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Abstract

Although the non-equilibrium behaviour of polymer solutions is generally well understood,
particularly in extensional ow, there remain several unanswered questions for dilute solutions
in simple shear ow, and full parameter-free, quantitative agreement with experiments has
not been achieved. For example, experimental viscosity data exhibit qualitative di erences
in shear-thinning exponents, shear rate for onset of shear-thinning and high-shear Newto-
nian plateaus depending on polymer semi exibility, contour length and solvent quality. While
polymer models are able to incorporate all of these e ects through various spring force laws,
bending potentials, excluded volume (EV) potentials, and hydrodynamic interaction (HI),
the inclusion of each piece of physics has not been systematically matched to experimentally
observed behaviour. Furthermore, attempts to develop multiscale models which can make
guantitative predictions are hindered by the lack of ability to fully match the results of bead-
rod models, often used to represent a polymer chain at the Kuhn step level, with bead-spring
models, which take into account the entropic elasticity. In light of these di culties, this work
aims to develop a general model based on the so-called FENE-Fraenkel spring, originally for-
mulated by Larson and coworkers (Hsieh et al., 2006, J. Chem. Phys., 124(4)), which can span
the range from rigid rod to traditional entropic spring, as well as include a bending poten-
tial, EV and HI. As we show, this model can reproduce, and smoothly move between, a wide
range of previously observed polymer solution rheology in shear ow. Further, by showing
that one can correctly capture the solvent quality for semi exible polymer models using Ya-
makawa's Quasi-Two-Parameter (QTP) theory, we develop a successive- ne-graining scheme
for predicting polymer rheology and conformation, particularly focusing on correctly capturing
the experimentally measured Linear Dichroism (LD) for semi exible polymers. Following the
approach of earlier authors, our multiscale model can be used to relate the dichroism of each
segment in our bead-spring chain to the extension of the spring, giving quantitative agreement
with experimental LD data.
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Chapter 1

Introduction

This thesis research seeks to develop polymer physics models which can predict the Linear
Dichroism (LD) of a semi exible macromolecule in shear ow, which many authors have pre-
viously studied [1 8]. LD is the polarisation-dependent absorption of light by an ensemble of
oriented molecules, such that

LD= Ay A, (1.1

whereA, and A, represent the absorption of light polarised in perpendicular directions relative
to some laboratory axis (the k direction). Sample orientation can be achieved in a variety of
ways [9]. In this work, the focus is on shear orientation in a Couette cell, in which the
sample is placed in solution and sheared between concentric cylinders. Couette ow LD has
a fairly signi cant disadvantage, namely that sample orientation under shear ow is both
imperfect and con gurationally complex due to the combination of rotational and elongational
velocity components. Thus, data interpretation is often restricted to being qualitative or
semi-quantitative, and attempts to calculate the orientation parameter have been either crude
approximations or limited to rigid rods [2, 3]. If this di culty could be overcome and sample
orientations determined for a particular macromolecular sample at a particular shear rate,
it would be possible to considerably improve the quantitative accuracy of LD spectroscopy
analysis [9, 10]. Since a full analytical theory for the conformation of a exible polymer
chain in shear ow is infeasible, these treatments have previously relied on approximations
regarding the chain connectivity, perturbation due to shear ow, and physical e ects such as
solvent-polymer interactions and hydrodynamic forces on beads [4, 11, 12]. Recent advances
in modelling of dilute polymer solutions, most notably the development and re nement of
simulation methods such as Brownian dynamics (BD), allow one to avoid many of the earlier
approximations [13]. It is now possible to qualitatively recover much of the key behaviour
of polymers in shear ows (although quantitative predictions remain challenging), and even
obtain quantitative, parameter-free predictions in extensional ows [12, 14 16].



Prediction of LD presents something of a challenge compared to prediction of polymer solution
material properties such as e.g. viscosity. This is because it is the interaction of light with
the individual chromophores in a given macromolecule which leads to the LD, not the overall
stresses or conformation of the chain. One must be able to capture not only the large-scale
structure of the polymer in ow, but also the average orientation of the individual monomers
along the chain backbone. Additionally, available LD data generally span an extremely wide
range of macromolecule sizes; for example, Simonson and Kubista measured the ow LD of
DNA fragments from 300 base pairs (bp) to 164 kbp [17]. This problem requires multiscale
modelling, since it is computationally intractable to simply scale up a model which is capable of
representing a 300 base pair DNA fragment to the level of tens or even hundreds of thousands
of base pairs. While models of this sort have been developed [18 21], they have not been
applied directly to prediction of properties in shear ow. Furthermore, it is somewhat unclear,
when using these models, how one would properly include the polymer-solvent interactions,
namely the hydrodynamic interactions and excluded volume, which are known to be important

e ects [11, 12].

Despite the maturity of the eld of polymer solution modelling, there still remain several
unanswered questions regarding the qualitative behaviour of polymer solutions in shear ow
[12, 22]. One key diculty is correctly describing the change in viscosity as shear rate is
increased, for which experiments and simulations give confusingly varied results [12, 22]. For
example, changes in polymer molecular weight, backbone semi exibility and sovlent-polymer
interactions contribute to dierences in shear-thinning exponents, shear rates for onset of
shear-thinning, and appearance of a high-shear plateau. On the other hand, simulated and
theoretical models show considerable di erences in behaviour depending on the type of bead-
bead connection (rod or spring), inclusion of hydrodynamic interactions (HI) or excluded
volume e ects (EV), as well as use of a bending potential. Clearly, it would be useful to have
a single model which can span the entire range of previously-modelled behaviour, in order to
systematically investigate the e ects of each piece of added physics. Not only would this allow
for improved qualitative understanding of experimental behaviour, but it would also aid in
development of multiscale modelling approaches at di erent levels of polymer coarse-graining.

This thesis studies these issues; in particular, the quantitative prediction of LD for DNA

molecules, as well as the qualitative behaviour of polymer models in shear ow. Our method
involves applying Brownian dynamics (BD) simulation techniques to a bead-spring-chain poly-
mer model with a judiciously chosen spring force law, a bending potential to model semi exi-
bility, as well as hydrodynamic interactions (HI) and excluded volume forces (EV) between the
beads. Speci cally, the key object of our investigation is the so-called FENE-Fraenkel spring
force law, rst introduced by Larson and coworkers as a way of reproducing the behaviour of
a bead-rod chain [23]. This force law has the useful property that it is not only able to model
a rigid rod, but also, through proper choice of parameters, behave identically to a traditional



FENE spring, which has been widely used in the literature as a coarse-grained model for ex-
tremely long polymer chains [11, 12, 14, 16]. Therefore, the FENE-Fraenkel spring is useful
as a tool to bridge the gap between di erent modelling scales, being able to both shed light
on the qualitative di erences in behaviour between bead-spring and bead-rod models in shear
ow, as well as, in theory, model a real polymer segment of arbitrary length.

The thesis is organised as follows. In Chapter 2, we describe the properties of the FENE-
Fraenkel dumbbell, focusing on the crossover between bead-spring and bead-rod behaviour.
We also show how it is possible to use the FENE-Fraenkel dumbbell to match experimental
measurements of the properties of short, rigid polymers, such as the viscosity of PBLG and
the LD of M13 bacteriophage. In Chapter 3, we extend this model to chains with multiple
springs, showing how one can reproduce the full range of previously-observed experimental and
theoretical behaviour via the FENE-Fraenkel spring as well as a bending potential, HI and
EV. Chapter 4 discusses the proper choice of HI and EV parameters in a polymer model when
a bending potential is included. Specically, we use the method of successive ne graining
(SFG, originally developed by Prakash and coworkers [14, 16]) as well as Yamakawa's quasi-
two-parameter theory (QTP) in order to obtain a correct measure of solvent quality as the
underlying bending sti ness of the model is altered. In Chapter 5, a multi-scale model is
developed which can quantitatively predict the experimental DNA ow LD data of Simonson
and Kubista [17]. Importantly, we show how one can draw upon the earlier theories of Wilson
and Schellman [1, 2] in order to match the extension of individual springs in our model to the
overall measured dichroism. Finally, the key conclusions are summarised in Chapter 6, along
with a brief discussion of potential future avenues to extend this research.



Chapter 2

Rheology of FENE-Fraenkel
Dumbbells and Comparison with
Rodlike Models

2.1 Introduction

While both bead-rod and bead-spring models are able to successfully predict certain rheolog-
ical properties of polymer chains in dilute solution, their relative usefulness continues to be
debated. This debate began with the theoretical nding by Kramers [24] that the equilibrium
distribution of the included angle of a trimer di ers depending on whether the monomer links
are represented as constrained rods or in nitely sti springs (the reason for which is discussed
by Van Kampen [25] and Lodderet al. [26]). It is often argued that true constraints do not
exist in nature and therefore sti springs should be preferred, but in fact the form of the
spring potential can also a ect the included angle, such that a quantum mechanical treatment
appears to be necessary for a fully correct solution given a real polymer [25, 27]. Nevertheless,
the practical di erence is small, as both models yield results in qualitative agreement with
experimental studies [11, 28], while direct quantitative comparisons are sparse for bead-rod
chains [12, 22].

Some of the most stark di erences between predictions of bead-rod and bead-spring models
arise for dilute polymer solutions in shear ow, as described by Pan et al. [22]. For example,
there is no clear consensus on the shear-thinning exponent of the viscosity with shear rate
for high molecular weight polymers. Some experimental studies using viscometers show a
(2=3) power law scaling in the viscosity of high molecular weight exible polymers under
shear ow, followed by a high-shear Newtonian viscosity plateau [29]. Other studies of single
uorescently stained DNA molecules show a power law decay of viscosity with shear rate,
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with a shear thinning exponent around 0:54 [30, 31]. Confusingly, bead-spring and bead-
rod models each show di erent aspects of this experimental behaviour, depending on whether
e ects such as nite extensibility, chain exibility, hydrodynamic interactions or excluded
volume are included.

Early calculations by Stewart and Sorensen [32] for a rigid dumbbell with hydrodynamic in-
teractions included found an eventual (1=3) power law scaling in the viscosity with shear
rate after an initial Newtonian plateau. Using a similar method for FENE dumbbells with-
out hydrodynamic interactions, Fan [33] found a shear-thinning exponent of 0:607, while
the analytical pre-averaged FENE-P dumbbell model gives an asymptotic exponent of (2=3)
[34]. These dumbbell models cannot reproduce the high-shear second Newtonian plateau.
For moderate-length (20 to 100 bead) bead-rod chains without hydrodynamic interactions,
an exponent of (1=2) was found[35, 36] (which appears to change to 0:3 as hydrodynamic
interactions are included [37]), along with a second Newtonian plateau at high shear. However,
in the presence of both hydrodynamic and excluded volume interactions, Petera and Muthuku-
mar found no high-shear Newtonian viscosity plateau [37]. For nitely extensible bead-spring
chains with hydrodynamic interactions and excluded volume, there is an intermediate (1=2)
power law regime, followed by a (2=3) [38] or 0:61 [31] exponent at very high shear rates.
Clearly, although both the bead-spring and bead-rod models purport to represent the physics
of the same underlying polymer, there are fundamental di erences in the high-shear viscosity
scaling.

Additionally, rods exhibit an instantaneous stress jump at the inception of ow (which is also
found in experimental studies [39]) arising from the viscous fourth-order contribution to the
stress tensor [34, 36, 40]. Bead-spring models do not contain this term for any form of the
spring force law, so that additional physics in the form of a parallel dissipative dashpot is
needed to produce an instantaneous stress jump [41 43].

In general, it is unclear whether these di erences between bead-rod and bead-spring models
arise due to the form of the spring force law, the e ects of rigid constraints, or additional physics
such as excluded volume or hydrodynamic interactions [22]. These di erences are di cult to
investigate systematically, as there is currently no model which can represent the full range of
possible parameters. For example, the FENE and Marko-Siggia WLC force laws are used to
coarse-grain many Kuhn lengths of a polymer chain into a single bead-spring segment, and so
are physically unrealistic or unusable as representations of short, rigid, inextensible sections
of chain. While spring force laws have been developed which can be used at the level of a
single Kuhn segment [18, 21], they go smoothly to zero force at low extensions, rather than
having a “negative' force which opposes compression and keeps the spring length constrained
as for a rod. A model with a non-zero natural length, such as the Fraenkel force law, is able to
approximate a rigid chain segment in the high-sti ness limit, but its strictly linear behaviour
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Figure 2.1: Visualisation of the spring force for a FENE-Fraenkel spring with varying values
of spring sti ness H, natural length  and extensibility Q. The force is linear aroundQ =
but quickly approaches 1 asQ! Q Q. (a) Corresponds to the limit of a FENE spring.
(b) Q> > 0, leading to a negative, but not in nite force for Q < . (c) Approximate limit
of a Fraenkel spring for large Q. (d) Large and small Q leads to tightly constrained Q
and hence approximation of inextensible rod.

means it cannot model a nitely extensible section of chain. By developing a spring force
law which can represent both a sti, inextensible rod, as well as a nitely extensible entropic
spring, it may be possible to directly examine many of the observed di erences which arise
when using either a bead-rod or bead-spring model of a exible polymer molecule.

The so-called FENE-Fraenkel spring force law [23] may be viable as a way to model both
rods and entropic springs, as well as the crossover between the two. For this spring, the force
between connected beads at a given extension Q (where the bead-bead vector is denoted by
Q) is
HQ ) Q
FO = = 2.1
I @ )HQ)1Q )

where F (9 is the force vector between the beads, is the natural length of the spring (Q =




in the absence of any additional forces),Q is the maximum extensibility around , and H is
the spring sti ness. By examining Figure 2.1, we can see that the spring lengti(Q) will never
extend more than a distance Q from the “natural' length Q = . In addition, the spring is
approximately linear close toQ = . Note that we can recover the FENE force law by setting

=0, in which case we can identify that Q  Qg, where Qg is the maxmimum extensibility
of the FENE spring, as displayed in Figure 2.1 (a). When is further increased such that
Q> > 0, the spring behaves similarly to a FENE spring at large extensions but has a non-
zero rest length and a negative, but not divergent force atQ < , as seen in Figure 2.1 (b).
Furthermore, in the limit that Q ! 1 , we recover the Fraenkel spring, as can be seen
approximately in Figure 2.1 (c). Finally, setting Q !'1 and =0 gives the simple Hookean
spring. In order to simulate a rod, a large and small Q can be used as in Figure 2.1 (d), such
that the spring length is constrained to lie between the two limits with a divergent force at
Q= Q, leading to an approximation of an inextensible rod. An alternative explanation of
the various limits of the FENE-Fraenkel spring, as well as comparison with the Marko-Siggia
worm-like-chain force law [44], is given in Section 3.2.1 and Figure 3.4.

The FENE-Fraenkel spring was rst introduced by Larson and coworkers [23] as a way to
mimic a freely jointed bead-rod chain without the signi cant computational complexities as-
sociated with constrained Brownian dynamics simulations necessitated by the use of a rod as
connector between beads. They were able to show that the free-draining material properties of
a FENE-Fraenkel spring chain match those of a bead-rod chain in shear and extensional ow
with reduced CPU time when the spring parameters are chosen appropriately, namely with
su ciently high H and low Q. However, when hydrodynamic interactions were included,
there were di erences in the shear rate dependent viscosity between the bead-rod chain and
bead-FENE-Fraenkel spring chain [11]. Since there are no analytical results for rods or springs
with this model and ow geometry, it was unclear whether the di erences were due to simu-
lation artefacts, or whether the di erences were intrinsic to the models. Later in Chapter 3,
we will see that this apparent disagreement is likely due to either large statistical error bars in
the bead-rod results, or incorrectly chosen FENE-Fraenkel spring parameters and simulation
timestep. Additionally, Larson and coworkers only used the FENE-Fraenkel spring as a way
to represent a rod, and did not explicitly explore the crossover between a spring and a rod.

In the current work, the properties of a simple dumbbell connected via a FENE-Fraenkel spring
will be examined, which can be used to address several of the open questions mentioned above.
Speci cally, we investigate whether a sti and inextensible FENE-Fraenkel spring can be used
as a replacement for a rod in shear ow in terms of material property scaling with shear rate,
the stress jump, and failure to adhere to the stress-optical law. Since the full distribution
function of a bead-rod dumbbell with HI can be determined semi-analytically in shear ow
[32, 34], simulations can be compared with exact results. Once similarities between bead-spring
and bead-rod dumbbells are established, the di erences induced by altering spring sti ness and



extensibility can be systematically examined, eventually converging on the FENE, Fraenkel
and Hookean spring limits.

There are also a variety of experimental results for the viscosity of rigid molecules with high
aspect ratios, such as poly(-benzyl L-glutamate) [45] and tobacco mosaic virus [46], for which
the rigid-rod model has been shown to be qualitatively and reasonably quantitatively accurate
(for example, see Fig. 14.4 in [34] or Fig. 5in [47]). These lamentous molecules with contour
lengths on the order of persistence length have traditionally been modelled as rods [48], while
they do in fact exhibit some exibility and nite extensibility about their equilibrium end-
to-end distance. The form of the FENE-Fraenkel spring force law allows for investigation of
the independent e ects of spring sti ness, natural length and extensibility through variation

of H, and Q, such that it may be a better qualitative model of the extensibility of these
molecules compared to rigid rod models. However, note that the FENE-Fraenkel spring is not
being developed in this chapter as an actual physical model of a length of semi exible polymer
chain, as the form of the FENE-Fraenkel force law cannot accurately reproduce either the
high-extension or high-compression behaviour of a short section of a wormlike chain [49], and
chain bending is not accounted for. Note that in Chapter 5, we are indeed able to include
a bending potential into our model, such that a FENE-Fraenkel bead-spring chain with a
bending potential between the beads can be used as an accurate model of a DNA chain of
arbitrary length.

Besides viscometric functions and rheo-optical properties derived from the stress and gyration
tensors, the predicted linear dichroism (LD) of the dumbbell ensemble is computed. Linear
dichroism refers to the di erence in absorption of parallel and perpendicularly polarised light
by an oriented ensemble of molecules, and can be used to investigate the structure and in-
teraction of large, exible macromolecules which are hard to characterise using traditional
techniques such as crystallography or NMR. As an analytic technique, LD may be useful for
high-throughput screening of potential drug targets to DNA or cytoskeletal proteins [9], how-
ever di culty in predicting the orientation of large, exible molecules inhibits its quantitative
accuracy [3]. Since the LD signal is related to molecular orientation, it provides a useful
experimental test of models of polymer behaviour in ow, and these models may in turn be
crucial for future progress in improving the LD technigque. To our knowledge, our current
work represents the rst direct comparison of a BD simulation with experimental LD data,
although BD appears to have been used both to compute orientation of semi exible chains
for comparison with LD data [8], and also to interpret previous experimental data for LD of
biomolecules in lipid membranes [50]. Additionally, the semi-analytical rod models used in
this chapter have previously been applied to rigid bacteriophage LD by McLachlan et al. [3].

This chapter is split into 3 further sections. In section 2, we set up the theoretical treatment
of both bead-spring and bead-rod dumbbells which will inform simulations and describe our



methods for numerically evaluating the distribution functions. In section 3, we discuss our
simulation results, particularly highlighting the comparison between bead-rod and bead-spring
dumbbell material functions. Finally, we conclude with the key ndings of our work and future
plans for bead-FENE-Fraenkel-spring-chain simulations.

2.2 Methods

2.2.1 Governing Equations for Dumbbell Models

The general dumbbell model consists of two massless beads of radiasconnected by either
a spring, or a rod with length L. We describe the co-ordinates of the two beads by; and
r», with the connector vector between the beads given byQ = r, r1. For a rod, this vector
can be simplied asQ = Lu, whereu is the radial unit vector in spherical coordinates. For
a spring, the unit vector in the direction of the spring is u = Q=Q, where Q is the dumbbell
length.

The dumbbell is suspended in an incompressible Newtonian solvent of viscositys, with a
velocity eld imposed by shear ow expressed in the form:

v(rit)= vo(t)+ (1) r (2.2)

Herer is a position given with respect to a xed reference frame (the laboratory frame),vg
is a position-invariant vector and (t) is a tensor given by the transpose of the velocity eld
gradient, which is also position-invariant. Both vg and can in general be a function of time.

If we include hydrodynamic interactions in the form of a di usion tensor  (which we have
chosen as the Rotne-Prager-Yamakawa tensor), then the di erential equation for the time
evolution of the bead-spring dumbbell connector vector distribution function = (t; Q) is
given by the following Fokker-Planck equation [34]:

@H_ @ 1 (©) 1 @ @ .
@~ @, H Qu  ( ) QFH H+§@H@H-[ lw (@23

where denotes the unit tensor and length, time and force variables have been re-scaled in
terms of "Hookean' units respectively, such that

P
In HoH g FH ke TH (2.4)

and non-dimensional variables are denoted with a star superscript, such aQ_, = Q=ly or
ty = t= y. The friction coe cient  is equivalent to that for a sphere in Stokes ow, so that
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=6 sa. Itis also possible to use another system for non-dimensionalising our simulations
and results, which we denote the ‘rodlike’ unit system and identify:
2 kT

Ik ; R —=:Fr

-~ (2.5)

Note that in this unit system, the rodlike FENE-Fraenkel spring sti ness is given by Hy =

H 2=kgT. This system is commonly used for bead-rod models, with rod lengti. instead
of natural length  in Equation 2.5 above. Since the times, length and forces are scaled in
the same way between FENE-Fraenkel springs and rods in this unit system, we can compare
results directly between these two models without having to convert back to dimensional form.

