
(/91 -- P2)gV2 + ( P l  - P3)gV3. The other effect is 
the difference in buoyancy between the two fluids 
(fluids 2 and 3) inside the sphere. The non-di- 
mensional parameter B' describes the ratio be- 
tween the buoyancy force of one of the internal 
fluids to the total buoyancy force: 

Bd (p~ --Pd)Vd 
B' - g (3)  

Bt Bt 

where BO, rd, and V a are the buoyancy, density 
and volume, respectively, of the denser of the two 
fluids inside the sphere. The buoyancy of the 
denser of the two fluids was chosen arbitrarily as 
a reference (the buoyancy of the lighter fluid 
could equally be used). Choosing the denser (or 
the lighter) of the fluids, rather than fluid 2 or 3, 
neglects the initial density distribution inside the 
sphere. The two models on the extreme right-hand 
side of Fig. 4a and b represent the limit between 
coupled and decoupled circulation and corre- 
spond to values of B' of 0.307 and 0.279, respec- 
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tively. T h e  d i f fe rence  is due  to the  ini t ial  dens i ty  
d i s t r ibu t ion  in the  sphere .  

E q u a t i o n  (2), de r ived  by Schmel ing  et  al. [25] 
for one  in te rna l  ove r tu rn  du r ing  the r ise of  an 
h o m o g e n e o u s  sphere ,  does  not  app ly  to sphe res  
con ta in ing  two f luids wi th  d i f fe ren t  densi t ies .  As  
can  be  seen  f rom the  d e c o u p l e d  cases  in the  
r igh t -hand  side of  Fig. 4, buoyancy  forces  will 
a l low viscous d r ag  to dr ive  ha l f  an over tu rn  at  the  
most  when  P3 < P2, and  no over tu rn  wha t soeve r  
when  P3 >/92" T h e  over tu rn  ra te  for  cases  in ter -  
m e d i a t e  b e t w e e n  pe r fec t  coup l ed  and  d e c o u p l e d  
c i rcu la t ions  will be  r e t a r d e d  when  the  less dense  
f luid occupies  the  ex te rna l  pos i t ion  in the  sphere ,  
and  a c c e l e r a t e d  when  it occupies  the  more  cen- 
t ral  posi t ion.  

Viscosity 
Ana lys ing  the  effects  of  viscosi ty var ia t ion  on  

the  p a t t e r n  of  in te rna l  c i rcu la t ion  (with cons tan t  
dens i t ies )  a l lowed the  empi r i ca l  d e t e r m i n a t i o n  of  
the  p a r a m e t e r  cont ro l l ing  the  c i rcula t ion.  This  
was found  to be  the  viscosity ra t io  be tween  the  

two in te rna l  f luids,  m = -q2/r/3, tha t  expresses  the  
way viscous forces  a re  t r ansmi t t ed  be tw e e n  the  
two in te rna l  fluids. The  resul ts  (Fig. 5) show tha t  
the  mos t  coup led  c i rcu la t ion  occurs  when  the two 
in te rna l  f luids have equa l  viscosity (m = 1) and  
the i r  m o v e m e n t  resul ts  in long tails, left  beh ind  
as they circulate .  By increas ing  the  viscosity con- 
t ras t  (i.e., increas ing  or  dec reas ing  m)  the  two 
fluids t end  to move sepa ra t e ly  and d e c o u p l e  and  
the  tai ls  b e c o m e  much  th inne r  or  d i s a p p e a r  com- 
pletely.  