It is fairly straightforward to convert between the ‘rodlike' and "Hookean' unit systems via
substitution, for example for lengths we have

S

Q Q ks THg qa —
- — = = — H 26
= T Piater . R T 2 - %k MR (2.6)
Q_ Q) keT=H _ Q
5T=
Q=== ""Piey = (2.7)
H RB!~ H
and for times we have
ot 4H 2
ot keT _ 1

Finally, we also de ne rodlike and Hookean hydrodynamic interaction parametersh,, and hg,
which are essentially dimensionless bead radii, as:

a a

hy = pﬁ pt (2.92)
_3a 3ag

hg = i 4 (2.9b)

q q
This implies that hy, =4=3h; Hg=, or equivalently that hy =3=4h,, = .

The Fokker-Planck Equation 2.3 can be expressed as an equivalent stochastic di erential equa-
tion via Itd's calculus [13], which is then integrated over thousands to millions of trajectories
using a semi-implicit predictor-corrector scheme. This numerical scheme has been detailed by
other authors for both FENE [51 53] as well as FENE-Fraenkel [23] springs. A full description
of the derivation of distribution functions and numerical integration procedures used here for
both the FENE-Fraenkel bead-spring dumbbell and rodlike models can be found in Appendices
A.1 and A.2. A given FENE-Fraenkel dumbbell simulation for a single trajectory therefore
requires speci cation of two dimensionless spring parameters, either,, and Q , for Hookean
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units or Hg and Q  for rodlike units; the timestep  t,; or tg, with the conversion between
the two in uenced by the choice of spring parameters as per Equation 2.8; the ow eld |, or

r» Which varies with inverse time and therefore follows similar scaling to that in Equation 2.8;
and nally the hydrodynamic interaction parameter hg or h,,, which again are proportional to
each other based on the spring parameters as per Equation 2.9. To ensure su cient sampling
for low error, the ensemble of dumbbells was allowed to reach steady-state, and then data was
collected for tens to hundreds of relaxation times. Ensemble size was generally of ord&€f to
10° dumbbells.

The rodlike distribution function is solved semi-analytically via a harmonic expansion, as was
originally done by Stewart and Sorensen [32]. This method was extended to include RPY HI
between beads as per Birdet al. [34], and to solve for the transient distribution function as
detailed by McLachlan and coworkers [3]. Note that the same solution method can be used for
a variety of rodlike models which have the same general form of the di usion equation, such as
multibead-rods, prolate spheroids and slender bodies. A full description of the semi-analytical
solution method used here can be found in Appendix A.1.2.

2.2.2 Measured Quantities

Viscometric properties of the solution are calculated using the Kramers form of the stress
tensor [34]. For springs, this tensor has the form

where is the unit tensor, s is the solvent viscosity and , is the polymer contribution to the
stress tensor. For rods, the stress tensor is given by

p= 3nkThuui nkT f :huuuu ig+ nkT (2.11)

where is a time constant which varies with the speci c rod model and form of HI [34]. The
viscosity p, rstand second normal stress di erences 1and jandanangle characterising
the tensor orientation can be calculated using this stress tensor. In shear ow, these quantities
have the form:

7 (2.12a)
= W (2.12b)
5= yyizzz (2.12c)

= % arctan — 29 = % arctan 2P (2.13)

XX vy 1_
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A similar characteristic angle ¢ can be found for the second momentQQii:

2MQ,y i
Mxx  Qyyi

arctan (2.14)

G:

NI =

where Qmn  QmQn.

While g and  are equal at equilibrium, they may di er in the presence of ow. Since the

c parameter is related to the measured optical birefringence through the refractive index
tensor [54, 55], while the  parameter gives the orientation of the stress tensor, when g
and  are not equal, the stress optical rule will not hold. The stress optical rule is generally
found to hold for small extensions of high molecular weight, highly extensible polymers, but
does not hold for dilute solutions of rigid rods [55].

In addition to these viscometric functions, the predicted orientation parameter S of the en-
semble will also be measured. For shear ow along the-axis, the S-parameter is de ned as
[3, 56]:

1h i
=5 3hcos i 1 (2.15)

where s is the angle between the ow direction and the molecular orientation axis, such that

S

in this casecos s =  u where  is the unit vector in the x-direction.

The S-parameter is proportional to the measured Linear Dichroism (LD) of a sample. The LD

of a sample arises from the transition dipole moment of its constituent molecules, which will
absorb light polarised parallel to the moment vector but does not interact with light polarised
perpendicularly [9, 56]. The molecular chemistry determines the direction of the transition
dipole moment at a particular wavelength and can often be determined a-priori [56]. Shear
ow in a Couette cell is commonly used as an orientation method for LD, since it is relatively
easy to measure the absorbance of a sample in a cell and only small volumes of sample are
needed [3, 9].

In general, the overall LD signal of an oriented sample can be separated into two contributions,
one from the angle the transition dipole moment makes with the molecular axis () and one
from the average orientation of the molecules §):

LD
Aiso

= LD, = gS(Sco§ 1) (2.16)

where Ajg, is the isotropic absorbance of the sample (prior to orientation). Therefore, by using
experimental shear ow LD data for dilute solutions of rodlike or semi- exible macromolecules
for which  is known, the S-parameter can be extracted and compared agains® predictions
from polymer models.
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Figure 2.2: Comparison of FENE-Fraenkel dumbbell viscosity with bead-rod dumbbell vis-
cosity at a range of shear rate values showing deviations at smalh and Q. Coloured
lines are rodlike results at 3 di erent values of h;. Symbol colour represents value of the HI
parameter hg, while symbol shape denotes di erent values of the extensibility Q . Error

bars are smaller than symbol size.

In order to reduce error bars on measured quantities, variance reduction has been used in
some of the simulation results reported here. This involves simulating a second ensemble of
dumbbells at equilibrium, each of which is matched with the non-equilibrium simulation by
using the same random numbers for each pair [13]. When material functions are measured
for the ensemble in ow, values from the equilibrium ensemble are individually subtracted
from their matched dumbbell in ow, which serves to eliminate noise while keeping the same
average value.

2.3 Results and Discussion

2.3.1 Code Validation

The semi-analytical solution for the rodlike distribution function was computed using MAT-
LAB ODE solvers. The results were compared with those of Stewart and Sorensen [32] as well
as McLachlanet al. [3] and found to be identical.

Since there is no previous work on FENE-Fraenkel dumbbells against which to compare results,
the code was validated against the expected equilibrium distribution, as well as viscometric
functions of FENE dumbbells from Kailasham et al. [43], who used the same semi-implicit
predictor corrector method with a cubic polynomial solver and RPY HI. The results are
identical to within error. Further details of these comparisons and graphs of results are given
in Appendix A.3.
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Figure 2.3: Timestep convergence ad; is varied at low Q. Plot (a) shows simulated
FENE-Fraenkel viscosity for three di erent t compared with bead-rod viscosity at the same
shear rate. Plot (b) shows di erence between FENE-Fraenkel and bead-rod viscosity at the
same timestep values, and with the same parameters. Where not displayed, error bars are
smaller than symbol size.

However, there is a subtle timestep convergence issue which appears at only certain values
of the hydrodynamic interaction parameter h . As seen in Figure 2.2, the low-shear viscosity
appears nearly identical (and equal to the bead-rod value) at all values of the extensibility
QR for hg =0:375 but for hg = 0:125 the zero-shear viscosity of the FENE-Fraenkel spring
appears to deviate further from the bead-rod result with decreasing extensibility, which is a

counter-intuitive result.

All simulations used to generate Figure 2.2 used the same t; = 0:2 (equivalently tg =
0:00023, which was small enough to ensure timestep convergence fér; = 0:375 However,
as can be seen in Figure 2.3, timestep convergence actually varies considerably and non-
monotonically with the value of h . Specically, at hy =0 and hg = 0:375 (representing no
HI or osculating beads respectively), a change from t, = 0:1to t, = 0:001 makes very
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Figure 2.4: Examples of distribution functions at several timestep values. The black line
represents the analytical probability distribution function, while the blue circles @ are binned
dumbbell length frequencies from BD simulations. Error bars assume a Poisson distribu-
tion for each bin. Spring parameters are displayed in both rodlike and Hookgan units.
Summed squared error between the analytical and simulated distribution functions ( ()2,
see Eq. (31) in S.1. for expression) is displayed for each plot. Thpks value is the p-value for a
Kolmogorov-Smirnov hypothesis test, with the null hypothesis that the two distributions are
the same (highpks implies a closer match).

little di erence to the measured viscosity, while for hg = 0:15, the viscosity varies signi cantly.
While one might expect that this is due to some numerical error at intermediateh , comparison
of the simulated probability distribution function of dumbbell lengths  (Q) at equilibrium
with the analytical result seems to suggest that the convergence at low and high is a simple

coincidence, as will be shown below.

Figure 2.4 gives some examples of these distribution function plots. The sum of squared di er-
P
ences between the simulated and analytical distributions is denoted by ( )? (the precise



16

de nition of which is given in Equation A.31), while the pgs value reported in the gure is the
p-value for a Kolmogorov-Smirnov hypothesis test, with the null hypothesis that the two distri-
butions are the same. Highpks implies a closer match (details are given in Appendix A.3.2).
Figures 2.4 (a) and (c) are not converged, with apks < 0:01, while Figures 2.4 (b) and (d) are
converged (based ompks > 0:01). By examining these distribution function plots for a range of
possible FENE-Fraenkel spring parameters and timestep widths, it appears that convergence
depends primarily upon the balance betweenQ, and t,, with other parameters playing
a minor role (Note that in non-dimensional form, the FENE-Fraenkel spring is characterised
by two parameters, as can be seen by manipulating Equation 2.1 with Equation 2.6, and so
Qg and Q are su cient to fully characterise the spring force). This can be seen clearly in
Figure 2.5, which plots the summed di erence for a wide range of FENE-Fraenkel springs and
timestep widths. From Figure 2.5 (a) with constant t,; and varied hy, Q. and Qg, it's
clear that for a particular timestep, the Q value is by far the most impactful parameter,
with hg and Q g having only minor e ects. Figure 2.5 (b) then plots the timestep convergence
for constant hy, showing a levelling o of the summed di erence at low t.

The conclusion is that we can be reasonably certain of equilibrium timestep convergence of
the distribution functions if we choose a su ciently small  t,; given a particular Q,, with
other parameters being relatively unimportant. Figure 2.6 quanti es this relationship, giving
the approximate t, required for pxs > 0:01 in the Kolmogorov-Smirnov test such that
the simulated distribution is the same as the analytical distribution at a particular value of
Qy. A ty larger than that in the gure may give unpredictable results, as evidenced by
Figure 2.3. Note, however, that a value of t, smaller than that in Figure 2.6 is necessary
but not su cient to guarantee convergence away from equilibrium. Particularly at very high
shear rates, a smaller t,, may be required.

Notably, this issue may be the reason Larson and coworkers [23] were unable to reproduce
the zero-shear viscosity of a bead-rod model with a FENE-Fraenkel spring when HI is in-
cluded, since they usedQ < 0:1and t, =4, which appears too large to ensure timestep
convergence on the distribution functions. It would be worth revisiting the problem for the
bead-spring-chain to determine if this is the case (and in fact this has been done in Chapter 3).

2.3.2 Comparison of Rodlike Models with FENE-Fraenkel Dumbbell

One of the key aims of using the FENE-Fraenkel spring is to reproduce the rheological be-
haviour of a rigid rod. In this section the material properties of a rigid dumbbell are compared
to those of a FENE-Fraenkel-spring dumbbell simulated using BD. In general, the rodlike
system of non-dimensionalisation is adopted for the FENE-Fraenkel dumbbell results, which
enables direct comparisons between bead-spring and bead-rod results without normalisation
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Figure 2.5: Changes in summed di erences between simulated and analytical distribution
functions (as seen in Figure 2.4) with FENE-Fraenkel spring simulation parameters. In both
plots colour represents Q , value, as labelled. (a) t, is held xed at 0:1, with full lines for
Qg = 0:1, dot-dashed lines for Q = 0:05, dashed lines for Q ; = 0:02, and dotted lines
for Qg =0:01. (b) hg is held xed at 0:25, with circle symbols for Qz = 0:1 and square
symbols for Q ; =0:01 Where not displayed, error bars are smaller than symbol size.
or re-scaling of variables. Note that the spring stiness and extensibility Q  and Hi are
chosen such that Q , = P50 Ps (i.e. Qy > 1), sothat when t, < 10 2 the underlying
length distribution function is timestep converged. These choices ofQ , give a reasonable
balance between required computational time and accuracy with respect to reproducing bead-
rod results. The e ects of varying Q, H and systematically will be investigated in later

sections.

In the following discussion, the term “accuracy' is used to refer to how well the FENE-Fraenkel
spring reproduces the bead-rod results. For example, a lower spring extensibility is said to
give a more accurate viscosity than a spring with higher extensibility if the simulated viscosity
is closer to the bead-rod viscosity for the lower extensibility.



18

Figure 2.6: Eect of Q, on the t, required for convergence of the BD distribution
function to the analytical result at equilibrium based on a Kolmogorov-Smirnov test. This is
based only on the ve t values used in Figure 2.5 (b), such that the value plotted in this
gure is the highest t,, in the set {10 4, 10 3, ..., 1} for which pxs < 0:01. For example,
a FENE-Fraenkel spring with Q,, = 1 should have a timestep t,, no larger than 10 3 for
distribution function convergence.

2.3.2.1 Stress Jump

Comparing the expression for the stress tensor of bead-rod dumbbells in Equation 2.11 with
that of bead-spring dumbbells in Equation 2.10, both expressions share a term which varies
with huu i, sinceQ and F are both directed alongu. If ow is switched on at t = 0, this term
must be isotropic (i.e. equal to the unittensor )att 0, since the dumbbells will be in their
equilibrium con guration prior to ow and at the rst instant. Therefore, the o -diagonal
elements of the stress tensor must be uniformly O at the inception of ow for any form of the
spring potential. On the other hand, the stress tensor for the rod contains an additional term,

f :huuuu ig, often referred to as the “viscous' contribution to the stress tensor [36], which
scales with the ow tensor and the fourth power of the dumbbell orientation. As this term
has non-zero cross-terms (i.ef : huuuu igyy 6 0) for an equilibrium  (u), the viscosity of
a rod is non-zero att = 0, giving an instantaneous “stress jump' at the inception of shear ow.
This seems to be a fundamental di erence between unconstrained bead-spring and constrained
bead-rod models.

In spite of the absence of this term for FENE-Fraenkel springs, they were found to exhibit
a “pseudo-stress-jump’, with an extremely rapid rise in viscosity to match that of bead-rod
dumbbells at the inception of ow. Figure 2.7 shows BD simulation results for the transient
behaviour of FENE-Fraenkel springs as ow is switched on. The sets of parameters used in
Figure 2.7 all lead to an asymptotic convergence to the bead-rod results on a timescale which
is a small fraction of the total time to reach steady-state (steady state is reached at 0:25 g
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for

Figure 2.7: Stress jump in a FENE-Fraenkel spring at various values of spring sti ness and
extensibility. Inset shows full transient viscosity curve for bead-rod dumbbell, which FENE-
Fraenkel simulations follow accurately after initial stress jump. Error bars are smaller than
symbol size.

Figure 2.8: Shear rate independence of stress jump in both bead-rod dumbbells and FENE-
Fraenkel spring dumbbells. FENE-Fraenkel springs haveH =400 and Q ; = 0:005 Values
for the FENE-Fraenkel dumbbell were calculated using a fourth-order polynomial t extrap-
olated to zero time, as shown in the inset. The rigid dumbbell values are given directly by
Equation 2.11. In the inset, Red circles® represent data points used for the extrapolation,
while magenta squaredll represent data obtained from BD simulations but not used in the
extrapolation, since the viscosity had not leveled o to the linear region. Blue line is a 4th-
order polynomial t to the red circles. Error bars are smaller than symbol size.

R

= 50, as displayed in Figure 2.7 inset). As one would intuitively expect, this pseudo-

stress-jump occurs over a shorter period of time when the spring sti ness is increased or the

extensibility is decreased.

For bead-rod dumbbells, the magnitude of the stress jump should be independent of shear

rate but still vary with the hydrodynamic interaction parameter, as predicted by theory [34].
Figure 2.8 shows that this relation holds for FENE-Fraenkel dumbbells when the viscosity is
extrapolated to t = 0. An example of this extrapolation is shown in the inset of Figure 2.8,
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where the data points used for a polynomial t are chosen in the approximately linear region
immediately after the initial rapid stress jump.

Note that in the context of experimental measurements, the fact that this stress jump is not
strictly instantaneous is mostly irrelevant, since it is generally on the order of microseconds
and can be made arbitrarily small by decreasing the extensibility or increasing the spring
sti ness. For example, later in section 2.3.4.1 it will be shown that an800 nm contour length
bacteriophage with an aspect ratio of 100can be reasonably modelled by a FENE-Fraenkel
spring with a = 20:9 nm, = 727 nm, Hg = 200, Qg = 0:1 and hence Q 73. For
this parameter set, the stress jump occurs over approximately300 s, which is shorter than
the step-change time of most widely used rheometers (generally on the order of milliseconds).
Therefore, although the FENE-Fraenkel spring is not a perfect reproduction of the rodlike
stress jump, it should be able to reproduce any experimental measurement of the stress jump
given appropriately chosen parameters.

2.3.2.2 Material Functions

Figures 2.9 (a) to 2.11 (a) show the scaling of material functions, 1 and 5 with shear rate
for the FENE-Fraenkel spring at various values of the spring stinessHyz and extensibility

Q - Note that the semi-analytical solution method for bead-rod dumbbells is unstable beyond
_ r =102 (since an increasingly ill-conditioned matrix at high shear rates must be inverted),
and so bead-rod curves are only displayed up to this shear rate. Power law extrapolations are
provided as a guide to the eye for higher shear rates. Figures 2.9 (b) to 2.11 (b) also show
the relative error between the bead-rod dumbbell material functions and the FENE-Fraenkel
spring, as it is hard to discern the di erence on the log scales. Although results are given only
for hg = 0:25, plots for other values of the HI parameter give qualitatively similar results with
respect to the scaling of viscometric functions addy and Q ; are varied.

These results show that the FENE-Fraenkel spring is able to reproduce the shear-rate-scaling
behaviour of all three measured viscometric functions over three decades of shear rates given
appropriately chosen spring parameters. A sti er spring (with larger Hg and/or smaller Q g)
appears to uniformly give more accurate results for all shear rates. At high shear rates, the
material properties of the less sti spring (Hg = 200, Qg = 0:1) deviate signi cantly from

the bead-rod results, while at lower shear rates there is less di erence. It appears that the
“spring-like' nature of the FENE-Fraenkel dumbbells is being revealed at high shear rates,
which causes a deviation from the 1=3 power law scaling in the viscosity.

For the FENE-Fraenkel dumbbell, the steady-shear second normal stress di erence is strictly
positive for the parameter set used here, matching with the bead-rod predictions as in Fig-
ure 2.11. While this is consistent with the previous calculations of Stewart and Sorenson [32],



21

@)

(b)

Figure 2.9: Non-dimensional viscosity against non-dimensional shear rate for bead-rod
dumbbells (dashed lines) and bead-FENE-Fraenkel-spring dumbbells (symbols). Error bars
are smaller than symbol size. Fig. (a) shows direct comparison, while Fig. (b) gives the rel-
ative error between the BD simulations and rodlike semi-analytical result, with the symbols
having the same meaning in both (a) and (b). Blue dotted line is a power-law extrapolation
from the tail of the bead-rod curve, with exponent 1=3.
note that this behaviour is di erent from that of springs. For example, Hookean springs give
a negative . when uctuating hydrodynamic interactions are included [57], and it is this
Hookean behaviour which is consistent with careful experimental measurements of polymer
solutions [58]. It will later be shown that the FENE-Fraenkel spring does in fact give a negative

» for su ciently “spring-like' sets of parameters.

The rst and second normal stress di erences of the FENE-Fraenkel spring show considerably
more deviation from the rodlike results than the viscosity for all spring parameters. This is
particularly noticeable at high shear rates, such that to obtain a maximum of 10% error in
the measured material parameters with respect to the rodlike results requiredH; > 500Q
Qg < 0:02for » in Figure 2.11, andHg > 800, Qg < 0:05for 1 in Figure 2.10, while
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Figure 2.10: Non-dimensional rst normal stress di erence against non-dimensional shear
rate for bead-rod dumbbells (dashed lines) and bead-FENE-Fraenkel-spring dumbbells (sym-
bols). Error bars are smaller than symbol size. Fig. (a) shows direct comparison, while Fig. (b)
gives the relative error between the BD simulations and rodlike semi-analytical result, with
the symbols having the same meaning in both (a) and (b). Blue dotted line is a power-law
extrapolation from the tail of the bead-rod curve, with exponent 4=3.
only HR > 200 Qg < 0:1in Figure 2.9 for . There appears to be no universal ‘safe’ set
of parameters to ensure convergence to rodlike results, with the degree of accuracy instead

depending on the shear rate and measured observable.