The  p a r a m e t e r  m does  not  t ake  account  of  the  
viscosity of  the  a mb ie n t  f luid 1. In  Fig. 5b the  
sphe re ' s  ex te rna l  fluid, 2, has  the  same viscosity 
as fluid 1 ( r h / r / 2  = 1). F lu id  2 is s t rongly coup led  
to fluid 1 and  is s t rongly  r e t a r d e d  in its r ise 
fo rming  a l o n g  tai l  beh ind  the  sphere .  In  Fig. 5c, 
r / l / r /2  = 100, f luid 2 is less r e t a r d e d  than  in Fig. 
5b and  the  tai l  is f o r m e d  by the more  viscous 
in te rna l  f luid 3 ( r h / r / 3  = 1): These  resul ts  indi-  
ca te  tha t  the  viscosity ra t io  b e t w e e n  the  ambien t  
f luid 1 and  the  ex te rna l  of  the  sphe re ' s  f luids 
affects  the  in te rna l  c i rcu la t ion  and  tha t  s t rong 

10 

"q2 >'113 

m-q~ 1 -% 

0.1 
0.1 

Vz : 0.78 V3 

• m 

P3 > P2 < P2 

decoupted i coup[ed circutafion circulafion 

O Q 
B ' -  Bd 0'.S --N" 

• B'=0.28+0.052toglm) R=0.929 
o B' :0.32 +0.080 tog (m) R: 0.997 
• B':0.28+-0.107 10g (m) R:0.98t~ 
* B'=0.32+-0.029 tog Ira) R=0.95t, 

Fig. 8. Plot of m versus B' for models with V z = 0.78V 3. The boundaries of the two circulation fields shown above vary when the 
relative volume of the two internal fluids are varied. When the internal volumes are varied and V 2 = V 3 the field of coupled 
circulation for P3 > P2 increases due to the smaller volume of the denser fluid 3 as compared to V 2 = 0.78V 3. For P3 < P2, the 

denser fluid 2 offers more resistance to circulation than in V 2 = 0.78V 3 causing a decrease in the field of coupled circulation. 
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coupling between both these fluids ( ' O l / ' O e x t e r n a l  = 
1) enhances coupled circulation (Fig. 5). How- 
ever, the influence of the viscosity of the ambient 
fluid at the limit between the two styles of circu- 
lation is of minor importance in comparison to m 
and is inherent in the equations derived below 
determining the limits between the circulation 
styles. 

Integration of  viscosity and density variations 
Having studied how viscosity and density con- 

trasts control the internal circulation, it is now 
possible to integrate the results and define the 
general limits between coupled and decoupled 
circulation inside spheres with V 2 = 0.78V 3. These 
limits were defined by systematically varying the 
value of P3 for every value of m and finding 
where the first decoupled geometry develops. The 
results are defined in terms of the non-dimen- 
sional parameters m and B'  (Fig. 8). Ninety 
calculations were made in order to define these 
limits but, since these are gradational, their exact 
limit is difficult to assess and causes deviation of 
points from the straight boundary defined. The 
increased dependency of the value of B'  on the 
value of P3 in calculations where P3 > P2, caused 
a reduced accuracy in the determination of B'  
limiting the fields of coupled ,and decoupled cir- 
culation. 

As expected, the results show that the field of 
coupled circulation is widest for isoviscous spheres 
(m = 1 in Fig. 8). An increase or decrease in the 
viscosity contrast m leads towards internal decou- 
piing. The transitional boundary for P3 < P2 moves 
towards higher values of B'  than for P3 > P2 (Fig. 
8) because of the influence of initial sphere accel- 
eration. 

Channel  models 

The spheres modelled above ascended through 
an isoviscous material sufficiently wide to approx- 
imate an infinitely wide ambient fluid (Stokes-like 
ascent). Daly and Raefsky [15] showed that wall 
rock behaving as an infinitely wide fluid is only 
found in diapirs rising with very high or very low 
Peclet numbers, that is, Pe < 5 or Pe > 100. For 
diapirs with Pe numbers between 5 and 100, 
virtually all deformation of the wall rock is con- 
fined to a narrow shear zone, with a lowered 

viscosity as a result of heat from the diapir. In 
order to model the way in which such a narrow 
zone influences the patterns of circulation within 
the diapir, the shear zone around the diapir was 
simplified to an isoviscous cylindrical or planar 
channel only slightly wider than the sphere itself. 
This simulates the case of several diapirs follow- 
ing the same pathway [12] or a magma body 
ascending through a low viscosity shear zone. The 
solution for the rise of the sphere through a 
cylinder [32] shows that drag on the sphere may 
be several orders of magnitude larger than that 
seen in Stokes-like flow and depends on the 
relative widths of the cylinder and sphere and, to 
a lesser extent, on the viscosity ratio between the 
sphere and the fluid in the cylinder (e.g., [12]). 
Here,  the constant low viscosity channel was cho- 
sen to be only slightly wider than the initial 
sphere (Fig. 9b). 

Circulation within a sphere rising along a nar- 
row channel is faster than that in the Stokes-like 
model (Fig. 9a,b), since the viscous drag at the 
sphere's contact is increased by several orders of 
magnitude. The increase in drag is reflected by 
the concentration of the streamlines towards the 
sphere in Fig. 9b as compared to Fig. 9a. The 
initial spherical body deforms to an ellipsoid with 
a width approximately half that of the channel. 
This distortion is due to an increase in shearing 
at the sphere's side, stretching the body to mini- 
mize the viscous dissipation by drag. The ellipti- 
cal shape assumed by the sphere (aspect ratio 3) 
may have influenced the calculations of heat 
transfer and body shape carried out by Marsh 
[12], where a roughly spherical body was assumed 
to rise along a cylindrical channel. 

The fields of coupled and decoupled circula- 
tion could not be limited precisely in these chan- 
nel models because the two fluids were stirred 
and disrupted into small blobs as they rose (Fig. 
9b, top diagram). The computer calculations may 
become unreliable, due to undefined viscosity 

Fig. 9. Two models with the same viscosity and density where 
(a) has an infinite ambient fluid and (b) has a low viscosity 
channel in a high viscosity (almost rigid) ambient fluid. The 
streamlines become concentrated closer to the sphere in (b), 
indicating higher shear drag. This increased drag in (b) causes 

faster development of internal circulation. 



I N T E R N A L  C I R C U L A T I O N  IN A B U O Y A N T  T W O - F L U I D  N E W T O N I A N  S P H E R E  

a) streamlines 
1.0 

89 

0.8- 

0.6- 

0A.- 

0.2. 

0 . 0 "  

b) 
1.0 

~11 = 1.0 
Pl =1.0 

~q2=0.1 
pz=0.90 
"q3=0.01 

m p3=o.87 

streamlines 

0.8 

0.6 

0.~ 

0.2 

"q~ =1000 

P4 =1.0 

TIz:0.1 
p~ =0.90 
113=0.01 
p3=0.87 

i 

0 , 0  ¸ 
o.o o.1 o12 0.3 0.0 0~I 012 0.3 



90 R.F. WEINBERG 

caused by a lack of markers in these blobs. How- 
ever, the more intense circulation suggests that 
coupled circulation is favoured. 

The models described above imply that circu- 
lation within diapirs with Pe numbers between 5 
and 100 will be faster than that in Stokes-like 
spheres. Faster stirring of the fluids increases the 
possibilities of magma mingling, mixing and even- 
tual homogenisation. For a sphere enclosed in 
another sphere of low viscosity ambient fluid 
(diapir warming a sphere of wall rock as it rises) 
the viscous drag is slightly higher than for the 
cylinder case [12], so that internal circulation 
might be expected to be slightly faster than in the 
channel models. 

Implications for magmatic diapirs 

The experiments described above simulate di- 
apirs containing two chemically distinct magmas. 
The closer the physical properties of the two 
magmas, the more coupled the circulation (m 

close to unity and/or  high B'). Circulation de- 
couples for two internal magmas with very differ- 
ent physical properties, that is, low B' values 
and/or  large/small m values. Decoupling leads 
the less dense fluid to occupy the external zone of 
the sphere, which corresponds to plutons with 
reverse zoning. Coupled circulation, due to the 
constant overturn between the two fluids, will 
develop through phases of normal and reverse 
zoning. The final geometry depends on the stage 
at which circulation ceases as a result of increase 
in viscosities due to cooling. Any difference in the 
densities of the two internal fluids will favour 
reverse zoning (Fig. 4) because of the tendency of 
the lighter fluid to maintain larger volumes in the 
external zone for longer periods of time. 