2.3.2.3 ¢ and scaling with shear rate

As previously discussed, the two parameters, ¢ and , represent the orientation of the
gyration tensor and the stress tensor respectively. These should be identical at equilibrium
(or at su ciently low shear rates), since when there is no shear the stress tensor is directly
proportional to the gyration tensor. In general, at higher shear rates g and  may separate,
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Figure 2.11: Non-dimensional second normal stress di erence against non-dimensional shear
rate for bead-rod dumbbells (dashed lines) and bead-FENE-Fraenkel-spring dumbbells (sym-
bols). Error bars are smaller than symbol size. Fig. (a) shows direct comparison, while Fig. (b)
gives the relative error between the BD simulations and rodlike semi-analytical result, with the
symbols having the same meaning in both (a) and (b). - is not displayed beyond _ g = 500
as error is too large to give meaningful results.

indicating that these two tensors are no longer directly proportional and hence the stress

optical rule no longer holds.

Figure 2.12 compares simulation results for FENE-Fraenkel dumbbells with the semi-analytical
bead-rod solution. A lower extensibility or higher stiness seems to uniformly give more
accurate results over the whole range of shear rates for both and . For the spring
parameters chosen here, the stress-optical rule clearly does not hold, as for the bead-rod
dumbbell. Furthermore, all three parameter sets show the same qualitative behaviour as a
rod, with a continuously decreasing g and a plateau in  at high shear rates. This plateau
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Figure 2.12: Black lines show ¢ (dotted line) and (lled line) for a bead-rod dumbbell.

Filled in shapes are FENE-Fraenkel simulation averages for , while open shapes are those

for . Fig. (a) gives a direct comparison of BD simulations with rodlike semi-analytical

calculations, while Fig. (b) shows the relative error between the two at each shear rate, with

the symbols having the same meaning in both (a) and (b).
is a feature of the power-law scaling of and 1, as follows from Equation 2.13. Since has
a 1=3 scaling, while 1 has a 4=3 scaling, 2 p= 1_ will be approximately constant at
high shear rates, and hence will also be constant. This is not the general behaviour of a
Hookean or FENE spring, which display a power-law decay in both ¢ and , as will be seen

in section 2.3.3.3.

2.3.3 E ects of increased extensibility

The FENE-Fraenkel spring is able to not only represent a rod in the limit of low Q and high
H, but also an entropic spring such as a FENE spring in the limit of ! 0. The range of
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Figure 2.13: Viscosity scaling with shear rate of FENE-Fraenkel dumbbells with a constant

g+ Qy =10 and h, = 0:15 Fig. (a) gives the viscosity curves for severalQ ,, while
Fig. (b) gives the high-shear power law exponent in the viscosity scaling at eachQ ,, , deter-
mined by a linear t to the last 3 data points. Lines are only guides for the eye and do not
represent ts to the data. Note that quantities are scaled using Hookean units.

possible , Q and H values between these two limits can therefore mimic a variety of possible
force-extension relations.

2.3.3.1 Rod to FENE-spring crossover in viscosity

A FENE-Fraenkel spring with = 0 is identical to a FENE spring with the FENE b-parameter
b= Qy 2 HQ3=kg T, where Qo is the maximum spring extensibility corresponding to Q
for the FENE-Fraenkel spring when = 0. At high shear rates, a FENE spring will show
a 2=3 power-law scaling in the viscosity, while a rod (or a su ciently sti FENE-Fraenkel
spring, as seen previously) will show a 1=3 scaling. In order to compare these two regimes,
Hookean non-dimensionalisation must be used, as there is no "FENE-limit' in the rodlike unit
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Figure 2.14: Plot of (&) and ¢ (b) for the same parameter set as in Figure 2.13. Lines

are a guide to the eye and not ts to the data. Quantities are scaled using Hookean units.
system. A more extensible or less rodlike spring then corresponds to a loweg, and a higher
Q 4, so that a natural way to compare a ‘rodlike' and "FENE-like' FENE-Fraenkel spring is
to keep  + Qy constant. This is shown in Figure 2.13, where ,; + Q = 10, such that the

y = 0 case corresponds to a FENE spring withb = 100, and the |, =9:9 case corresponds

to Hgy =98:01and Qg =0:0101 Note that this does imply Qg can be greater than 1, in
which case Q g can be thought of as a maximum fractional extension, but the spring clearly
still cannot compress toQ < 0. Physically, one could interpret this as a very rough model of a
set of polymers with constant contour length when fully stretched, but di erent distributions
of end-to-end distances. The bead-rod case then corresponds to a delta-function peaked at

Q:

Examining Figure 2.13 (a), two major changes in the viscosity-shear rate curve are apparent
as the spring is made more extensible (higherQ , and hence lower ). The rstis a drop in
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Figure 2.15: Second normal stress di erence against shear rate for various spring extensi-

bilities and sti nesses at hy = 0:15. Dotted line is , for the bead-rod dumbbell. This gure

uses rodlike non-dimensionalisation. Error bars are smaller than symbol size.
the apparent zero-shear viscosity. This is easily explained by the decreased average end-to-end
distance of the dumbbell as |, is decreased, since the zero-shear viscosity is proportional to
the equilibrium dumbbell length. The second change is in the high-shear behaviour, where the
power-law slope of the viscosity curve goes from 1=3to 2=3. Interestingly, at the shear rates
investigated here, this crossover happens fairly suddenly at aroundQ ,, =5 to Q =4:5, as
the Q, > 5 viscosities converge at high shear rates. This e ect is seen clearly in Figure 2.13
(b), which shows that the crossover from 2=3to 1=3 power law exponent begins suddenly
around Q y 5. The exponent then goes smoothly to the rodlike limit of 1=3as Q
decreases further. Furthermore, this crossover also corresponds to a leveling o in , as seen
in Figure 2.14. In other words, the value of Q , at which the shear-thinning slope deviates
from 2=3 (in this case, Q, 5) is the same at which  shows a high-shear plateau similar
to that seen in the rodlike results of Figure 2.12.

Finally, as expected, a spring with low  ( 4 =1, Qy = 9) is approximately equivalent
to a FENE spring of similar extensibility ( =0, Q4 = 10). In other words, there is no
discontinuity betweenthe ! Oand =0 cases.

2.3.3.2 Changing sign of 2

If uctuations in hydrodynamic interactions are accounted for, either in BD simulations or
using a Gaussian approximation, the second normal stress di erence , of a Hookean dumbbell
in shear ow will be strictly negative [13, 57]. However, bead-rod dumbbells show a positive

2, SO we should expect to see some sort of crossover as the extensibility is increased or the
sti ness is decreased of the FENE-Fraenkel spring. Figure 2.15 shows that this is in fact the
case, where both a low sti ness and high extensibility is required to observe a negative ;.
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Figure 2.16: Scaling of ¢ and  with shear rate as extensibility and sti ness of the FENE-
Fraenkel spring are varied ath, = 0:25. Filled shapes are FENE-Fraenkel simulations of ,
while hollow shapes are ¢. Rodlike units are used for comparison with rodlike results. Error
bars are smaller than symbol size.

In other words, only an analogue of a highly exible polymer shows a negative ,, with more
rigid models giving positive ,. This gure again uses rodlike units to allow comparisons with
bead-rod results.

This nding is signi cant given the history of theoretical and experimental determinations

of , for high molecular weight polymers. Up to about 1962, the "Weissenberg hypothesis'
that , = 0 was thought to be correct, until several measurements showed that , may be
positive [58, 59]. This was then found to be due to subtle hole pressure e ects, leading to a
consensus that for exible polymer solutions, » < 0. This has been found in both rheometer
force-based measurements using di erent plate geometries, as well as optical and shape-based
measurements of channel ow [58, 60, 61]. There seems to be a lack of similar measurements
for rodlike molecules, with > changing sign with shear rate for highly concentrated solutions
[62], but no clear results for dilute solutions.

Given the results of this computational study, it appears likely that a negative » is not
a universal property of all polymer solutions, but instead a function of exibility. Further
simulations of multi-bead chains with tunable exibility may be necessary for investigation of
this e ect. These results could be compared to experimental measurements of, for polymer
solutions with a range of concentrations, exibilities and morphologies (for example, using
rigid macromolecules such as bacteriophages).

2.3.33 c and scaling with extensibility

The relative orientation of the gyration tensor (represented by ) and the stress tensor
(represented by ) show complex behaviour depending on the sti ness and extensibility of the
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FENE-Fraenkel spring. As Figure 2.16 shows, a low stiness Kz = 2) and highly extensible

( Qg =100) FENE-Fraenkel spring has similar ¢ and  at all shear rates. The slope of the
g and  curves continue to decrease aBl is decreased orQ is increased, as the behaviour

is fundamentally di erent in the Hookean limit. As the extensibility is decreased, ¢ and

move further apart, while increasing sti ness appears to change the absolute magnitude of
g and  at a particular shear rate. This suggests that the FENE-Fraenkel spring captures

behaviour which cannot be replicated individually by a FENE or Fraenkel spring.

As previously mentioned in section 2.3.2.3, we should expect a high-shear plateau of the
bead-rod at high shear rates due to the 1=3 power law scaling in and 4=3 power
law scaling in 1. For a FENE spring, the power law scaling in 1 remains at 4=3, while
the viscosity now scales as 2=3, leading to an overall 1=3 scaling in . This can be
seen in Figure 2.14 (a), where a more extensible spring leads to a power-law scaling in.
Additionally, Figure 2.16 shows the same 1=3 scaling (similar to g) for FENE-Fraenkel
dumbbells with low extensibility and low sti ness, but low sti ness and high extensibility (for
exampleHg =2, Qg =100, approaching a Hookean dumbbell) seems to lead to a further
decrease in the power law exponent.

2.3.4 Comparison with experimental data

Here we show that the FENE-Fraenkel dumbbell model is able to give a reasonable description
of the viscosity and S-parameter of semi exible molecules with persistence length on the
order of contour length. We also compare results with rodlike models of the same aspect
ratio and length as the experimentally measured molecules. Although the FENE-Fraenkel
spring is compared with real semi exible polymers, the aim is not to develop this force law
as a replacement for wormlike chain polymer models, or to suggest that the FENE-Fraenkel
spring dumbbell can reproduce all the physics of these chains. Instead, we wish to show
that the FENE-Fraenkel dumbbell is at least as useful as a bead-rod dumbbell in modelling
rigid polymers. Additionally, the FENE-Fraenkel spring's adjustable extensibility may o er
qualitative advantages over a rigid rod when the contour length is greater than the persistence
length, since the variability in end-to-end distance of the true polymer chain may be somewhat
captured by this extensiblity.

2.3.4.1 Linear Dichroism Comparisons

Figure 2.17 compares theS-parameter prediction of three models (a FENE-Fraenkel spring
dumbbell, a rigid multibead-rod and a prolate spheriod) with experimental data on the Linear
Dichroism of M13 bacteriophage, which is lamentous with a persistence length ( 1250 nm
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Figure 2.17: Comparison of various rodlike models with experimental LD data for M13
bacteriophage with contour length 800 nm and aspect ratio 100. Red triangled> are exper-
imental LD measurements from [3], where the transition dipole moment was assumed to be

=31 to obtain the S-parameter values. Green circle$D are numerical calculations for an
osculating multibead-rod model with bead diameter 8 nm [34]. Blue squarelll are numerical
calculations for a prolate spheroid with minor axis 4 nm and major axis 400 nm, identical
to those of McLachlan et al. [3]. Purple stars are FENE-Fraenkel simulations with bead
parameters displayed in the gure. Error bars are smaller than symbol size for the FENE-
Fraenkel simulation, but were not provided for the experimental data.

[63]) longer than its contour length ( 800 nm) and a diameter of 8 nm. The experimen-
tal data is taken from Ref. [3], where a microvolume Couette cell was used to shear M13
bacteriophage at several shear rates. As described in the paper from which this data was
taken, the transition dipole moment angle for this bacteriophage can be determined via the
protein structure of the phage to be =31 . Given the provided LD, data, the experimental
S-parameter can be extracted and is plotted here. However, quantitative comparisons should
be made cautiously, since experimental error and uncertainty in were not speci ed.

The multibead-rod and prolate spheroid models can be applied without any tting, given the
aspect ratio and length of the original bacteriophage [3, 34]. However, the bead radius of the
FENE-Fraenkel dumbbell must be t in some manner, as settinga = 4 nm gives completely
inaccurate results. This can be done by noting that for S-parameter prediction, the bead-
rod dumbbell and multibead-rod are identical up to a factor proportional to the bead radius,
such that the time constants characterising the two models can be equated using a simple
analytical expression. The bead radiusa = 20:9 nm of the FENE-Fraenkel dumbbell was
therefore chosen such that a bead-rod dumbbell witha = 20:9 nm would give exactly the
same time constant and hences-parameter prediction as the multibead-rod model witha =8
nm. A more detailed explanation of this procedure can be found in Appendix A.5. The values
Hgr =200 and Qg = 0:1 were chosen based on the results of section 2.3.2.2, given that this
set of parameters appears to fairly accurately reproduce a bead-rod dumbbell for moderate
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shear rates. The value of in dimensional form was then chosen such that + Q =800 nm,
which gives 727 nm.

As can be seen in Figure 2.17, both the prolate spheroid and osculating multibead-rod, when
given an aspect ratio equal to that of the bacteriophage, give results which appear quanti-
tatively correct. This suggests that some form of slender rod is a suitable model for rigid
macromolecules with persistence length close to or greater than contour length. This result is
somewhat surprising given the persistence length of M13 is 1250 nm [63] compared to its
contour length of 800 nm. Observed under a microscope, this molecule would appear quite
bendy and exible rather than perfectly rigid. This provides an example of the suitability
of a rigid segment in describing the behaviour of a polymer on length scales lower than the
Kuhn length, while also suggesting that a segment model with some extensibility is no less
physically reasonable than a perfectly rigid bead-bead link. Speci cally, the FENE-Fraenkel
spring is able to predict the S-parameter, even though the extensibility is reasonably high
(10% of the natural length ). It seems that bead size and rodlike model parameters are
more in uential than the specic form of the force-extension curve or the connector model
in general. This shows that even without an extremely highH or small Q to ensure strict
matching to bead-rod results, the FENE-Fraenkel spring is a reasonable qualitative model of
a fairly rigid molecule.

2.3.4.2 Prediction of shear-dependent viscosity

Yang [47] has previously measured the shear-dependent intrinsic viscosity of Poly-benzyl-
L-glutamate (PBLG) in m-cresol solvent, which can be compared with our theoretical pre-
dictions. This is displayed in Figure 2.18, which compares several FENE-Fraenkel spring
dumbbells and a multibead-rod model with viscosity data for PBLG in m-cresol. The FENE-
Fraenkel spring parameters were chosen to roughly imitate a short wormlike chain with the
same contour length and persistence length as PBLG (with contour lengthL = 143 nm and
persistence lengthl, = 90 nm respectively [45, 47]). The end-to-end distance distribution
function for a shor(% wormlike chain is given by Frey and Wilhelm [64], from which the equi-

librium extension  hQ?2i¢q can be easily derived. For the FENE-Fraenkel spring, and Q

were chosen such that + Q = L =143 nmand = ! hQ3, cieq giving =115 nm and
Q =28 nm. Finally, the bead radius a was chosen in a similar way to that for the M13 bac-
teriophage comparisons in section 2.3.4.1, except that for viscosity there are two characteristic
time constants for the bead-rod and multibead-rod models which cannot be directly equated.
A bead-rod dumbbell radius of a = 8:58 nm was found to give results visually closest to a
multibead-rod model with an aspect ratio of 94 (the same aspect ratio as PBLG), so this
bead radius was used for the FENE-Fraenkel spring dumbbell. A more detailed explanation
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of this procedure can be found in Appendix A.5. Figure 2.18 then shows results with three
possible values of the spring sti nessHy.

The sti est spring, with Hg = 500, falls closest to the multibead-rod model, as would be ex-
pected for a more rodlike FENE-Fraenkel spring. Interestingly, the springs with lower sti ness
seem to predict the experimental results more accurately at high shear rates. While it is di -
cult to draw solid conclusions from this single viscosity curve, it may be that the extensibility
of the PBLG molecule is being revealed at higher shear rates, similar to the deviation of the
extensible FENE-Fraenkel spring from rodlike viscosity at high shear rates. In this way, a
‘rodlike’ model which has nite extensibility, such as the FENE-Fraenkel spring, may be more
useful than a true rigid rod when predicting shear viscosity of certain polymers. Therefore,
the FENE-Fraenkel spring is a promising force law with which to investigate the di erences
in high shear-rate behaviour of bead-rod and bead-spring chains. Further research on FENE-
Fraenkel spring chains may provide insight into why di erent models are only able to predict
some behaviours of certain true polymer chains and not others.

Figure 2.18: Comparison of experimental shear-rate dependent intrinsic viscosity| ] for
PBLG with a multibead-rod and FENE-Fraenkel spring. Experimental data is Poly- -benzyl-
L-glutamate (PBLG) in m-cresol at 255 C, where the contour length isL = 143 nm and the
persistence length is90 nm with an aspect ratio of 94 [45, 47]. FENE-Fraenkel dumbbell
bead radius was chosen to give a best t to the experimental data.

2.4 Conclusions

The FENE-Fraenkel spring has been shown to be a viable replacement for a rod in terms of
the stress jump, material functions and rheo-optical properties. However, there is no set of
spring parameters which give universal adherence to bead-rod results. Instead, the particular
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measured property and the shear rate also a ect the calculated accuracy, such that sti er and
less extensible springs are needed for higher shear rates and parameters such gsand »
as opposed to and . For example, usingH = 200 and an extensibility of Qz = 0:1
iS su cient to obtain  oq to within 1% accuracy up to _ = 50 (Figure 2.9), while a far
stier Hg = 5000 and Qg = 0:02 is required to obtain 2,04 to within 10% for _5 > 50
(Figure 2.11).

There is also the issue of timestep convergence, which should be checked explicitly for each
h, Q4 and _, which were found to be the key factors in uencing the required timestep for
convergence of the equilibrium distribution function and non-equilibrium averages. In general,
as Q is lowered a smaller t,, is needed for distribution function convergence at equilibrium,
as seen in Figure 2.6. This gives a good starting point to check timestep convergence at non-
zero shear rates.

As the spring sti ness and extensibility are relaxed towards the FENE, Fraenkel and Hookean
limits, the FENE-Fraenkel spring begins to show more traditionally “spring-like' behaviour.
This manifests itself most clearly in a change in the shear-thinning exponent of the viscosity,
which moves from 1=3to 2=3 asH is decreased andQ is increased. It appears that any
FENE-Fraenkel spring will eventually deviate from the 1=3 scaling at su ciently high shear
rates, with a higher sti ness or lower extensibility causing this change in scaling to occur at
higher and higher _. Therefore, higher shear rates appear to reveal more of the “spring-like'
nature of a sti and inextensible FENE-Fraenkel spring. Additionally, the second normal stress
di erence appears negative for the FENE-Fraenkel spring only when bothHy is small and
QR is large, converging towards Hookean behaviour. Signi cantly, the FENE-Fraenkel spring
is able to represent both positive and negative » with a single form of the spring potential.
This is also the case for and ¢, where the stress optical law does not hold if eitheH is
large or Qg is small. Once again this demonstrates that the FENE-Fraenkel spring is able
to represent both spring and rod regimes with correctly chosen parameters.

Comparisons with experimental data show the FENE-Fraenkel spring is also able to quali-
tatively reproduce the behaviour of rigid lamentous molecules. With spring parameters of
Hr = 200 and Qg = 0:1, which were su cient to reproduce bead-rod behaviour at low
shear rates, the FENE-Fraenkel spring can accurately model the linear dichroism of M13 bac-
teriophage, given an appropriately chosen bead radius. Of particular note is data on the
shear-thinning of PBLG polymer in m-cresol solvent, which displays a slight deviation from the
classic 1=3 power law exponent at very high shear rates. This may be due to the fact that this
polymer is not truly rigid and has some exibility and extensibility, which the FENE-Fraenkel
spring is able to qualitatively capture. This suggests that the deviation of the FENE-Fraenkel
spring from bead-rod material properties at high shear rates may not be an issue when used
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as a model for links in a semi- exible polymer, as experimental measurements also display this
behaviour.

Future work will focus on two main areas. Firstly, whether the results obtained for the
dumbbell case when comparing a FENE-Fraenkel spring and rod remain valid in the bead-
spring-chain case. Secondly, whether the FENE-Fraenkel spring can be used, along with a
bending potential, as a model of a semi exible polymer chain such as DNA in the context of
modelling the Linear Dichroism signal in shear ow. In this second case, the ability of the
FENE-Fraenkel spring to represent both a rod and an entropic spring may be useful when
comparing di erent possible levels of coarse-graining to use in the model. As will be seen in
Chapter 3 and Chapter 5, the FENE-Fraenkel spring in does fact succeed on both counts.