Although on the local scale thermal equilib- 
rium may be achieved between magmas, the whole 
diapir may only achieve equilibrium late in its 
history. However, in order to predict the internal 
circulation in simplified magmatic systems, we 
assume for discussion purposes that thermal equi- 
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Frost and Mahood [4] (their fig. 15 and 16) and Sparks and Marshall [ |7 l  after thermal equil ibration between the magmas. 
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TABLE 2 TABLE 3 

V 2 = 0.78V 3 Densities 

% He0 m m m 
Andesite Andesite/ Andesite/ Rhyolite/ 

Basalt Dry Basalt Andesite 
1 or 2 with 1 or 2 (from [17]) 
1% H20 

1 16.9 4.6 
2 4.9 1.92 
3 1.5 0.19 
5 0.09 0.024 

10.2 

Values of m depicted from magma viscosities at thermal 
equilibration (from [4,17]) for V 2 = 0.78V 3 (fraction of mafic 
magma = 0.56). Andesite corresponds to Frost and Mahood's 
melt with 60% SiO 2 content and Sparks and Marshall's melt 
with 62% SiO2, basalt to 50% SIO2, and rhyolite to Sparks 
and Marshall's melt with 72% SiO 2. This table was used in 
Fig. 10. 

l ibr ium is ach ieved  early in the  diapir ' s  evolu t ion  

and use the  viscosity values  f rom the graphs in 

Fros t  and M a h o o d  [4] ( their  fig. 15 and 16) and 

Sparks and Marshal l  [17]. T h e  viscosity ratios 

be tween  d i f ferent  pairs o f  magmas  for the volu- 

Magma p 
(kg/m 3) 

Basalt 1 2750 
Basalt 2 2650 
Andesite 2450 
Rhyolite 2200 
Wall rock 2800 

Density values used in the calculations of B' in Table 4 (from 
[40], except the value for the wall rock). Basalt 1 and basalt 2 
are the two different basalts treated by these authors. 

met r ic  p ropor t ion  s tudied in this pape r  (V 2 = 

0.78V 3) are listed in Table  2 (from [4]). The  B '  

values  for d i f ferent  pairs of  magmas  were  calcu- 

la ted using the densi t ies  in Tab le  3 and are listed 

in Tab le  4. The  denser  mafic  m a g m a  in the 

calculat ions initially occupies  the cen t re  of  the 

sphere  (fluid 3 in the models  above, /93 > P2)- 
The  values o f  m and B '  f rom Tables  2 and 4 

are p lo t ted  in Fig. 10, where  the fields of  coupled  

and decoup led  circulat ion def ined  in Fig. 8 are  

Fig. 11. Microgranitoid enclave showing frozen internal circulation patterns due to motion relative to the surrounding granite (from 
[49], fig. 3). The hybrid zones (grey) show circulation coupled with the unhybridised dark patches. Note the two incorporated 
K-feldspar phenocrysts in the hybrid zone flow-aligned along the outer contact of the enclave. The aligned feldspars in the granite 

indicates flow surrounding the enclave (vertical in the figure). 
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TABLE 4 

Values of B' 

Magamas B '(V 2 = 0.78V 3) 

Basalt 1/Andesite 0.155 
Basalt 2/Andesite 0.354 
Basalt 1/Rhyolite 0.097 
Basalt 2/Rhyolite 0.242 
Andesite/Rhyolite 0.428 

Values of B'  calculated for different pairs of magmas using 
the densities listed in Table 3. 