Chapter 3

FENE-Fraenkel bead-spring chains

3.1 Introduction

Decades of research have resulted in a mature understanding of the behaviour of dilute polymer
solutions in ow, to the point where direct quantitative comparisons with experimental data

in extensional ow are possible [14 16]. However, there remain several unresolved qualitative
guestions regarding behaviour in shear ow, and complete quantitative analysis of experimen-
tal results continues to be challenging [11, 12, 31]. One key di culty is in correctly describing
the change in viscosity as shear rate is increased, where experiments and simulations give con-
fusingly varied results [12, 22]. For example, changes in polymer molecular weight, backbone
semi exibility and sovlent-polymer interactions contribute to di erences in shear-thinning ex-
ponents, shear rates for onset of shear-thinning, and appearance of a high-shear plateau, as
depicted in Figure 3.1. On the other hand, Figure 3.2 gives several results derived from simu-
lated and theoretical models, with considerable di erences in behaviour depending on the type
of bead-bead connection (rod or spring), inclusion of hydrodynamic interactions (HI) or ex-
cluded volume e ects (EV), as well as use of a bending potential. Clearly, it would be useful to
have a single model which can span the entire range of previously-modelled behaviour, in order
to systematically investigate the e ects of each piece of added physics. Not only would this al-
low for improved qualitative understanding of experimental behaviour, but it would also aid in
development of multiscale modelling approaches at di erent levels of polymer coarse-graining.
In this paper, we summarise prior research on shear rheology of dilute polymer solutions, and
present a model with full uctuating HI and EV based on the FENE-Fraenkel spring force law
[23, 65] and a bending potential between springs. This model can move smoothly between all
the regimes of behaviour described in Figure 3.2, demonstrating several novel results in the
process.

35
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Figure 3.1: Schematic of observed experimental shear-thinning behaviour in polymer so-
lutions. Here [ ]9 ]Jo is the intrinsic viscosity at some shear rate divided by the intrinsic
viscosity at zero shear. The shear rate is_, normalised by the polymer relaxation time
The value of is determined from the zero-shear viscosity via =[ ]Jo sM=NakgT, where ¢
is the solvent viscosity, M is the polymer molecular weight, kg is Boltzmann's constant and
T is the temperature. Data is traced from plots of several authors [22, 29, 47, 66]. Values
should not be considered exact, only qualitatively correct. Dashed lines (curves a, b and c)
are polystyrene of13:6 10 g/mol in a theta solvent (a) and good solvent [66] (b), as as well
as2 1P g/mol in a theta solvent [29] (c). Solid lines (curves d, e and f) are DNA at various
solvent qualities [22] with lengths 25 kbp (d), 485 kbp (e), and 1656 kbp (f). Dotted line
(curve g) is PBLG (a rigid molecule) of M =2:08 10° g/mol in m-cresol solvent [47]. Note
the di erences in onset of shear thinning, shear thinning exponent, and high-shear plateau as
polymer length, exibility and solvent quality are changed.

While chains with Hookean springs and preaveraged hydrodynamic interactions (the Zimm
model) are able to accurately describe the linear viscoelastic properties of many polymer
solutions, their in nite stretchability leads to inaccurate predictions in ow [34]. The nite
extensibility of a chain is generally included in one of two ways, either using rigid rods to repre-
sent each Kuhn step of the backbone individually, or a nitely extensible entropic spring which
approximates the force-extension behaviour of a large segment of the underlying molecule [21].
Bead-rod dumbbells are known to have a shear-thinning exponent of 1=3) (Figure 3.2, curve
d) and approximate the behaviour of highly rigid molecules [32, 65], while FENE-spring dumb-
bells show a( 2=3) exponent (Figure 3.2, curve c) and are able to qualitatively predict the
shear-thinning behaviour of some exible polymer solutions [33, 34, 70]. Additionally, the
Weissenberg number for onset of shear-thinning increases with increasing extensibility (quan-
ti ed by the FENE b-parameter) [68], a behaviour which is also found as the molecular weight
of experimental systems is increased [22, 66] (Figure 3.1 curves d, e and f).

For chains, a well-known and somewhat counter-intuitive result is that a bead-rod chain with
connections modelled as hard constraints gives a di erent distribution from an in nitely-
sti Fraenkel chain [25, 26, 34], although the di erence seems unimportant in practice [23].
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Figure 3.2: Schematic of theoretical and simulation ndings, traced from previous works
and not exact. Dashed lines (curves a, b and c) are “spring-like' results for FENE chains with
HI [67] (a), Hookean chains with EV [68] (b) and Marko-Siggia force-law [44] chains with EV
and HI [31] (c). Solid lines (curves d and e) are ‘rod-like' results, namely sti Fraenkel springs
with a strong bending potential [69] (d), and a bead-rod chain with HI but no EV [37] (e).

In the following discussion, we will refer to both simply as “bead-rod' chains, except where
explicitly distinguished. While nitely extensible bead-spring chains show a( 1=2) to ( 0:6)
shear-thinning exponent in the viscosity (without excluded volume e ects) [31, 36, 37, 71 74],
bead-rod chains display some unexpected behaviours at high shear rates. Most notably, there
is an apparent second Newtonian plateau in the viscosity at high shear rates, which appears
to be exacerbated by the inclusion of HI [36, 37]. This behaviour is generally not seen in
experimental studies, although there are some hints of it in the polystyrene data of Hua et al.
[29], and of Noda for much longer polymer chains [66].

This viscosity plateau is somewhat correlated with a decrease in polymer extension in the ow
direction at high shear rates [37, 71, 75]. In general, all models show a compression (measured
in terms of the components of the gyration tensor) in the gradient and neutral direction, which

is also seen in single-molecule imaging of DNA [31]. However, the compression in ow direction
is unexpected, and was explored in detail rst by Netz and Sedner [76] and then by Dalal and
coworkers [77 79]. The conclusion is that HI increases this e ect, while an appropriately
chosen EV potential largely eliminates it, as does ne-graining beyond the Kuhn-step level in
the form of a sti bending potential between segments [78, 79]. Since these extremely high
shear rates are largely out of the reach of experiments, it's unclear the extent to which this
e ect is a real physical result and not an artefact of the coarse-graining. These authors did not
study the e ects of this behaviour on the viscosity or normal stress, however they did examine
the end-on-end tumbling behaviour of chains, deriving power-law expressions for the tumbling
time as a function of shear rate based on the segmental di usion and convection [78]. Some
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studies seem to suggest & 3=4) power law slope in tumbling period with shear rate [79] (or
1:1 on inclusion of HI but with no EV), while others show a ( 2=3) slope for experimental
and simulation data [80].

We note that it is possible to include a parallel dashpot in a bead-spring model, which models
the internal viscosity (IV) of a polymer chain [34, 41, 43, 81 84]. Such models display a

1=3 slope in the viscosity for bead-spring-dashpot dumbbells [43], a high-shear plateau in
viscosity which depends on the IV parameter [82], and instantaneous stress jumps [41, 43], all
of which are also characteristic features of bead-rod models. However, including them in a BD
simulation is extremely complicated without preaveraging [81 83], and measuring the strength
of IV experimentally so as to determine dashpot viscosity is not common or straightforward
[85]. While this is a promising avenue of investigation, in this paper we will restrict our focus
to bead-spring models without V.

Brie y returning to the entropic bead-spring models, there is again some uncertainty in the
power-law exponent, with bead FENE-spring chains showing a( 2=3) or 0:6 power-law
slope [71, 72], while some results suggest a Cohen-Pade or Marko-Siggia wormlike-chain (MS-
WLC) force law could give a ( 1=2) power-law slope [31, 73]. However, it is important to
consider whether the slope is truly “terminal’, as these models tend to have a large crossover
region between the low-shear Newtonian plateau and the high-shear behaviour. For example,
Schroeder et al. [31] report a( 1=2) power-law exponent in the viscosity for comparisons
with experimental data, but note a 0:61 exponent at very high shear rates for the MS-WLC
spring force law when carrying out BD simulations.

While the chain connectivity is crucially important to the shear- ow behaviour, there has also
been a large body of work incorporating the e ects of hydrodynamic interactions (HI) and
excluded volume (EV). It's well known that a bead-Hookean-spring chain with preaveraged
HI (Zimm model) does not lead to shear-thinning. However, when consistently-averaged,
treated using a Gaussian or similar approximation, or with full uctuating e ects [67, 86

88], a chain of Hookean springs shows slight shear-thinning and then shear-thickening. The
intuitive explanation of this behaviour is that the Zimm zero-shear viscosity is lower than
the Rouse zero-shear viscosity, but shear ow pulls the beads apart and lessens the e ects of
HI. Therefore, the chain thins slightly due to the “back ow' from HI, then thickens to reach
the Rouse viscosity at high shear rates. This shear-thickening is also seen for su ciently
extensible non-Hookean springs at su ciently high bead numbers, before the onset of further
shear-thinning due to nite extensibility [67, 73]. However, this behaviour has not been seen in
experimental measurements of dilute polymer solutions - the thickening for semidilute solutions
is thought to be related to entanglements rather than HI [67, 89]. As has been mentioned,
HI also causes a compression of bead-rod models at high shear rates, as well as a second
Newtonian plateau in the viscosity [35, 37, 76, 79]. Additionally, as predicted by the Zimm
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model, zero-shear viscosity is reduced when Hl is included, despite no change in the equilibrium
structure. Note that the intermediate-shear-rate viscosity thickening of bead-spring models
due to HI has not been observed in bead-rod models, however it is possible that longer chains
are required. For example, there are slight hints of the e ect in the bead-rod simulations of
Khomami and Moghani [75] who used 350 beads, although their ndings are not de nitive.

The e ects of excluded volume are generally characterised via the chain swelling at equilib-
rium, which is related to the solvent quality parameter z [12, 90]. Rigorous theoretical devel-
opments treating EV using a delta function potential and renormalisation group approaches
[90] nd that the EV contribution to the shear-thinning exponent should be ( 1=4) for suf-
ciently long Rouse chains [91]. In simulations, EV potentials can generally be grouped into
soft-core repulsive (such as the Gaussian potential [92, 93]), hard-core repulsive (such as the
Weeks-Chandler-Andersen (WCA) potential [37]), or hard-core potentials with repulsive and
attractive components (such as the Lennard-Jones (LJ) [79] or Soddemann-Dinweg-Kremer
(SDK) [94, 95] potentials). A theta-solvent is one either without any EV interactions, or
with a potential equal parts repulsive and attractive such that there is no swelling at equi-
librium - importantly, Dalal et al. [79] showed that these are emphatically NOT equivalent
away from equilibrium for bead-rod chains. In fact, several authors have shown that besides
causing chain-swelling at equilibrium, a hard-core EV potential also suppresses the high-shear
decrease in chain stretch seen in bead-rod chains, as well as the high-shear plateau in viscosity
[37, 75, 77, 79]. This e ect occurs even using a theta-solvent LJ potential, constructed as to
cause no swelling at equilibrium [79]. For Rouse chains and FENE chains, BD simulations
show the expected( 1=4) decrease in viscosity with shear rate for su ciently strong EV in
the long-chain limit [53, 96].

The inclusion of semi exibility, generally modelled through a potential energy cost for back-
bone bending or twisting [49], also has somewhat uncertain e ects upon the shear- ow be-
haviour. Generally, a strong bending potential is associated with a( 1=3) power law slope
in the viscosity with shear rate for BD simulations of bead-rod models [69, 71], although it
appears to approach( 1=2) for a su ciently weak bending potential [97]. This is expected,
as a bead-rod chain with a very strong bending potential is essentially a rigid multibead-rod,
which has a( 1=3) power-law shear-thinning exponent. However, the mean- eld model of
Winkler [98, 99] suggests & 2=3) slope irrespective of bending sti ness, which may be due
to the backbone extensibility inherent to the model. Additionally, as has already been men-
tioned, the use of a bending potential to increase the level of ne-graining in a bead-rod model
beyond the Kuhn length, in order to accurately model the true polymer persistence length,
reduces the compression of the bead-rod chain at high shear rates [78, 79].

To conclude our discussion of prior results, we brie y touch upon a few additional measures
of chain behaviour in shear ow which have been explored in the literature. The rst and
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second normal stress coe cients ; and », are the two experimentally observable viscometric
functions besides viscosity. The rst normal stress coe cient ; is generally found to show

a ( 4=3) power-law scaling with shear rate irrespective of the model [31 33, 35 37, 71, 73],
however some long bead-rod-chains with HI and EV seem to display a 1:1 power law slope
[75, 100]. The second normal stress di erence is di cult to get accurate statistics on, both

in experiments [58] and simulations, but is thought to have a positive value for bead-rod
chains [100] and a negative value for bead-spring chains [73]. One can also measure optical
properties, such as the birefringence [36], extinction or orientation angles [31, 36, 65, 72, 96, 99],
or linear dichroism [17, 100]. Generally, these give similar results to single-molecule imaging,
which shows an extension in the ow direction and contraction in the gradient direction.
Finally, we have the power spectral density, which essentially allows one to examine frequency
components belonging to di erent time scales of polymer motion [31]. This can be matched
with experimental data [80], and was analysed extensively by Hur et al. [101], but will not be
calculated directly here.

In light of the wide variety of expected behaviour based on the physics included in a given
polymer model, it can be di cult to predict what e ect a given component will have on the
qualitative shear- ow behaviour. This ambiguity may be resolved by using a singular model
which can span the entire range of previously-identi ed behaviour, as well as move smoothly
between each limit, allowing one to successively add each piece of physics in turn to investigate
the e ects. In Section 3.2, we will describe such a model based on the so-called FENE-Fraenkel
spring, along with a bending potential, EV, and full hydrodynamic interactions. Additionally,

we will give a brief overview of the Brownian dynamics (BD) simulation algorithm, as well as
expressions for our measured rheological, conformation and optical properties. We will then
present results in Section 3.3, rst showing that our FENE-Fraenkel-spring chain can reproduce
both FENE-spring behaviour, as well as show exact agreement with the bead-rod simulations
of Petera and Muthukumar [37]. The behaviour of viscosity, gyration tensor components and
tumbling frequency is then carefully investigated in the crossover between bead-rod and bead-
spring behaviour, and as a function of bending sti ness, EV and HI. Finally, to conclude in
Section 3.4, we will qualitatively compare our simulations with the previous experimental,
theoretical and numerical results in Figure 3.1 and Figure 3.2. We show that the whole range
of behaviour can be qualitatively reproduced by our model, although further work is needed
for exact quantitative predictions.

3.2 Methods

Our current model is a bead-spring chain ofN beads andNg= N 1 segments with bead at
positionr relative to the chain center of mass, bead-bead vectol® =r r 1 andsegment
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Figure 3.3: Diagram of bead, segment and segment angle labelling scheme. Beadis
at position r relative to the center of mass, with some angle . The segment from to

+ 1 has unit vector , with length Q . Note that for N beads, the beads are numbered
from =1;2;3;:::;N, the segments from =1;2;3;:::;N 1, and the angles from =
2;3,4,::0;N 1

angles . Thisis displayed schematically in Figure 3.3, which also gives the numbering scheme
for beads, segments and angles. We impose some connector force IE\X?)(Q ) which acts
along the segments, as well as bending forces between segments, EV forces between every set
of spatially nearby beads, and HI perturbations to represent the e ects of the implicit solvent,

all of which will be described in detail shortly. The solvent is represented implicitly such that
beads have solvent friction =6 sa, where ¢ is the solvent viscosity anda is the e ective
bead radius. Flow is imposed through the tensor , where the velocity eld of the Newtonian
solventisv =  r, assuming the background owvgy = 0. For the case of shear ow considered
here, the only non-zero component of is y = _, the shear rate.

3.2.1 FENE-Fraenkel force law

The connector forces act along the segments, and we will predominately use the FENE-Fraenkel
form. This force law was introduced by Hsieh et al. in a 2006 paper with the purpose of repro-
ducing a bead-rod chain while avoiding the complications of BD simulations with constraints
[23]. However, this force law also has the useful property that it can simultaneously represent
other commonly-used force laws, such as the FENE, Hookean and Fraenkel springs. In a previ-
ous paper, we have discussed the properties of a FENE-Fraenkel dumbbell in detail, including
how to correctly choose a timestep during simulations, how various rheological properties scale
with shear rate, and how one can smoothly move between bead-rod and bead-spring behaviour
[65]. Here, we show that it is possible to use a bead-FF-spring-chain to recover the full range
of bead-spring-chain and bead-rod-chain behaviour, including all the qualitative features of
Figure 3.1 and Figure 3.2.

Written in dimensional form, the FENE-Fraenkel spring force law is given by:

Fo.  HQ ) Q
1 (Q )°HQ)%2Q

(3.1)
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Figure 3.4: FENE-Fraenkel (full lines, Equation 3.2) and MS-WLC-Fraenkel (dotted lines,
Equation 3.5) force limits. Vertical lines show maximum and minimum extensibilities.

"Hookean' spring has Q = 10000, = 0. Fraenkel spring has Q = 10000, =5.
FENE and MS-WLC springs have Q = 6, = 0. FENE-Fraenkel spring has Q = 3,
=5, while MS-WLC-Fraenkel spring has Q =8, =5 (which has equivalent minimum

and maximum extensibility compared to the shown FENE-Fraenkel spring).

Here F (9 is the force vector between the beads with bead-bead vectd® and length Q, is
the natural length of the spring (Q = in the absence of any additional forces), Q is the
maximum extensibility around , and H is the e ective elastic modulus of the spring (with
units of force per length). Furthermore, we generally rescale lengths to a non-dimensional
form using the spring length, namelyly = P ks T=H, where kg is Boltzmann's constant and
T is the solution temperature. Since energies are also scaled I T, forces are additionally
non-dimensionalised byp kg TH. In this form, the spring force law reads:

© _ (Q ) Q
SR R (RN E= o e (3:2)

with non-dimensional qualtities denoted by an asterisk (e.g.Q = Q=ly). As can be seen in
Figure 3.4, setting = 0 recovers the FENE and Hookean (in the limit Q !1 ) force laws,
while Q !'1 for nite gives the Fraenkel force law. Note that in the = 0 (FENE)
case, the parameter Q is equivalent to the more common labelQg, and the non-dimensional
Q s equivalent to the square root of the FENE b-parameter, b= Qp=ly.

We also briey investigate the properties of a new spring force law, which we have called
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the "MS-WLC-Fraenkel' (Marko-Siggia Wormlike-Chain Fraenkel) spring, which has force-
extension behaviour given by:

( n #)
2Q 1 Y2 1 a+ )2 1
(© = <
F HQ 30 4 + 9 4 (3.3)
where is a non-dimensional quantity given by:
Q
= 3.4
0 (3.4)
Therefore, scaling lengths byl as for the FENE-Fraenkel spring, this can be written as:
2Q((1 )2 1 "(1+)21 ?
© =0 =
F Q 30 4 + 9 4 (3.5)

with  de ned as before via and Q . If we identify that H (3ksT)=(2LIp), where |,
is the polymer persistence length (discussed shortly) and. Q is the contour length, the
= 0 limit of this force law is equivalent to that given by Marko and Siggia, the so-called
MS-WLC spring [44]. This is show in Figure 3.4, for boththe =0, Q =6 and =5,
Q = 8 cases. Note that compared to the FENE-Fraenkel force law, we see a dierent
approach to the maximum-extensibility limit, as well as increased e ective sti ness around
for > 0. The MS-WLC-Fraenkel force law is considerably harder to deal with analytically,
as its distribution function must be found numerically, but is used to show that results depend
more on the extensibility, compressibility and average length than the ne-grained details of
the force law in question.

3.2.2 Bending potential, EV and HI

One important feature of polymer chains which we wish to model is the semi exibility, related
to the energetic resistance to bending along the backbone. This semi exibility is represented
by the persistence length, which can be thought of as the exponential decay constant for the
autocorrelation of the tangent vector direction along the backbone curve [49]:

is s9

hu(s)u(sdi=e » (3.6)

where |, is the persistence length, andu(s) is the tangent vector to the curve at position s,

if the backbone is imagined as a continuous space-curve analogue of Figure 3.3. This is also
often expressed in terms of the measure of chain size more common for exible chains, the
number of Kuhn stepsNy  L=(2lp), whereL is the total polymer contour length.

In a continous chain, the inverse of the persistence length can be identied as a so-called
sti ness parameter, essentially a exural modulus which describes the energetic cost for chain



44

bending. For discrete models, we can use an equivalent potential which imposes an energetic
cost based on the angle . In our case, the bending potential is given by:

b =kgT = C(L cos ) (3.7)

whereC is the bending sti ness, while  and . are the included angle and bending potential
between vectorsQ and Q +; respectively. An expression for the force on bead due to the
bending potential is given in Appendix D, as well as an analytical expression for the angular
distribution function. For this form of the bending potential, Saadat and Khomami give
a useful relation for the bending stiness C as a function of the ratio of contour length L
and persistence lengthly,, represented by the number of Kuhn steps in each segmeilik s =
L=(2Nslp) [18]:
— 1+ pp;1(2Nk;s) + Pp;2(2Nk;s)?

2NK;S+ pb;3(2NK;s)2+ pb;4(2NK;s)3
where pp; = 1:237,0:8105 1:02430:4595for i = 1,2;3;4 respectively. This is a Pade
approximation chosen to exactly match the nearest neighbour correlation of a continuous

(3.8)

wormlike chain at Nk.s = f0;1;2;4;15, 1g [18], while providing a good approximation for
other Nk.s. Note that this form is technically only exact for Saadat and Khomami's speci c
force law [18], but we nd it gives the correct segment-segment correlation irrespective of the
FENE-Fraenkel parameters used. This allows us to express our chain semi exibility in terms
of the more physically relevant |, rather than simply as a function of the parameter C.

Experimentally, we measure our solvent quality by the equilibrium swelling, for example of the

gyration radius [102]. This is caused by the e ective strength of polymer-solvent interactions,

such that increased polymer-solvent attraction increases the equilibrium coil size. This is a
function of the so-called solvent quality z, which describes the universal swelling of a wide va-
riety of experimental systems, based on renormalisation group calculations [90]. In theory and
simulations, the EV force is modelled through some e ective bead-bead interaction strength,
given by the EV potential.

In our simulations, the excluded volume force between beads is given by one of two potentials,
the rst of which is a truncated, purely repulsive LJ potential, what we will call the “hard-core'
form as it does not allow bead overlap. Speci cally, we use the SDK potential [95] with' =0,
which has the exact form:

8
a 2 4% 1 . 1=6
24 ¢ 4 +1 mQ 2%
Usok = 3 I" cos Q2+ 1; 2%%d  Q 1.8 (3.9)
-0 Q 18«

whered is the range of the potential (similar to the well-known of the LJ potential), " is the
attractive well depth and and are chosen such that the potential smoothly goes to zero
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at the cutto radius 1:82d [95]. Note that while we use" = 0, which can only model a good
solvent (similar to the WCA potential [103]), one can choose somé such that the attractive
and repulsive forces balance, leading to a “hard-core'-solvent with no net solvent-polymer
interaction [94], or even a poor solvent. The second EV potential is the “soft-core’ Gaussian

potential, of the form: ( )
ekaT 1 QZ

Ugauss = W exp id?v (3.10)

where ¢y is the strength of the excluded volume potential (with units of volume) and dey is

the range of the potential [13, 104]. In the limit of dsy, ! O, the Guassian potential approaches
the delta-function potential. This “soft' form of the excluded volume allows for bead overlap,
but has the useful feature that the solvent quality, z, can be represented exactly in terms of
the chain expansion caused by a particular choice ofe, [104]. This potential will generally be

used in non-dimensional form, with:

_ keT 372
Z = o H (3.12)
which allows the solvent quality z to be expressed approximately as:
z =z 3:pﬁ (3.12)

where the parameter is a scaled dimensionless spring length, which will be described shortly
in Equation 3.16. AsN !'1  with z corrected for as above, Equation 3.12 is no longer an
approximation but instead gives the exact universal swelling, which is a known function ofz
from analytical renormalisation group theories [96].

Hydrodynamic interactions are included via the RPY tensor, a regularisation of the Oseen-
Burgers tensor, describing how the force on one bead in uences the motion of the others:

3a rr
= — A +B— 3.13
(=g, = (3.13)

where the values ofA and B depend on the bead separation:

2 2 2
A=1+ — a ;B=1 2 a forr 2a (3.14a)
3 r r
4 r 3 r 2 1 r 2
= — — JE— : = - - < .
3 2 8 a B 8 2 forr< 2a (3.14b)

where a is the e ective hydrodynamic bead radius, as in the de nition of the bead friction
Note that we usually represent the strength of HI in terms of the parameterh , essentially a
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reduced bead radius. This is given by:

h= "Blg (3.15)

the form of which comes from its use in the Zimm model with preaveraged HI [34].

In general, calculations are performed and results are presented in the Hookean system of
non-dimensionalisation, where we have length and force scales as described above, and time
scale 4y = =4H (the rst two of which we have already noted when discussing force laws).
Non-dimensional properties are denoted with an asterisk, for example the polymer viscosity is
givenby , ( s)=Npks T H, whereny is the number density of polymers in solution. From
here on, all quantities are presented in non-dimensional form, except where explicitly noted
otherwise. Non-dimensionalisation of chains using the FENE-Fraenkel spring is discussed more
thoroughly in Chapter 2.

Parameters are often expressed in terms of the quantity , which is the ratio of the average
length of a non-Hookean spring to that of a Hookean spring. This quantity is useful as a
natural way to express how parameters such as HI strengttih or EV radius d should change
as the spring force law is altered [16]. It is best calculated in Hookean units, and is de ned
by:
(3.16)

where Q and are the non-dimensional spring length and spring potential respectively.
Although it is in principle possible to derive this value analytically for the FENE-Fraenkel
spring, it has di erent forms depending on the values of and Q (which cause the lower
limit of integration to be either Q or 0). In practice, it is straightforward to calculate
numerically by quadrature. For the MS-WLC-Fraenkel spring force law, there is no analytical
expression for , and so the integrations must be performed numerically, with careful attention
paid to avoid reaching oating-point in nities due to the exponentiation.

3.2.3 Brownian dynamics simulation methodology

By including all of these physical e ects in our equation of motion for the chain, we can
derive the following Fokker-Planck equation for the evolution of the distribution function

( )
X X X
@ @ 1 @ @ (3.17)
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where F s the total force on bead due to the sum of the spring, bending and EV forces,
and the tensorD = + takes into account hydrodynamic interactions between
beads and

The numerical integration of Equation 3.17 is undertaken on the basis of the equivalent 1td
stochastic di erential equation for the chain con guration [13], which we give in the same form
as Prabhakar and Prakash [53]:

drR = K R+%D Foodt +pl—zB dw (3.18)

whereR is a3 N matrix containing bead co-ordinates,K isa3N 3N block matrix with
the diagonal blocks containing  and others equal to O,F isa3 N matrix containing total
force vectors on each bead (due to spring, bending, and EV potentials) isa3N 3N block
matrix where the block contains the D  tensor components,W is a3 N dimensional
Wiener process andB is a matrix such that D = B BT. The matrix B is not calculated
directly, but instead the product B dW is evaluated using a Chebyshev approximation, as
originally proposed by Fixman [53, 105]. We give details of this approximation, as well as
alternative methods of calculating the required matrix square root, in Appendix E. Addition-
ally, the stochastic di erential equation is integrated using a semi-implicit predictor-corrector
method with a lookup table for the spring force law, the algorithm for which has been detailed
extensively elsewhere [13, 23, 51 53]. We have given the details of the semi-implicit solution
steps, as well as the implementation of lookup tables, in Appendix B.

Simulations are generally run with O(10%) trajectories for 50 relaxation times or 5000 strain
units, whichever is shorter. This ensures plenty of sampling at steady state for all runs besides
the most extensible FENE and Hookean springs, which were run fob0 relaxation times at all
shear rates.

Several conformational, rheological and optical properties are extracted from our BD simula-
tions. The overall contribution of the polymers to the stress tensor is given by the Kramers
expression [34]:

=1

where againF is the sum of the spring, EV and bending forces on each bead, anal, is the
number density of polymers. From this the following material functions can be extracted:

p= 2= (3.20a)

1= BB (3.20b)
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5= pyy 5 p;zz (320C)

namely the polymer contribution to the viscosity p, and the rst and second normal stress
coecients 1 and > respectively. Additionally, we measure the polymer extension in each
direction using the gyration tensor, de ned as:

* +

X
- rr (3.21)

G= -
N

with the radius of gyration given by the trace of this tensor, and with the components:
Rg; =G (3.22)

where = fx;y;zg.

Two orientation angles (often referred to as extinction angles) can be de ned based o1
and p. These are unfortunately also represented by in the literature, not to be confused
with the equilibrium spring length from Equation 3.16. They are denoted and g, and are
essentially the orientation of the stress tensor and gyration tensor respectively, with the forms:

= Zarctan ——— 3.23
1 2 1 2
= Zarctan—=2— = Zarctan —% (3.24)
2 XX vy 2 1_

Finally, we have the tumbling period (denoted mpie), Which can be measured in one of
two ways. The rst is to essentially count the total revolutions of the end-to-end vector of
the polymer as a function of time, and so derive a kind of angular velocity. This method
was employed by Dalal et al. in a BD simulation study [78], and also by Huber et al. in
an experimental study directly imaging actin molecules [106]. However, it is also possible to
de ne a tumbling period related to the cross-correlation between conformational changes in
ow and gradient directions [30, 107, 108]. These quantities are reasonably straightforward to
calculate in our simulations, but require some detailed explanation, and so we refer the reader
to Appendix G for details.

Results are often plotted in terms of Weissenberg numbeWi = _ ., also referred to as
reduced shear rate in the literature [34]. The zero-shear viscosity scales similarly to the
end-to-end relaxation time up to a constant factor, and so results adjusted by this relaxation
time rather than viscosity are qualitatively similar [34]. The zero-shear viscosity is determined
predominately from the Newtonian plateau at low shear rates for models with HI, although
initial estimates are derived using Green-Kubo relations over the stress autocorrelation at
equilibrium. We have compared several methods for determining zero-shear viscosity and
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relaxation times in Appendix F, such as autocorrelation, step strain procedures, and stretch-
relaxation. We also note that it is possible to calculate low-shear material properties using so-
called transient time correlation functions (TTCF) [109, 110], which to our knowledge have not

been used in the context of BD previously, but which are used extensively in non-equilibrium
molecular dynamics approaches, which we have also described in Appendix F.

Note that for models without HI, the zero-shear viscosity can be expressed directly in terms
of the radius of gyration [111]:
n .
0:0 = %N m;. eq (3.25)
and further, for chains without EV, HI or a bending potential, the radius of gyration can be
given analytically in terms of the number of beads and equilibrium spring length [112]:

N2 1

27—

hQ?i eq (3.26)

These expressions are also used to validate the BD predictions.

Finally, we employ variance reduction (VR) techniques at low shear rates to obtain more
precise predictions [13, 93, 113].

3.3 Results

We begin by summarising previous results for Hookean and FENE springs using our model
with HI and EV, systematically displaying the e ects of each piece of physics, as seen in
Figure 3.5. Although these are certainly not novel ndings, having been detailed for example

by Ahn et al. in 1993 [68], they represent a wider range of parameter space than is currently
in the literature, and are furthermore useful to inform later results.

Figure 3.5 (a) and (b) give , and Ry, curves for 20-bead Hookean and FENE chains without
EV, but with and without HI, for a variety of FENE b-parameters (here identi ed as the total
extensibility, Q P b). The Hookean chain without HI shows no deviation from the Rouse
zero-shear viscosity with shear rate, as expected for an in nitely extensible chain. Adding HI
causes slight shear-thinning away from the Zimm viscosity, then shear-thickening towards the
Rouse viscosity, due to HI being e ectively weakened as the chain is stretched.

A highly extensible ( Q > 100 FENE chain with HI also displays this behaviour, following
the Hookean + HI result up until shear rate _ 1, after which the nite extensibility of
the FENE chain begins to be felt, and the model displays a terminal shear-thinning slope of
approximately 0:6. This corresponds to a plateau in the chain extension in Figure 3.5 (b),
showing the relationship between extension and viscosity, caused by orientation and stretching
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Figure 3.5: FENE springs of varying Q, displaying both shear viscosity (a and c) and the
xx-component of the gyration tensor (b and d) for 20-bead chains. Inset in (b) shows the
scaling of theyy-component of the gyration tensor. Horizontal lines in (a) and (c) correspond
to analytical results based on Equation 3.25, which can be calculated analytically with no Hl,
or using pre-averaged Hl for the Zimm result. Labelled slopesrh = 2=3andm = 1=4) are
guides to the eye and do not imply exact terminal scaling with shear rate. For (c) and (d), all
FENE chains include EV, with z = 10, with z calculated via Equation 3.12 andd = z .
Where not visible, error bars are smaller than symbol size.

of each link in the chain. The inset to Figure 3.5 (b) displays the( 2=3) slope in Rg, for
the FENE chains (not shown), notably the same as the shear-thinning exponent. This can
be intuitively understood in terms of the Giesekus expression for the stress tensor of a chain
without HI, where the stress tensor is essentially proportional to the averaged gyration tensor
[34]. As Q is decreased, the shear-thickening vanishes, apparently due to the simultaneous
decrease in the shear rate for onset of shear-thinning - in other words, the shear thinning kicks
in before the HI has a chance to cause shear thickening. Alternatively, one could reason that
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the chain can't stretch enough to reach the Rouse viscosity before the nite extensibility of
the chain is reached. OnceQ is small enough, the nite extensibility causes a decrease in the
coil size at equilibrium, leading to a lower zero-shear viscosity [111], as seen in th@ =2 and
Q =5 cases both with and without HI.

Once we switch on EV (through a soft Gaussian potential), the low and intermediate shear
behaviour changes, as shown in Figure 3.5 (c) and (d). This potential is set withz as in

Equation 3.12, andd = z **®

, as per previous suggestions [16, 96], giving a particular solvent
quality z. This EV potential causes a swelling at zero shear both in the viscosity and gyration
radius, as can be seen by comparing the Hookean EV chain with the Rouse viscosity, and also
the cyan dotted-line circles and cyan full-line triangles (Q = 10, z =0 and 10) in Figure 3.5 (c)
and (d). It is this swelling which de nes the solvent quality, such that a smaller z leads to less

swelling as expected.

Beyond equilibrium, as the e ective solvent quality is increased fromz =0! 2! 10, we
see some shear thinning prior to the( 2=3) terminal exponent from the FENE springs. This
“intermediate' shear-thinning approaches a power-law slope of 1=4 as the solvent quality
approaches in nity, which previous work has demonstrated exactly in the long-chain limit
using BD and also renormalisation group approaches [14, 91, 96]. For the Hookean and highly
extensible FENE chains (Q > 100, there is something of a second Newtonian plateau at
high shear rates, which is caused by the e ect of EV lessening as beads are pulled apart due
to ow. At higher shear rates, the FENE springs show the expected ( 2=3) power-law
slope in viscosity, essentially unchanged by the addition of EV. This can be seen particularly
in the behaviour of the Q = 10 FENE chains with and without EV (cyan symbols), where
Figure 3.5 (c) and (d) show a dierence in zero-shear behaviour, but identical high-shear
properties.

Overall, our results match with previous theoretical and computational ndings for FENE
and Hookean springs both with and without HI and EV. In summary, the key features are an

( 2=3) slope in viscosity at high shear rates for nite extensibility, and an ( 1=4) power
law slope in viscosity at intermidiate shear rates due to EV, slight shear-thickening due to Hl,
and di erences in onset of shear thinning due to nite extensibility.

3.3.1 FENE-Fraenkel spring results

Now that we have outlined the behaviour of FENE and Hookean springs with HI and EV, we
can “stien' our FENE-Fraenkel springs by increasing to head towards the bead-rod limit.
We rst note that our model is indeed able to reproduce the bead-rod results of Petera and
Muthukumar [37] in the “rodlike' limit, even when Hl is included (see Figure 3.6), in contrast
to the previous results of Hsieh and Larson [23]. We suspect that this di erence is due to
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their unsuitably large timestep [65], noting that our model is able to reproduce the bead-rod
results with both a 5 smaller spring constant, as well as al0 larger extensibility. As we
will see, this nding is not surprising given the range of crossover between bead-spring and
bead-rod behaviour. We also note that a recent paper by Kumar and Dalal has demonstrated
that a Fraenkel spring is indeed also able to reproduce bead-rod behaviour when su ciently
sti [114].

Figure 3.6: Comparisons between the FENE-Fraenkel spring in the current work and the
bead-rod simulations of Petera and Muthukumar [37], as well as the previous FENE-Fraenkel
simulations of Hsieh and Larson [23]. The timestep used was t,, = 0:01. Note that results
are given in the ‘rodlike' system of non-dimensionalisation, where g = 2 =kgT, Hp =
H 2=kgT,and Qr = Q= . In these units, the equivalent spring parameters used by Hsieh
and Larson wereHg = 1000, Q = 0:01, and t, = 4. The MS-WLC-Fraenkel spring
parameters are chosen to have the same relative extensibility around as our FENE-Fraenkel
chain. Where not visible, error bars are smaller than symbol size.

Guided by previous results for FENE-Fraenkel dumbbells [65], we will principally investigate
the change in power-law slope in viscosity with shear rate, as well as the compression in
gyration radius at high shear seen in bead-rod models. For the following sets of gures,
namely Figures 3.7, 3.12, 3.13, 3.14 and 3.15, we go from bead-spring to bead-rod behaviour
by keeping + Q =10 xed, while changing . For example, the cyan symbols in Figure 3.7 (a)
with =0 and Q = 10 are exactly the same as our cyan-coloured FENE spring results in
Figure 3.5, while the green-coloured symbols have =9 and Q = 1. This is following the
procedure from our previous paper on FENE-Fraenkel dumbbells [65], which showed a smooth
crossover from bead-spring to bead-rod behaviour using this arrangement.

We rst examine Figure 3.7 (a), which gives the normalised viscosity as a function of Weis-
senberg number forN = 20. Alongside it, Figure 3.7 (c) displays the log-log gradient of the
lines in (a). Pure FENE springs (cyan symbols) give the expected 2=3) slope in viscosity at
high shear rates, as seen in Figure 3.5. This same “spring-like' terminal slope is observed for
=1, 4, and 5. However, at =6 and beyond, we see an increase in the power-law exponent,
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(a) (b)

(c) (d)
Figure 3.7: Calculated properties for FENE-Fraenkel springs with  + Q =10, changing
the value of . Results with HI have h scaled by calculated from Equation 3.16, such
that the beads are on average osculating at equilibrium. The values of for =0to9

are = f0:9759 1:2856 2:6145 3:1303 3:6591; 4:1922 5:236Q) respectively. Note that qualita-
tively similar results are seen when we set the strength of HI to a constanh = 0:3 for all
springs irrespective of . Zero-shear viscosity is found from low-shear results, which agrees
with Green-Kubo calculations to within error bars (see Appendix F). Properties for curves
(a) and (c) are de ned as in Equation 3.20 and Equation 3.22, while “slope' in (c) is given by
the log-log gradient of (a) at each shear rate. The total contour lengthL used to normalise
Rgx inplot (c)isgivenby L =( + Q )Ns. Plot (d) is reproduced here from Figure 2.13
for ease of comparison. Where not visible, error bars are smaller than symbol size.

leading to a plateauing of the viscosity at high shear rates. This is observed both with and
without HI, although the e ect is more pronounced with HI. The same scaling can be seen in
Figure 3.7 (b), particularly for models with HI, where a compression in the ow direction at
high shear rates begins roughly when = 6, and is more pronounced for higher . This was
previously noted by several authors using both sti Fraenkel springs [76, 77, 79] and true rigid
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constraints [35, 37].

Interestingly, we note that since + Q = 10, this change in behaviour occurs when > Q ,
or in other words when the spring is no longer in nitely compressible. To see this, note the
behaviour of the lower bound in Figure 3.4, in which the force goes to in nity at Q when

> Q . This is exactly the behaviour observed for FENE-Fraenkel dumbbells [65], where the
terminal slope showed a change fron{ 2=3) to ( 1=3) when > 5. For reference, we have
reproduced a key gure from Ref. [65] in Figure 3.7 (d), which gives the terminal slope at
high shear for FENE-Fraenkel dumbbells as a function of Q. These results taken together
imply that even for chains, the crossover from bead-spring to bead-rod behaviour is related to
the compressibility of the underlying segment, whether in the form of a rigid rod, very sti
Fraenkel spring, or the current FENE-Fraenkel spring.

To test this idea for another form of the spring potential, we use the so-called MS-WLC-
Fraenkel spring, introduced in Equation 3.5. Note that for this form of the spring force law,
setting a constant Q = 10 and changing from 0! 10implies the same behaviour as setting

+ Q = 10 for a FENE-Fraenkel spring. Additionally, unlike the FENE-Fraenkel spring,
the e ective spring constant (or the linear relationship between force and extension about )
changes as ! Q, such that one both “sti ens' the spring and makes it less extensible for
higher . Results are shown in Figure 3.8, without HI or EV and with constant Q =10 and
variable

(@) (b)

Figure 3.8: Viscosity scaling without HI or EV for MS-WLC-Fraenkel spring chains, as
described in Equation 3.5. In this case,Q = L = 10, giving the same total extensibility at
a particular  as for the FENE-Fraenkel spring (although not necessarily the same e ective
spring constant). Plot (a) gives the non-dimensional viscosity as a function of shear rate for
MS-WLC dumbbells without HI. Plot (b) gives the viscosity normalised by zero-shear viscosity
against Weissenberg number for 20-bead MS-WLC spring chains, also without Him = 1=3
and m = 2=3lines are guides for the eye and do not imply exact terminal slopes.
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For dumbbells in Figure 3.8 (a), we again see a clear 2=3) power law slope at high shear rates
when < 5, as expected for “spring-like' force laws. Note that in the = 0 limit, the traditional
MS-WLC force law is recovered, as has been used by many other authors [16, 31, 115, 116],
which again gives a( 2=3) power law slope. However, the crossover in behaviour from =5 to
=6 is even more pronounced than for the FF spring, possibly due to the increased e ective
spring stiness H as ! Q. The crossover from bead-spring to bead-rod behaviour again
occurs when the spring can no longer compress to zero length, reinforcing the conclusion that
‘rod-like' behaviour is intimately linked to spring compressibility. For the bead-spring-chain
results in Figure 3.8 (b), we see a power-law slope of 0.6 for < 5, with a gradual plateau
in viscosity at high shear rates for > 5, qualitatively identical to the behaviour for FF
springs. The straightforward conclusion is that for shear ow, the precise form of the spring
force law seems to be less qualitatively relevant than the average spring length, spring sti ness,
extensibility and compressibility.