also plotted. Figure 10 shows that coupled circu- 
lation will easily develop in diapirs formed by 
pairs of silica-rich magmas (e.g., rhyolite-ande- 
site) due to their low density compared to the 
surrounding crust (high B'). Flow in diapirs 
formed by two relatively basic melts (basalt 1 or 2 
and andesite) will usually decouple due to their 
high density compared to the enveloping crust 
(low B'). Nevertheless, coupling occurs in a few 
cases where m is close to unity and B' is rela- 
tively high. Pairs of magmas of extreme composi- 
tions (rhyolite-basalt) plot far inside the field of 
decoupled circulation (not shown in Fig. 10) be- 
cause of both their high difference in density (low 
B') and the high absolute density of the basalt. In 
summary, the circulation within diapirs com- 
prised of around 50% basic melt and 50% of a 
more acidic melt is likely to decouple and de- 
velop reverse zoning. Circulation in light diapirs 
formed by two felsic melts with low viscosity 
contrast is likely to be coupled. 

Mixing of two magmas at their contact may 
trigger coupling by the formation of intermediate 
magmas (intermediate densities and viscosities). 
Once coupled circulation initiates, stirring of the 
two melts and the formation of long tails behind 
the circulating magmas (Fig. 5) will enhance min- 
gling, and consequently chemical mixing, due to 
increase in the contact area between the mingled 
melts. This feedback process, where mixing and 
coupled circulation reinforce each other, may fi- 
nally lead to complete homogenisation of the two 
magmas. 

The patterns of internal circulation presented 
here may also account for magmatic spheres of 
much smaller scale. Inside plutonic bodies, inter- 
nal circulation of small viscous spherical enclaves 
may be caused by relative flow to the surrounding 
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magma thus leading to enhanced mixing (Fig. 11). 
In regions of the lower crust where melting oc- 
curs, magma may accumulate and form decimeter 
large spheres that will rise through the melting 
region [48]. Circulation inside these small spheres 
may lead to their homogenisation. 

Conclusion 

Two styles of internal circulation occur in 
two-fluid spheres depending on the relation be- 
tween the viscous shear at the external boundary 
and the buoyancy forces inside the sphere. The 
circulation is coupled when the viscous shear 
stirring the sphere is stronger than the buoyancy 
forces inside it. Coupled circulation occurs only 
for light diapirs (in relation to the crust) with 
magma pairs of low viscosity contrast and low 
density difference. Coupling may produce both 
normal and reverse zoned diapiric plutons, al- 
though density differences between the two inter- 
nal fluids will favour reverse zoning. Decoupled 
circulation is the most likely geometry of two- 
magma diapirs (Fig. 10) and represents the equi- 
librium situation attained when buoyancy forces 
can overpower viscous shear. Decoupling leads to 
stable internal stratification and reverse zoned 
diapirs. 

Magma mixing and coupled circulation are 
mutually reinforcing processes which may lead to 
total homogenisation of the diapir. Isoviscous di- 
apirs present the ideal conditions for both cou- 
pled circulation (shown above) and magma mix- 
ing (as concluded by [17]). In diapirs composed of 
magmas with a large viscosity contrast, mixing 
may promote coupled circulation by creating 
magmas with intermediate values of viscosity and 
density. Conversely, coupled circulation may im- 
prove conditions for mixing. 

The large increase in viscous drag in spheres 
rising along narrow cylindrical or planar channels 
[32] drives internal circulation faster than spheres 
rising through an infinitely wide ambient fluid. 
Although the limits between the two styles of 
circulation could not be assessed, it is expected 
that the field of coupled circulation would in- 
crease. 

The patterns of circulation and the limits be- 
tween the two fields of circulation decribed here 
may be affected by non-Newtonian behaviour or 
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temperature-dependent viscosity of the magmas 
and crust. Similarly, disturbances may be caused 
by processes such as: sequential diapiric intrusion 
of increasingly more evolved magmas; the activity 
of parallel processes during or after emplacement 
(crystallization from the borders inwards, crystal 
settling, thermal convection); or even magma em- 
placement by mechanisms other then diapirism 
such as magmatic fracturing. 
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