Returning briey to Figure 3.7, one obvious feature is in the stark dierence in both Rgx
compression and high-shear plateau as one switches on HI. To investigate this e ect, we have
visualised the ow eld caused by polymer deformation in Figure 3.9 (a), (b) and (c). First
examining Figure 3.9 (a), a20-bead chain with =9, Q =1 at Wi = 3000 with h =0,
one can see the stretch of an example polymer trajectory in the ow direction caused by the
background shear ow. The direction of shear ow is shown by the streamlines, while the
colour represents the magnitude of velocity at each point. While the background shear ow
does have a rotational component, causing tumbling, the elongational stretch leads to the
classic increase irRgx.

We then turn to Figure 3.9 (b) and (c), where HI has been switched on. HI causes a change
in the ow eld at each point corresponding to:

vo=[ F] (3.27)

where v@is the velocity perturbation due to HI, and is the RPY tensor described in Equa-
tion 3.13. In Figure 3.9 (b), we have plotted the streamlines ofvVshearow + V¢ again with
colour representing velocity magnitude at each point (and averaged over several relaxation
times and trajectories). The drastic change in ow eld around the center of mass of the chain
is immediately obvious, demonstrating clearly why HI is often referred to as "back ow" This
e ect is highlighted in Figure 3.9 (c), which plots just v°without the background shear ow.
As the ow stretches out the chain, the spring and entropic forces pull it back towards its
center of mass, causing a velocity disturbance which opposes the background shear ow. It
is apparently this e ect which leads to a compression of bead-rod chains at high shear and
with h >> 0, as the back ow disrupts elongation. This process does not occur in bead-spring
models, likely due to their stretchability, which causes the e ective force of HI on each bead
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(©)
Figure 3.9: Velocity eld due to shear ow and HI for N = 20, =9, Q =1and
Wi = 3000. (@) is with h = 0 (no HI), (b) and (c) are with h = " 3 . (c) shows the

ow only due to HI, whereas (a) and (b) show the total ow. Colour scales are not the same
between gures. HI perturbation is averaged over several timesteps and trajectories.

to be diminished due to increased distance between beads. Also, as we will see in Figure 3.14,
the addition of a hard-core repulsion between beads disrupts this compression, likely due to
increased bead-bead separation and less of a “coiled' shape for the chain at high shear.

The behaviour of the other material functions in shear ow, the normal stress coe cients 1
and », are displayed in Figure 3.10. The rst normal stress coe cient 1 at high shear rates
is given in Figure 3.10 (a), where all  values display the expected( 4=3) power-law slope
without HI. However, when Hl is switched on, there is a slight increase in the power-law slope,
but only, as we have come to expect, for the cases of > 5. While a slope of 4=3 has
been widely reported for a variety of models [31 33, 35, 36, 71], several bead-rod simulations
show an 1:1 power law slope with HI [72, 75, 100]. This again suggests that the change
in behaviour is linked to the rodlike characteristics of the underlying model. We also brie y
report results for the second normal stress coe cient » in Figure 3.10 (b). We do not report
results without HI, since they are considerably smaller in magnitude and error bars overlap
with O for a wide range of shear rates. Interestingly, » is negative for all , in contrast
with the results for dumbbells where a crossover from positive to negative , was seen for
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Figure 3.10: Normal stress coe cients (a) 1 and (b) , as a function of shear rate. 20-bead
FENE-Fraenkel springs are used, with parameters chosen such that + Q = 10. Error bars
are unfortunately not small enough to accurately display results for , over a range of shear
rates for models with smallerN, or for the case ofh = 0. Where not visible, error bars are
smaller than symbol size. Dotted lines are guides for the eye and do not imply exact terminal
slopes.

su ciently extensible springs [65]. We have attempted to calculate the magnitude of , for
intermediate bead numbers, but results are di cult to interpret due to the large error bars
(one needs signi cantly more sampling to observe a di erence in » than 1). It appears that
either a su ciently “spring-like' dumbbell, or a bead-rod chain with su cient beads, gives a
negative », while a bead-rod dumbbell N = 2) gives a positive . We have discussed the
history of » calculations in our previous paper [65] (found in Section 2.3.2.2) - to summarise,
there is still no clear experimental consensus on the correct sign of ,.
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Figure 3.11: Orientation angles (a) ¢ and (b) as a function of shear rate. 20-bead
FENE-Fraenkel springs are used, with parameters chosen such that + Q =10. The zero-
shear value for both ¢ and of =4 (sincel=2arctanl = =4)is displayed as a horizontal
dotted line. First two = 9 data points for at low shear are certainly artefacts, related
to a changing sign in the denominator of Equation 3.24 due to large error in 1, but are
nevertheless included for completeness. Where not visible, error bars are smaller than symbol
size. Dotted lines are guides for the eye and do not imply exact terminal slopes.

The orientation or extinction angles ¢ and from Equation 3.23 and Equation 3.24 are
plotted in Figure 3.11. For g, all models show a roughly( 1=3) power law slope at high
shear rate shear rate irrespective of or the presence of HI. However, the intermediate-shear
behaviour is quite varied, with low  and no-HI curves displaying a fairly monotonic decrease,
while the > 5 cases with HI show an initial ( 1=3) slope, then a slight leveling o before
the nal terminal slope. This is likely related to the behaviour of the components of the
gyration tensor - while we have not displayed this behaviour in gures,Rg.y tends to decrease
monotonically for all non-Hookean springs irrespective of HI or EV, so a decrease iRgyx at
intermediate shear rates is re ected in a change in behaviour of g for certain FENE-Fraenkel
springs. At higher shear rates,Rgx levels o as seen in Figure 3.7 (c), but the continuing
decrease oRgy;, leads to a further decrease in .

The stress tensor orientation  displays similar behaviour, particularly at low and interme-
diate shear rates. At high shear rates, the > 5 cases deviate from the other curves, with a
plateau in  for  =9. This plateau implies that the terminal slopes of , and ; dier by
only _ 1, meaning that ,= ;_is a constant. For FENE-Fraenkel dumbbells, the divergence
of g and was a clear marker of the change from bead-spring to bead-rod behaviour, and
this seems to hold somewhat for chains. While several other authors have calculateds and
[36, 72, 96, 99, 115], the only direct calculation of the power-law slope appears to be from
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Figure 3.12: Tumbling calculations, using cross-correlation method as detailed in Equa-
tion G.2. Results are given as the tumbling period ymple divided by the relaxation time

calculated from the end-to-end auto-correlation of the radius of gyration at equilibrium.
Also given are two results with the “end-over-end' tumbling time calculations, showing nearly
identical, and certainly qualitatively similar behaviour. m = 3=4 line is a guide for the eye
and does not imply exact terminal slopes.

Schroeder et al. [31], who found a 0:43 slope in g from both bead-spring simulations and
direct imaging of DNA chains, albeit with rather large error bars.

Calculations of the tumbling times of our FENE-Fraenkel chains was performed using the
two methods detail in Appendix G. Interestingly, we do not nd any di erence in the scaling
of tumbling times for all FENE-Fraenkel springs in Figure 3.7. This is seen in Figure 3.12,
which shows a nearly 3=4 power-law slope in tumbling time with shear rate irrespective of
the inclusion of HI, or the stiness of the springs. The implication is that tumbling time
is a universal function of the shear rate and overall polymer relaxation time, in contrast to
what we have seen for other solution properties where the included non-linear physics can
lead to drastic changes in behaviour. Our nding of a( 3=4) power-law slope agrees with
the ndings of Dalal and coworkers [79] for 100-bead Fraenkel-spring chains without HI, but
their model changed to a 1:1 power law slope at high shear when HI (but not both EV and
HI) was included. They used only the end-on-end method for calculating tumbling times, and
so it would be enlightening to re-run the analysis for their system using the cross-correlation
method. Additionally, Schroeder et al. [80] nd a 2=3rds power law slope in the tumbling
time from the peak in the power spectral density irrespective of inclusion of HI or EV, for
both experiments and simulation of a bead-spring chain with HI and EV.

We also wish to check how the gualitative behaviour of our FF springs changes with number

of beads. This is shown in Figure 3.13, for both =0 and = 9. For the FENE spring,
=0, we see an ( 2=3) slope in viscosity with shear rate for all chain lengths at high

shear. However, the onset of shear thinning occurs at successively higher shear rates for longer
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Figure 3.13: FENE-Frankel springs with HI but no EV and + Q =10, presented as
a function of bead number. Plot (a) gives the viscosity divided by the zero-shear viscosity
versus Weissenberg number, while plot (b) gives thex-direction gyration tensor component
divided by total contour length of the chain L =( + Q )Ng. Note that =0 corresponds
to a FENE %onng with Q = 10, while =9 is a ‘rod-like' FENE-Fraenkel spring. In all
cases,h = . m= 1=83and m = 2=3 lines are guides for the eye and do not imply
exact terminal slopes.

chains, which matches with the later onset of shear thinning for more extensible FENE springs
(larger Q). Additionally, the N =50 FENE chain with HI displays slight shear-thickening at
intermediate shear rates. Overall, this suggests that for FENE springs, qualitatively one nds
that changing the extensibility is equivalent in many ways to changing the number of springs,
once there are enough beads (in this case, 20) for su cient degrees of freedom.

However, behaviour is somewhat di erent for bead-rod chains. The =9 dumbbell of course
gives the expected 1=3rd power law slope in viscosity, and a monotonic increase in gyration
tensor component in the ow direction due to alignment. At higher bead numbers, we again
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have a delayed onset of shear thinning, but also the appearance of a high-shear plateau in
viscosity, which becomes more pronounced all is increased. It's clear that the chain con-
formation observed in Figure 3.9 can only occur once there are su cient numbers of chain
links for signi cant compression to occur, and likely for signi cant back ow to be felt. The
compression in the ow direction appears more pronounced at higher bead numbers, as seen
in Figure 3.13 (b). Additionally, we do see a slight plateauing of the viscosity forN =5, even
though there is no apparent ow-direction compression - this compression is not a necessary
condition for a change in the shear-thinning exponent. Finally, there appears to be no shear-
thickening for bead-rod chains, although this may require far larger numbers of beads. For
example, a350-bead chain with HI and EV simulated using an extrememly e cient algorithm

by Moghani and Khomami [75] shows slight hints of intermediate-shear thickening before the
terminal shear-thinning slope is reached, however it's unclear whether this is a real result or
due to lack of su cient sampling at low shear.

3.3.2 Addition of EV and bending potentials to FF bead-spring chains

As previously mentioned, EV potentials can be given in either “soft' or 'hard’' forms. The
“hard' potential is the purely repulsive SDK (in Equation 3.9, with " = 0), where the force
diverges to in nity at small bead separation, preventing overlap. The “soft' potential is the
Gaussian potential (given in Equation 3.10, with d = z ™), which has a nite force at
low bead separations, pushing beads apart but not completely preventing overlap. For the
Gaussian potential, there are well-developed theories of polymer swelling based on so-called
two-parameter theory [90], which says that the value of some property away from the theta-
point (for simulations, this implies no EV potential) can be written as the value at the theta
point multiplied by some function of the universal scaling variable z, the solvent quality [12, 93].
Speci cally, it has previously be shown that by calculating z as per Equation 3.12, one obtains
universal predictions of swelling in the long chain limit (asN !'1 ), irrespective of the value
of d [16]. Additionally, one nds a universal 1=4 power-law scaling in the viscosity with
shear rate forz!1 and N !'1 [96], a result in alignment with renormalisation group
calculations [91]. In summary, we generally de ne our EV potential not in terms of the direct
microscopic details of the polymer, but instead the measured static or dynamic swelling at
equilibrium, which should be independent of ne-grained details such as the exact form of the
potential in the long-chain limit.

For purely repulsive hard-core potentials, as we have used here for the case of the SDK potential
with " =0, correspond to the athermal limit, wherez!1 [117]. As has been mentioned, a
highly repulsive potential appears to remove the high-shear plateau in viscosity for bead-rod
models [37, 75, 100], as well as the compression at high shear [79]. We wish to determine
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whether the “soft' and "hard' potentials are equivalent in shear ow, particularly for the less
extensible FENE-Fraenkel springs.

Here we present results forN = 20 bead chains with both Gaussian and purely repulsive
SDK potentials, in order to study the di erences for more rod-like models. Both of these
potentials cause swelling at equilibrium, seen in the zero-shear viscosity of Figure 3.14 (a) and
the equilibrium gyration radius in Figure 3.14 (b). In fact, the Gaussian potential leads to
slightly more equilibrium swelling than the repulsive SKD potential.

While the two EV potentials have a similar qualitative e ect near equilibrium, as the shear
rate is increased there are considerable di erences. The most obvious e ect is the convergence
in viscosity for the no-EV and Gaussian-EV cases, leading to a similar terminal shear-thinning
slope for the =0 (FENE) case, or a high-shear plateau for the =7 and =9 cases. This
is also somewhat apparent in theRg:x scaling, which shows similar qualitative behaviour with
shear rate for all three values with and without Gaussian EV.

However, the SDK potential, which prevents bead overlap, leads to entirely di erent qualitative
results. The high-shear plateau is entirely absent, andRy:x monotonically increases to a similar
value for both =7 and = 9. Although these results are given for onlyN = 20, other
authors nd similar results for longer chains [79], with the longest available in the literature
being Moghani and Khomami's 350-bead-rod chains with full HI and repulsive hardcore EV
[75] (which shows no compression at high shear rates, and an 0:28 power-law slope in
viscosity). There are several tentative conclusions which can be drawn from this result. Firstly,
the swelling at equilibrium due to EV does not necessarily predict the shear- ow behaviour
for nite chains (for which universal scaling results don't necessarily apply). There is a clear
distinction between potentials which cause chain swelling but allow bead overlap, and those
which cause the same swelling but do NOT allow bead overlap. Secondly, as seen by the
similar terminal shear-thinning slopes for =7 and =9, and patrticularly the convergence
of Rgx, implies that a hard EV potential in some sense "takes over' from the spring potential
at high shear rates. An SDK potential with d = 0:8IO 3 , as in Figure 3.14, almost represents
a “pearl-necklace' model, where beads exclude each other on roughly the range given by half
their average spring length. Finally, although not shown here, we note that these e ects
diminish as dgp is reduced (the e ective range of interactions), even for 100-bead chains as
previously demonstrated by Dalal et al. [79]. A more detailed study could use an SDK or LJ
potential with attractive and repulsive components, carefully determine the" which represents
a -solvent [94], and then compare results with Gaussian EV in the long-chain limit at the
same solvent quality z.

We now arrive at our nal piece of qualitative physics, the bending potential, which represents
polymer semi exibility. A bending potential has been included by other authors in BD simula-
tions [69, 71, 76, 77, 79, 97, 118], often alongside an additional torsional potential and rodlike
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Figure 3.14: E ects of inclusion of excluded volume potentials on the shear-behaviour of
various FENE-Fraenkel springs. Plot (a) gives the non-dimensional viscosity against the non-
dimensional shear rate. Plot (b) gives thexx-component of the radius of gyration tensor
normalised by theﬁojal contourlengthL =( + Q )Ns. Allexamples have + Q =10,
N =20 andh =3 . Circle symbols with dotted lines have no EV. TBaﬂgle symbols with
solid lines have Gaussian potentials using parameters =10,z = z 3= N andd = z .
Stafg symbols with dashed lines have an SDK potential using parameters = 0 and d =
08 3

bead-bead links. Generally, this leads to & 1=3) slope in the viscosity at high shear rates
for very strong bending potentials, as expected for “sti ' polymers, and this exponent does
change towards( 1=2) with the strength of the bending potential in combination with sti
Fraenkel springs [97]. Additionally, the high-shear compression in the ow direction appears
to be lessened through introducing semi exibility [77, 79].

On the other hand, semi-analytical models enforce the semi exibility directly through an
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Figure 3.15: FENE-Fraenkel springs of bead numberN = 5 for (a) and (b), as well as
N = 20 for (c) and (d), with a bending potential. In all cases, I, is de ned in terms of
the number of links, i.e. forl, = 50 in (a), we must travel 50 springs along the chain in
order for the correlations in segmental unit vectors to have decayed b¥%3:2%. As before, we
have + Q =10. For (a) and (b), which display the normalised polymer viscosity and
normalised gyration radius respectively against Weissenberg number, the zero-shear viscosity
is calculated via Equation 3.25. Plots (c) and (d) give the dimensionless polymer viscosity
and normalised gyration radius respectively against the dimensionless viscosity. Inset to plot
(d) instead displays the radius of gyration without the zero-shear normalisation. m = 1=3
and m = 2=3 lines are guides for the eye and do not imply exact terminal slopes. Where
not shown, error bars are smaller than symbol size.

averaged constraint on the segmental (or tangent vector) correlation along the backbone [119,
120]. However, to be analytically tractable, these models often relax the constraints on the
segmental stretch and total contour length, leading to a chain which can extend and contract
in response to external forces. For example, the model of Winkler [98] gives @ 2=3) power
law slope in viscosity at high shear irrespective of the underlying semi exibility of the chain,
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somewhat in contrast to expectations for highly in exible polymers.

In Figure 3.15, we present results with a very sti bending potential, wherel, is given in units of

the spring length. For example, forN =5 and |, = 50, we haveNg s = 4=(100) = 0:04, leading

to C = 49:8 as per Equation 3.8. Focusing rstly on the viscosity for Figure 3.15 (a) with

N =5, |, =50 and no HI, we see a clear initial( 1=3) power-law slope at intermediate shear
rates, as one would expect for a highly “sti ' bending potential. At higher shear rates, the more
“spring-like’ FENE-Fraenkel chains again give a( 2=3) power-law slope in the viscosity, while
the > 5chains return to an approximately ( 1=3) power-law slope. Interestingly, the chains
all seem to display fairly similar qualitative behaviour in the extension R in Figure 3.15 (b),

and there is no clear di erence in the behaviour from =5 to =6. The =9 chain

in fact compresses in shear ow relative to its equilibrium length, likely due to the shear ow

deforming the semi exible chain into a hairpin-like con guration observed in both experimental

and simulation studies [121, 122].

The behaviour for a range of smallerl, values is displayed in Figure 3.15 (c) and (d), using
N = 20 bead chains andh = P 3 . At low shear rates, with I, 4, all chains display an

1=3 power-law slope in viscosity. However, at higher shear rates, the behaviour collapses onto
the same curve irrespective of the bending sti ness, following the results without a bending
potential almost exactly. This occurs for both the viscosity and radius of gyration, as can be
seen in the inset to Figure 3.15 (d). This behaviour is remarkably similar to that previously
observed for Gaussian EV, where the intermediate-shear behaviour is altered, but results

collapse at a certain _ .

3.4 Conclusions

We began by presenting the full range of behaviour seen in previous experimental and theo-
retical studies in Figure 3.1 and Figure 3.2 and describing a model which could supposedly
reproduce this range of behaviour. The changes in simulated polymer solution properties
as a function of model parameters were then studied in detail, highlighting how each piece
of physics a ects the observed rheology. To conclude, let us refer back to Figure 3.1 and
Figure 3.2, and demonstrate that by appropriately selecting parameters, we can indeed quali-
tatively recover the full range of expected changes in viscosity with shear rate using our model.
In other words, we wish to show that given some experimental or simulated measurements of
dilute polymer solution rheology in shear ow (such as a curve of viscosity versus shear rate),
as well as basic details about the polymer microstructure, we can choose our FENE-Fraenkel
spring parameters, as well as bending potential, HI, and EV, in order to qualitatively match
that behaviour.
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We begin with Figure 3.2, pointing out which of our simulations correspond to each curve.
Note that our list numbering refers to the curves in Figure 3.2, such that, for example, (a) is
qualitative comparisons with FENE chains and Hl: [67]:

(&) The shear-thickening is observed for su ciently extensible FENE springs with HI (both
with and without EV), as shown in Figure 3.5 and Figure 3.13.

(b) The high-shear plateau seen for bead-spring models is again recovered for su ciently
extensible FENE (or Hookean) springs with Gaussian EV, as seen in Figure 3.5 (c).

(c) The ( 2=3)rds power-law slope in viscosity with shear rate is found for any su ciently
compressible bead-spring model, as demonstrated most clearly in Figure 3.7 and Fig-
ure 3.8. This may even be the case when a strong bending potential is used, as suggested
by Figure 3.15.

(d) The characteristic ( 1=3)rd power-law slope in viscosity found in rodlike models is ap-
proached for su ciently incompressible springs, seen here quite clearly for the dumbbell
results of Figure 3.8 (a). A strong bending potential also seems to give an intermedi-
ate (  1=3)rd slope in the viscosity as per Figure 3.15, however the terminal slope may
instead correspond to the form of the spring potential rather than bending potential.

(e) The high-shear plateau for bead-rod chains is seen for su ciently incompressible bead-
spring chains, as in Figure 3.7 (a) and Figure 3.8 (b).

Furthermore, we show that moving from the bead-spring-chain to bead-rod-chain leads to a
plateauing of the viscosity at high shear rates, as well as a compression in the ow direction.
This crossover occurs when > Q (or > Q= 2 for MS-WLC-Fraenkel spring), suggesting
that the compressibility of a force law gives it either bead-rod or bead-spring-like behaviour.
We also found that “hard-core' and “soft-core' EV potentials give considerably di erent results
at nite shear rates for nite chain lengths, and the e ects of a strong bending potential
depend heavily on the form of the force law used to link beads.

We also brie y mention some features of the experimental results which can be matched onto
our models, roughly corresponding to the physics expected to be important in those real
polymer solutions. However, this is largely qualitative - ideally we would seek to develop
a parameter-free method to obtain quantitative predictions of this experimental behaviour
in future work. The following features were present in Figure 3.1 which can be seen in our
FF-spring-chain simulations (again, letters represent curves in the original gure):

(&) The extremely high-molecular-weight polystyrene in a theta solvent should in theory be
modelled by a highly extensible bead-spring-chain with HI but no EV (or for a value of
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" corresponding to a -solvent). This could correspond to the behaviour of Hookean or
Q >> 0 FENE chains seen in Figure 3.5, making the speculative assumption that the
shear-thickening regime has not been reached.

(b) This polymer solution uses the same polystyrene molecule as in (a), but with a higher
solvent quality, leading to a 0:1 power-law slope in viscosity. This somewhat cor-
responds to a highly extensible FENE chain with nite z, as per Figure 3.5 (c). For
example, the Hookeanh =0, z = 2 curve has an initial gradient of 0:1, which is
seen at intermediate shear rates before th¢ 2=3) slope due to nite extensibility.

(c) For a shorter polystyrene chain in a close-to-theta solvent, we expect a FENE spring-
chain with some relatively small Q to be a reasonable model, leading directly to a
( 2=3) slope in viscosity at high shear rates, as seen in all of our highly-compressible
FF springs.

(d) The three DNA chains of 24 kbp, 48.5 kbp and 165.6 kbp show slight di erences in the
shear-thinning exponent, as well as di erences in the onset of shear thinning. Qualita-
tively, we have seen that all our models appear to have a later onset of shear-thinning
as the chain extensibility is increased, as in Figure 3.5 and Figure 3.13. The shear rates
reached are also not particularly large - it is possible that the chains are still in the
crossover region between zero-shear and high-shear behaviour, leading to di erences in
slopes. One might also speculate that the semi exibility of DNA causes two di erent
slopes at intermediate and high shear rates, as in Figure 3.15, although this is again
purely speculative.

Beyond presenting a uni ed model for examining the properties of previous bead-rod chains
and spring-force laws in detail, we hope that this work will be useful in the future development
of multiscale modelling approaches. While several authors have developed models which are
able to represent a section of polymer chain on many length scales at equilibrium [18 21], our
current results suggest that this is not su cient to ensure correct reproduction of properties at
nite shear. In future studies, we hope to present a multiscale modelling procedure based upon
this FENE-Fraenkel spring. In this way, one may be able to represent both a short section of
semi exible polymer chain, as well as a very large segment of a more exible polymer, using
the same continuous ne-graining procedure.



Chapter 4

Successive Fine Graining and Static
Swelling with QTP Theory

4.1 Introduction

In chapters 2 and 3 we have laid out a comprehensive method for inclusion of various pieces
of physics into a polymer model such that one can, in theory, represent a polymer at length
scales ranging from thousands of Kuhn steps down to the sub-Kuhn step level. Although it
appears possible to use this model to qualitatively recover a wide range of previously-observed
experimental and theoretical behaviour, we would ultimately aim to exactly reproduce ex-
perimental predictions. Previously, the method of successive ne graining (SFG) has been
applied to obtain quantitative, parameter-free predictions of polymer rheology in extensional
ow [14, 16, 123]. However, this method relies upon an accurate measure of the solvent quality,
z, in our simulations, which can be expressed in terms of the number of beads and strength
of excluded volume potential (as will be outlined below) [86, 92, 93, 96, 104]. As described by
Yamakawa [49] using so-called quasi-two-parameter (QTP) theory, the normal relations for a
exible polymer chain do not apply to a semi exible chain. Instead, we can use a new measure
of the solvent quality, z which is essentially a correction toz by some function of the contour
length and persistence length. In this chapter, we show how QTP theory can be applied to
our bead-spring model to accurately recover the expected swelling at equilibrium, as well as
detail a method for obtaining parameter-free predictions of properties away from equilibrium.

4.2 Two-parameter theory and Successive Fine Graining

SFG was proposed by Prakash and coworkers [14, 16] as a method to exploit the universality
of polymer solutions to obtain parameter-free predictions of static and dynamic properties

68
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[14, 16, 123]. That is to say, our predictions should be independent of arbitrary model choices
such as number of beads, the speci c form of the spring/bending/EV potential, or the e ective
hydrodynamic interaction parameter. This is done by keeping parameters characterising the
key physical properties of the underlying chain constant as the number of beads is increased,
then extrapolating measured properties to some limit. If one wishes to obtain universal prop-
erties of long chains, this procedure can be used to extrapolate tbls ! 1 , where Ng is the
number of springs in the chain. For example, this can be used to obtain universal predictions
of swelling due to EV [93, 124], or to calculate universal ratios [16, 125]. On the other hand, if
one wishes to simulate a real chain, in situations where the nite contour length is important
(for example in extensional ow or at high shear rates [14, 16, 126]), we can instead extrap-
olate to the number of Kuhn steps in the underlying chain, i.e. Ng! Ny. The “trick' is to
carefully select our model parameters at eaciNg such that in the extrapolated limit, accurate
predictions are obtained.

We wish to illustrate the procedure via a couple of examples, rst by showing how universal
predictions of polymer viscosity in shear ow were obtained in the long-chain limit [96], and
then how successive ne graining was applied to calculate the extension of a real DNA chain
in elongational ow [16]. We will then show how this method must be slightly altered when a
bending potential is used, and how we can again obtain parameter-free predictions. Speci cally,
we will show that one can choose the strength of the excluded volume potential such that the
same swelling is found irrespective of whether a bending potential is used or not.

To begin, imagine that one would like to predict the swelling of a polymer molecule, say
polystyrene of a certain molecular weight in cyclohexane at di erent temperatures, as measured
by Miyaki and Fujita [127]. It has been found for experimental systems of long, exible
polymers, that the dependence of the size of the polymer molecule on both molecular weight
(chain length) and temperature (solvent-polymer interaction strength), can be collapsed onto
a single, universal curve when plotted in terms of a single variable, the so-called solvent quality
z [90, 117]:
7=k 1 L~ P M (4.1)
T
where M is the molecular weight, T is the solution temperature, T is the theta-temperature
with net-zero solvent-polymer interactions, and k is a chemistry-dependent constant. In a
-solvent, the coil size (measured by radius of gyrationRg) increases asRg, = ap M where
a depends on the polymer-solvent system, but foilT > T we nd that:
Rg _

Ry, f(2)= 4 (4.2)

wheref (z) is a universal function of the z-parameter given in Equation 4.1,Ry is the gyration
radius at a particular z, Rq; is the gyration radius at the theta temperature, and ¢ is the
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swelling of the gyration radius. The function f (z) is commonly t in the form:
f(z)= 1+az+bR+cd (4.3)

where a; b;cand m are constants and perturbative treatments show that for 4, am = 1:276
[93, 102]. An example of this tis given in Figure 4.1 for both BD simulations and swelling of
polystyrene (reprinted from Kumar and Prakash [93], who t the measurements of Miyaki and
Fujita [127]), where data for several polymer solutions are collapsed on to the same universal
curve.

Figure 4.1: Reprinted with permission from Kumar and Prakash [93], showing the gyration
radius swelling for polystyrene in dierent solvents of Miyaki and Fujita [127] as well as
predictions of BD simulations. De ning the solvent quality z as in Equation 4.1, data collapses
onto a universal curve. Dotted t is Equation 4.3 with am = 1:276 b = 19:48 ¢ = 14:92,

m = 0:1339

This universal behaviour found in experimental solutions can be analytically explained in terms
of the so-called Two-Parameter (TP) theory. The TP theory for static solution properties (such
as g) has been rigorously derived using renormalisation group (RG) methods [90]. For the
application of RG methods, we have a bead-spring-chain model oN beads connected by
Hookean springs (with spring constant H), which have some repulsive potential modelling the
solvent quality. This repulsive potential represents the polymer-solvent interaction relative to
the polymer-polymer interaction (which changes with temperature), and in the RG theory has
a Dirac delta function form:

E(r )= v(T)kgT (r ) (4.4)

wherer is the vector connecting two beads and , and v(T) is the so-called excluded

volume parameter. The key point is that due to the universality and scale invariance of a

polymer in the long-chain limit, one can show that if we de ne a dimensionless strength:
kgT 32

zZ =V i (4.5)
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then the temperature and chain length dependence can in fact be combined into a single
parameter, just as for the experimental systems [90]:

z=z2 pﬁ (4.6)

This analytical result provides a powerful link between experimentally observed swelling on
one hand, and the excluded volume potential in our polymer models on the other.

For simulations, it is not possible to use a Dirac delta potential. On a lattice, one can directly
prevent a chain from overlapping with itself [128], while o -lattice one can use a repulsive
potential such as the Lennard-Jones form to represent polymer-polymer exclusion [129]. In
these cases, one cannot de ne the solvent qualitg directly in terms of the EV potential as in
Equation 4.6. Instead, the EV well depth takes the form of temperature in Equation 4.1, such
that one must carefully determine both the -temperature and chemistry-dependent constant
k [94, 129]. Data is collected for nite chain lengths, and then extrapolated to the long-chain
limit, where results become independent of details such as the particular form of the potential
(given a correctly de ned z).

One can also apply the same ideas to Brownian dynamics simulations, which have the crucial
advantage of being able to simulate systems away from equilibrium, and obtain dynamic
properties. A method for doing so was described by Kumar and Prakash [93] based upon the
so-called Gaussian potential, which has the form:

( )
E(r )= Wexp > @ (4.7)
or in dimensionless units:
( ,)
_ z ir.

where d is the range of the excluded volume potential, such that asd ! 0, we recover the
-function potential. d has units of length, and is non-dimensionalised asl = d P kg T=H.
This form was rst suggested by Ottinger [13], and used by Prakash and Ottinger to determine
viscometric functions of dilute polymer solutions in good solvents [104]. It has the distinct ad-
vantage that it is a regularisation of the same Dirac delta potential de ned for renormalisation
group theories, and so can be shown to give the same results when settidg! OandN !1
[93]. Therefore, since we know thatz = z pW, we can obtain long-chain predictions for a
particular value of z by setting z = z=p N at several nite values of N for some particular
d , and nding the swelling at each of theseN. We can then plot 4 against 1=IO N, and in
the limitof N !'1 |, we should obtain universal results for the swelling which are independent

1

of our particular choice ofd . It is usually e cient to choose d = Kz ™, for some constant
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K, and then show that results are independent ofK . An example of this scheme is shown
in Figure 4.2, where we have simulated Hookean chains with two di erent values oK for
severalN, giving results which are independent ofK in the limit of 1=IO N ! 0. In fact, one
only needs to simulate up toN  35in order to obtain su cient results for extrapolations of
universal values, making this a highly e cient scheme [93].

Figure 4.2: Extrapolations to the long-chain limit using Hookean springs. The horizontal

line is the expected S based on Equation 4.3. Note that extrapolated results agree with
previous ts to within error bars [93]. Performing this extrapolation procedure for several z

gives the curve in Figure 4.1

It is also possible to apply this same procedure away from equilibrium [96], for example in
shear ow. In this case, one performs the same extrapolation procedure at some dimensionless
shear rate , where is given for experimental systems by:

— [ ]O sM —
= NakeT (4.9)

and where[ ]o is the zero-shear intrinsic viscosity, s is the solvent viscosity, _is the experi-
mental shear rate,Na is Avogadro's constant andM is the molecular mass. It is possible to
non-dimensionalise the shear rate in our simulations in the same way, given we have calculated
the zero-shear viscosity [96]. At this particular value of , we perform the same extrapola-
tions for severalK at some particular z, changing the number of beadsN, giving a universal
prediction of the scaled viscosity ,= FF,* for some solvent quality z [96], where S is the Rouse
viscosity. The SFG process at nite shear rates can be seen in Figure 4.3, where results for
several Hookean chains at nite lengths and with dierent d are extrapolated to the same
universal value of the scaled viscosity.

A similar scaling holds for HI, where results can be shown to be independent of the choice of
h in the long-chain limit [125]. This leads to a similar “draining parameter' h = h P N, and
constanth asN !1 is referred to as the "non-draining limit' (h ! 1 ) [102].
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Figure 4.3: Reprinted with permission from Kumar and Prakash [96], showing the polymer
viscosity divided by the Rouse viscosity at reduced shear rate =1 and solvent quality z = 1.
The three curves each have a dierent value ofd = k(z )'*°, but in the long-chain limit
extrapolate to the same viscosity.

4.2.1 Successive ne graining for nite chains

One may then wish to apply these ideas to obtain direct, quantitative predictions of polymer
solution properties in non-equilibrium ows. This idea was rst introduced by Prakash and
coworkers [14, 16] for polystyrene chains in extensional ow. Here we will sketch an example
of the procedure as applied by Sunthar and Prakash [16] to DNA chains of only 200 Kuhn
lengths, demonstrating that the concepts of universality apply even for relatively short chains.

Imagine that we have measurements of the expansion factor:

E(; )= X0 (4.10)
Xeq

wherex max. jr* r*j (and r* is the x-component of vectorr ) is the maximum extent
of the chain in the ow direction, is the strain, _is the strain rate, Xeq is the average
maximum extent at equilibrium, and x* () is the average maximum chain extent in ow at
a particular strain and strain rate. For example, this might be for experimental data of -
DNA in elongational ow, such as that of Smith and Chu [130]. Essentially, we apply the
same extrapolation procedure as before for Hookean chains in thid ! 1 limit, but instead
extrapolateto (N 1) = Ng! Ny, whereNy is the number of Kuhn lengths in the underlying
polymer chain, N is the number of beads at each SFG step, hence witNg = (N 1) springs.

To do so, we must also account for the nite contour length of the chain, and simultaneously
correct our previous calculations ofz (and also hydrodynamic interaction parameter h ) at
each N . For this purpose, we use FENE springs, for which the total contour length of our
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model chain of N beads is given by:
L=(N 1)Q (4.11)

where L is the contour length and Q is the maximum extensibility of the FENE spring
(usually referred to as Qg [34], but here given as Q to correspond to our previous notation
for FENE-Fraenkel springs). The gyration radius of this chain can be found as:

N2 1 HQ2=ksT N2 1kgT
2N ~ HQZ2=kgT+5 2N H

R = MQ%ieq (4.12)
whereH is our Hookean spring constant andhQ?i ¢q is the average spring length at equilibrium
with no EV. Therefore, if we have a polymer chain with a known length and gyration radius, we
can determine the parametersQ and H by solving the equations 4.11 and 4.12 simultaneously
[16]. The gyration radius of DNA can be calculated from the contour length and persistence
length using the Kratky-Porod model [49, 131], giving usH and Q for someNs. If we de ne
b= H Q ?=kgT as the nite extensibility parameter, we have that:

3(N +1)
‘NN D) (4.13)
given the number of Kuhn stepsNy, calculated from experimental measurements as:
L2
Ny = —F (4.14)
6Rg.exp
where Ry, is the experimental radius of gyration under -solvent conditions, and Lexp

is the experimental contour length. This fully species our spring parameters given an
experimentally-determined N and a choice for the number of beaddN. We can apply the
same procedure for some arbitrary spring force law other than the FENE spring, but the result
will not necessarily have such a simple algebraic form [16]. It is useful to de ne a so-called
“extensibility parameter' , which is the ratio of average equilibrium spring length to that of

a Hookean chain: R
2. 1gQ% (4.15)
3 Q=2 ’
where Q is the non-dimensional spring lengthQ = Q=ly, and is the non-dimensional

spring potential.

For each N (with a particular b), we can then calculate the relaxation time (for example,
from the end-to-end vector autocorrelation function), which allows us to choose_in order to
recover some non-dimensional extension raté/i = _ as for our experimental system. In the
absence of HI or EV, we could then run simulations for severalN and extrapolate to N ! Ny.
This should give the same predictions as a chain oy rods, and in fact Tri et al. [126] have
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demonstrated that (at least for intermediate Wi) SFG can indeed be used to determine the
material properties of a solution of bead-rod chains in shear ow.

However, real chains clearly do experience solvent-mediated hydrodynamic interactions and
excluded volume e ects, which we would ideally include in such a way that predictions are inde-
pendent of the ne-grained details of our implementation (in other words, they are parameter-
free). In order to properly include EV and HI, Sunthar and Prakash [16] showed through
perturbation expansion arguments, as well as Monte-Carlo and BD simulations, that for a
non-Hookean spring one should correck and h by:

z = p— (4.16)
N
h = pLN (4.17)

where h is the draining parameter and is de ned in Equation 4.15. In other words, when
a non-Hookean spring is used, the true de nitions ofh and z change, such that universal
functions of h and z will not be accurately obtained unless Equations 4.16 and 4.17 are used.
The intuitive explanation for this correction is that z scales like a volume whileh scales like
a length, and therefore if the spring length changes, other parameters should scale identically
[16].

By way of illustration, let us follow the procedure of Sunthar and Prakash [16] and obtain
universal predictions of both the universal ratio U, (de ned below), as well as 4 (at z = 2),
for non-Hookean springs. Rather than using FENE or Marko-Siggia springs as Sunthar and
Prakash have done [16, 44], we will instead apply the method to FENE-Fraenkel springs, which
can have > 1, unlike the former spring force laws.

The universal ratio U, is a function of the radius of gyration and Kirkwood di usivity at
the theta-temperature [16], given in dimensionless form as [34]:

4 o
Ugp = P—D ' Ry (4.18)
with 2 3
p o
. 1 H X1
D' = 4N§1+ -~ 2 (4.19)

6 ed

wherer is the linear distance between beads and . By assuming the equilibrium distribu-
tion is Gaussian for large bead separationg j, itis possible to approximately evaluate the
sum over the average inverse bead separation as an equivalent integral (we give a shortened

form of this derivation in Section 4.4). By doing so, Sunthar and Prakash [16] were able to
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show that U, obeys the expression:

D

1 + 0

1
) o (4.20)

U = 8 N 1 1
ro = FPETPERT w
where i = h = and h; is the so-called xed-point at which order N 2 corrections to
1 — qaP—
Ugp = 83
generate equilibrium, -solvent con gurations of FENE-Fraenkel spring chains, calculate the

1:51 vanish. Therefore, to test the correction in Equation 4.17, we can

di usivity as per Equation 4.19 for several h , and extrapolate to the N ! 1 limit. This
should give us the same universal prediction, but an altered xed point and di erent order
N 172 corrections as predicted by Equation 4.20.

Con gurations are generated directly by inverting the numerically-calculated cumulative dis-
tribution function for the equilibrium length of FENE-Fraenkel springs, which transforms
uniform random numbers into those following the expected spring length distribution. These
spring lengths are then multiplied by unit vectors randomly distributed on the surface of a
sphere, and the resulting vectors are connected end-to-end one at a time, recreating the
solvent (no EV forces) distribution of freely jointed chains. This Monte-Carlo procedure [132]
is explained more thoroughly in Appendix H. One can then caIcuIatefRSi and hl=r i for
an ensemble of such chains, and hende ' and Ugp at each particular value of N. (As an
interesting aside, we note that the calculation ofhl=r i is by far and away the most compu-
tationally expensive step in this procedure for largeN, since it requiresN 2 operations. This
problem has been discussed by Clisby and Dinweg, who calculate hydrodynamic radii for very
large N via a pivot algorithm for a self-avoiding walk on a lattice [133]. They show that one
needs only determinel=r for two random pairs of beads in each generated trajectory, which
still gives a very high accuracy estimate of the sumP hl=r i. We have not generated long
enough chains for this to be required.) Extrapolations of this procedure toN ! 1 for two
sets of FENE-Fraenkel springs are shown in Figure 4.4. The correct universal value MR}D is
obtained in both cases, although a higher value of necessitates longer chains for an accurate
extrapolation.

So far, we have only considered extrapolations to the long-chain limit, where universal re-
sults are obtained. However, for nite chains, we instead extrapolate to(N 1) ! Ng. In

this limit, results may not necessarily be universal, but one can still obtain accurate predic-
tions of the behaviour of the underlying real chain by judicious choice of chain parameters
for each ne-graining step. Speci cally, one can obtain results which are independent of ar-
bitrary parameters which do not feature in the real chain, such as the particular form of the

spring potential. This idea is demonstrated in Figure 4.5 through what we call a "double-
extrapolation’ In Figure 4.5 (a), we have reproduced Figure 3 of Sunthar and Prakash [16].
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Figure 4.4: Extrapolation of nite-chain results to universal limit. Results are generated
using equilibrium, -solvent distributions of FENE-Fraenkel spring-chains (as described in

text) with parameters listed in gure, and h =R . U, is calculated as per Equation 4.18

and Equation 4.19. Where not visible, error bars are smaller than symbol size.

By generating equilibrium, -solvent con gurations of FENE bead-spring chains at several lev-
els of ne-graining, one can extrapolate to obtain the exact prediction of the bead-rod results
at that i . In other words, we don't necessarily need to directly simulate a2000rod chain,
but can instead extrapolate nitely-extensible bead-spring results to the N;og = 2000 limit
and obtain the same predictions. Note that the double-extrapolation arises due to the fact
that the various N g predictions themselves extrapolate to the same universaUR}D.

The same kind of extrapolation atz = 2 can be seen in Figure 4.5 (b) using BD simulations.
In this case, we do not have exact results for the bead-rod chains, and so must rely upon the
extrapolations to obtain N.,g =200 and Noq = 2000 results. As before, we accumulate data
for several bead numbers with the underlying contour length, radius of gyration and solvent
quality z matching that of the 200 or 200Grod chain. Inthe (N 1) ! Ny limit, results are
clearly not independent of the choice ofK , and so are not parameter-free. However, we can
again extrapolate our Noq results to the long-chain limit, where predictions do indeed agree
with the universal result for z = 2, irrespective of the choice of the range of the Gaussian
potential. It is useful at this point to carefully consider what these results mean. Speci cally,
the renormalisation group theories which predict scaling laws which are independent of the
local polymer details rely on the scale invariance and self-similarity of a long polymer chain
[90]. At low Noq, we do not necessarily have this scale invariance, since there are not enough
degrees of freedom in the model, which instead appears for longer chains due to the emerging
self-similarity. This is why we see predictions converging as\,oq increases, since the local
details of the EV and spring potentials are no longer relevant, and results depend instead on
the value of z alone (they are parameter-free). Then, in the limit Njog ! 1, we obtain the
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@) (b)

Figure 4.5: Double-extrapolations using FENE springs and SFG. In both cases, the FENE
b-parameter is chosen as per Equation 4.13, witiNy ~ Nyoq. In plot (a), U, is calculated

as per Equation 4.18 and Equation 4.19, withh = A | at equilibrium with no EV. Nuq
extrapolations agree exactly with those of Sunthar and Prakash [16]. Plot (b) contains BD
simulations of FENE chains at equilibrium with Gaussian EV parameters as described in the
gure, with extrapolationsto (N 1)! Nyoq.

universal prediction, which holds experimentally for su ciently long chains. These results are
useful to inform our analysis once a bending potential is added, where we will extrapolate
towards a chain with someNoq as well as a particular persistence length,.

4.2.2 Quasi Two Parameter Theory

Our basic goal is to apply this same SFG method to our FENE-Fraenkel springs with a bending
potential, HI and EV. However, in a similar way to the previous correctionto z andh as a
function of , we must correct for the bending potential, as it leads to independent swelling
in the -state (with no EV). To do so, we turn to the Quasi-Two-parameter (QTP) theory
introduced by Yamakawa [49]. This involves de ning a perturbation expansion for the swelling
of some parameter, for example the end-to-end length r:

=1+ K(L=2p)z + (4.21)

where L is the total contour length and I, is the persistence length, and then nding the
function K (L) which gives the expected rst-order perturbation coe cients. This derivation is

highly non-trivial, but leads to a rather straightforward conclusion. If one wishes to determine
the swelling for a semi exible chain, we can simply de ne a new solvent qualityz, given by:

7= ZK (L=2lp)z (4.22)
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and then the same universal swelling curve as for exible chains should be recovered fol(z)
[49]. Yamakawa also gives a useful interpolation formula folK (L):

K('—)=i1r i}l+l forL> 6
3 L1=2 6L 4.23)
1 6:611 )
= 1= exp +0:9198 + 0:03514. forL 6

which has the limit K(L) ! 4=3asL ! 1 (the exible-chain limit). Note that we can
identify for a semi exible WLC that Ny = L=2l, [49, 102].

This QTP theory has been tested both through comparison with experiment, and detailed
Monte-Carlo simulations with EV included via a Lennard-Jones potential [49]. However, anal-
ogously with the situation for the original TP theory, these simulations have two distinct
disadvantages. Firstly, the EV is not de ned directly in terms of z , such that one must
carefully determine the -condition and hencez for some particular EV potential. Secondly,
pre-averaging or Gaussian approximations are required for dynamic and non-equilibrium scal-
ing [49], so the scheme does not naturally extend to ow properties. Therefore, we wish to
establish the universal scaling of semi exible chains using a bending potential and the Gaus-
sian EV potential with QTP theory, in such a way that it can be applied to SFG predictions
of polymer properties away from equilibrium.

We would like to show that when we usez instead of z with a bending potential, extrapolations

to the long-chain limit are independent of L=I,,, when corrected usingK (L). However, in the
long-chain limit, we have that Ny ' 1, implying that L=I, ! 1  and henceK (L) = 4=3

and z = z. In other words, even with some non-zero bending potential, the long-chain limit
extrapolation will be the same with and without a bending potential.

Instead, we use a slightly di erent scheme. Recalling our double-extrapolations in Figure 4.5,
we know that applying the SFG scheme to FENE chains results in accurate predictions of
bead-rod results for someN,,q. We also know that one can choose our bending potentiaC
to recover a particular L=lp, as per the formulation of Saadat and Khomami [18], namely:

1+ Pp:1(2Nk;s) + pb;Z(ZNK;s)2

= 4.24
2Ny s + pb;C%(ZNK;s)2 + pb;4(2NK;s)3 ( )

wherepy; = f 1:237,0:8105 1:0243 0:4595y and Nk s = L=(2Nslp). Therefore, if we express
the persistence length in units of rod length (i.e.l, = 10 implies that if we travel 10 rod lengths
along the backbone contour, we have moved by one persistence length), then we can identify

using QTP that: r
3 14 1

(4.25)
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For some choice ofN,,q, we should be able to setl, to any aribtrary value and still recover
the same swelling at a particularz as per Equation 4.25. In other words, when we extrapolate
to the limit of (N 1) ! Nyoq, our results should be independent of the persistence length
lp (and hence the bending potential). This should be true irrespective of our choice oNqq,
although results will not be universal or necessarily parameter-free except in thédN,oq ! 1
case.

4.3 Static scaling results

We are now in a position to test our scheme for the static scaling of radius of gyration. Here we
use FENE springs with a bending potential and Gaussian EV, such that the FENEb-parameter
is set via Equation 4.13 givenNoq and Ng, the bending potential is set via Equation 4.24 given
lp, and the EV strength is set via Equation 4.25 for somez. In Figure 4.6, this is done for
Nrog = 500 with 1, =1, 2, and 4. In all cases,d =2z ™, and N =20 to 30in steps of2.
For each N, the swelling of the radius of gyration due to EV is averaged over approximately
10* trajectories at equilibrium, and the results extrapolated to N,oq = 500.

(@) (b)

Figure 4.6: Comparison of using a bending potential without a correction forz (red curves),

as well as correcting for the bending potential with z (green curves). Plot (a) is forz;z =2,

while plot (b) is for #;z = 10. Dashed lines arel, = 1, dotted lines arel, = 2, full lines are

lp = 4. Symbols at 1= N represent the results extrapolated toN,,g = 500. Here K = 2,

andd = Kz ™. Horizontal lines show the expected 5 results for both z values based upon
the tting parameters to Equation 4.3 from Kumar and Prakash [93], nhamely am = 1:276

b=19:48 c=14:92, m = 0:1339 Error bars are approximately symbol size. Extrapolations
are linear least-squared ts.

Also included are results for the swelling without the QTP correction for z, the 4=3K (L) factor.
As can be seen, the extrapolations are identical to within error bars forz, but di er when the
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correction is not applied. Let us carefully examine what these results imply, with reference to
hypothetical experimental measurements of an equivalent underlying system. Experimentally,
we have some -temperature, which corresponds to the no-EV case in our simulations. For
short polymer chains, or speci cally semi exible chains with small L=I, the 4 vsz curves for
polymers of di erent sti nesses at several temperatures or lengths will not be identical ifz is
de ned as in Equation 4.1 [49, 134]. Instead, one must correct for by applying the K (L=2l,)
factor, in which case one obtains the new solvent qualityz, where the curves for di erent
sti nesses will lie on top of one another. If we only usedT and M to de ne z, one would
not obtain the same swelling at a for di erent I, at a particular z, while on the other hand
if one usesz, results do in fact collapse [49]. So, when we apply the QTP theory correction
to our simulations, we seek to identically make our results independent of the semi exibility,
characterised bylp. In fact, we have shown through the use of Equation 4.25 in Figure 4.6
that we don't even need to apply a post-hoc correction to the overall swelling curve, but can
instead directly “feed-in' the K (L=2lp) factor to our calculation for z . This ensures that z is
the same for each curve with dierent Iy, leading to the same extrapolated value of swelling
irrespective of I,. This allows us to incorporate semi exibility into our SFG modelling, and
still be con dent that the swelling will be constant at a particular z for a particular value of
Nog. Speci cally, at each Ng, we have chosen our bending sti nes<C via Equation 4.24 such
that the underlying Noq=lp is recovered, and so we know from QTP theory that we can apply
a constant K (L=2lp) correction to keep # constant.

We have therefore shown, at least for this case, that QTP is able to correct for the change in
swelling due to a bending potential (through|,) at a particular z However, we still have other
parameters which in uence the swelling, namely the range of the EV potentiald , as well as
the number of rods for our extrapolation Nyoq. For Nyog ! 1, we know that the swelling
must necessarily approach the universal value, as it is independent of local model details such
as short-range potentials (that is, short range along the polymer backbone, not in space). On
the other hand, for nite N4, the results are not universal. While they are not universal,
they may be parameter-free at a su ciently high Nqq, at which point the chain is su ciently
long for the EV potential range to no longer determine the swelling (it is instead purely a
function of 2z).

Extrapolations for several K, whered = Kz '™ (not to be confused with the correction
factor K (L) in QTP theory), as well as four Nyoq at I, = 2 and z = 2 are displayed in
Figure 4.7. For small N,oq, particularly the N oq =200 case, the two extrapolated values are
clearly di erent, meaning that the d parameter still has a strong in uence upon the observed
swelling. However, as one successively increaddg,q, the two extrapolated values converge, to
the point where they very nearly agree within error bars for N,q,g = 800. In theory, it should
be possible to perform a double-extrapolation to the universal value atz = 2, however the
extrapolations do not appear precise enough to allow for this. Nevertheless, it is clear that
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Figure 4.7: Extrapolations for several N, and K, whered = Kz 5 In all cases,lp =2
and z = 2, with FENE sprng parameters and bending potential selected as described in the
text. Lines are linear extrapolations. Where not visible, error bars are smaller than symbol
size.

while results are not universal, we are able to correct for the in uence of the semi exibility I,
and also that our results approach the universal curve afNoq ! 1

With this in mind, we can combine Figure 4.6 and Figure 4.7 into a single curve for severak,
as in Figure 4.8. Also included in Figure 4.8 is the universal swelling curve based on a t to
Hookean spring data in the long-chain limit [93], as well as experimental data from Norisuye
et al. [134] on the radius of gyration swelling for several synthetic semi exible polymers. The
experimental data has been carefully corrected for the semi exibility using QTP theory, and
so all results are plotted in terms of z

As can be seen, simulation results do not perfectly agree with the universal curve for smaller
values ofNqq. However, they approach the universal curve adfN,qq is increased, until they lie
on the universal curve forN,q = 1000, irrespective ofl,. A considerable amount of scatter can
be seen in the experimental results, all of which are at fairly lowz The range of L=l values
for the experimental data ranges from roughly10 to 500, so the low z appears to be due to
relatively low excluded volume strength seen in semi exible polymers. For reference, the largest
experimentally-measured swelling, for Na-HA in 0.5M NaCl, hasL=I, 200[134], and hence
the correction to z from 3=4K (L=l,) is approximately 0.86 as per Equation 4.23. Therefore,
our application of the QTP theory covers a similar range to the available experimental data,
and appears to lie within the regular experimental error.

Overall, in this section, we have demonstrated that we can use QTP theory to obtain parameter-
free predictions of static swelling, in the sense that for a particularN,,q and z, the value of
z can be chosen such that the swelling is independent df. However, in order to apply these
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Figure 4.8: Coloured symbols are BD simulations with di erent Nyq and I,. Where not

visible, magenta symbols forN,q = 1000 and |, = 1 are directly underneath the red Nyoq =

1000and I, = 4 symbols. Experimental data ( lled black symbols) is from Norisuye et al.

[134], who collated data on the swelling of semi exible polymers (withL=2l, ranging from

about 5 to 250, and hence3=4K (L=2l,) from about 0:25 to 0:88) measured by several other
authors [135 138]. Line is Equation 4.3 with am = 1:276 b= 19:48 c=14:92, m = 0:1339
[93].

ideas to obtain parameter-free predictions for dynamic quantities and away from equilibrium,
we should also choose ouh parameter such that predictions are independent of the partic-
ular choice ofl,. To do so, in the next section we will approach the corrections toz and

h in a slightly di erent manner, drawing upon simple dimensional arguments. We will not

be answering exactly the same question - namely, in this section we have asked whether one
can use QTP theory to collapse swelling predictions for chains with di erentl, on top of one
another in the extrapolated Ng ! Nyoq limit. Instead, we will show that one can derive the
expected change in swelling when a bending potential is added to an arbitrary polymer model,
and use this to collapse the swelling back on the freely-jointed (no bending potential) result
at a particular Ns.

4.4 Corrections to swelling directly from bending potential

Let us consider the arguments used to derive Equation 4.16 and Equation 4.17, as done by
Prakash and coworkers [14, 16]. The basic sketch of the procedure is as follows. Firstly, one
assumes that the distance between two beads and follows a Gaussian distribution, namely:

I o !
2 =2 3r?

r )= — exp 7T (4.26)
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wherer = r , such that the distribution is a function of the combined variable | i
and hr2 i is the equilibrium average ofr? . This is of course not strictly true unless the chain
is composed of purely Hookean springs, but the central limit theorem guarantees that it will
be approximately Gaussian for largej j- In other words, the distance between two beads
separated by large distances along the chain backbone will always be approximately Gaussian.
Secondly, one gives an expression far? i, a point which we will return to shortly. Then, one
evaluates some quantity which is a function ofh or z . For example, for the case of HI and

no EV, one can evaluate the sum: .
X
— (4.27)

eq

-

&
which then allows the Kirkwood di usivity and hence U, to be evaluated as per Equation 4.18

and Equation 4.19. For the case of EV, one can evaluate the end-to-end distance using the

covariance:
D E Xs

RZ= M Qi (4.28)

which requires a more complicated perturbation expansion in the EV [16], but ultimately still
gives a similar nal sum. Once the averages are determined, one can transform the sums into
integrals, and then compare the expansion with the purely Hookean case to determine the
required corrections toz and h .

While this is far from straightforward, it was done for non-Hookean chains by Prakash and
coworkers [14, 16], giving the corrections t and h in terms of . Our aim is to determine
similar expressions for chains with a bending potential, ideally deriving the expected correction
in terms of the average included angle between bends, namely:

c=hcosi cothC (4.29)

C
where the nal expression is for our particular form of the bending potential. While it isn't clear
that this is, in general, possible, here we will present a very simple derivation of the correction
to h and z based upon dimensional arguments. We then hope to show the validity of these
corrections numerically, which can guide a later, more precise derivation. Such a derivation is
presented for the di usivity in Section 4.4.2.

The rst step is to write out an explicit expression for hr? i given a bead-spring chain with a
bending potential. However, even at this stage we run into an issue. One can show that for a
bead-rod chain ofNs rods with some rod length| and average bending angle = hcos i, the
end-to-end distance is given by:

|
Ns '
1+C+ 2c (c 1)

2_i = Ngl? cler 2
Ns! = NS T N (€ 12

(4.30)
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which was also found by Winkler, Reineker and Harnau to be identical for in nitely sti

Fraenkel springs of average length [119] (when correcting for an apparent typographical error
in the formula of Winkler, Reineker and Harnau, as they had an additional Ng factor on the
second term of the brackets). However, for Hookean springs, with again average lengthbut
uctuations allowed about the average length I, the expression is in fact di erent, and has the

form [119]: #1

: 1 Ns 1
h"%ls|:Ns|2 :|_+76 L+ Cu

3 1 ¢ Ng(c 1) (4.31)

where we have again corrected for an apparent typographical error in their expression, which
was missing an additionalc in the rst term within the square brackets.

(@) (b)

Figure 4.9: (a) Comparisons of hR?i for rodlike chains generated using a Monte-Carlo
method with Equation 4.30. Dotted line only considers the rst term in the brackets of
Equation 4.30, in other words we assume the second term is zero. (b) Comparisonsh&t?i for
Hookean chains generated using a Monte-Carlo method with Equation 4.31. Dotted line only
considers the rst term in the angular brackets of Equation 4.31, in other words we assume
the second term is zero.

In order to test these expressions, chains are generated using a Monte-Carlo scheme [132]
outlined in Appendix H, and the average end-to-end distance of the simulated chain ensembles
compared with Equation 4.30 and Equation 4.31. Several features are apparent. Firstly, there
is indeed a di erence between Hookean and highly constrained springs of the samen our
simulations, as the analytical results guarantee. Secondly, the di erence vanishes for smat,
sinceC! Oimpliesc! 0 and hencehﬁ,si = Ngl? in both cases. Finally, one can actually
approximately ignore part of the expression for smallC or large Ng, hamely the term which
contains a power law inNs. This means that for small C or large Ng, the end-to-end distance
squared is approximately linear inNs. As used in Equation 4.26, this means that the average
bead separation is linear inj j» which also follows from the central limit theorem for large

o
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Now let us derive newh and z expressions using a simple dimensional argument. Note that

h is e ectively a non-dimensional bead radius, whilez is e ectively a volume over which
other beads are excluded, and they scale like a length and a volume respectively. Note what
happens to the root-mean-square end-to-end distance as per Equation 4.30 and Equation 4.31
when one changes the average spring length - they both scale by the same amount. Therefore,
if is a non-dimensional spring length, we can imagine how one can see that if we decrease

, we should increasez and h as per Equation 4.16 and Equation 4.17, namely,., = z °

and h,e,, = h . So, let us assume that we should apply a similar correction when we have

some non-zercc, namely:

w

3

7 = % (4.32)
h
h = p= (4.33)
N
where for rods or very sti springs:
1+c 172
= 1 ¢ (4.34)
and for Hookean springs:
16c 1=2
= 1+ —— 4.
31 9 (4.35)

For other springs, will have some value between these two limits.

4.4.1 Tests of correction for static properties

Let us rst test this correction for Hookean springs. To do so, we simulate chains with Hookean
springs (where = 1) and severalC values givenz =2, d =2z ¥ and no HI at equilibrium.
For each C value, we either set = 1, or alternatively calculate using Equation 4.35 and
then calculate z using Equation 4.32. The =1 case corresponds to "no correction' - this
is the raw swelling when we setz = z:p N even though we have a bending potential. The
swelling in each case can be seen in Figure 4.10, f@r= 0;0:1;0:5; and 2. It is immediately
obvious that the correction is causing the extrapolated values to move considerably closer to
the universal result, and in fact the curves forC = 0;0:1, and 0:5 agree to within error bars
when the correction is applied. TheC = 2 result has come close to the universal value, but
still is not fully accurate - this may be due to a longer chain being needed, or one of our
approximations used in deriving the correction may be inaccurate for largerC.

Importantly, note that even for nite Ng, the results for the freely jointed Hookean chain, and
those with a bending potential but corrected using , have collapsed onto a similar result even
for nite Ng. The result is particularly striking for C =2, where the swelling di ers by almost

20% without the correction, but has collapsed with the correction. Therefore, it appears
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that one can use the expression in Equation 4.35 to not only obtain universal predictions
when a bending potential is used, but also recover the same swelling as that of a exible
chain for nite Ns. This seems to be the key di erence between the QTP theory and this
new scheme - in this case, there is no fundamental underlying concept of “chain length' which
determines our correction toz, as for the K (L=Ip) factor in some SFG limit. Instead, we derive

a correction to the z value based upon the local correlation between segments, which collapses
data approximately on top of the freely jointed result for an arbitrary bending potential.

Figure 4.10: Radius of gyration swelling for Hookean chains with a bending potential.
Dotted lines and empty symbols represent simulations without the correction for as per
Equation 4.35, while solid lines with lled symbols use the correction. Thez = 2 line presents

the universal value of 5 at z = 2 from previous_simulations for Hookean chains [93]. All

extrapolations are linear, with the symbols at 1= N = 0 representing the long-chain limit
result. Where not visible, error bars are smaller than symbol size.

We can also perform a similar test forUg 5, this time doing a double-extrapolation using FENE
springs with a bending potential. In Figure 4.11, this is done using our previous Monte-Carlo
generation of equilibrium, -solvent con gurations. Notably, when the correction is applied,
the double-extrapolated value agrees with the universal value to within error bars, while the
uncorrected value does not. In this case, it appears unimportant that the correction is strictly
accurate only for rods, since while we are using FENE springs we are still extrapolating towards
the bead-rod limit. Although this is a calculation of static di usivity, it suggests that when
performing SFG simulations with a bending potential, one can correcth using the expression
in Equation 4.33, to obtain roughly parameter-free predictions.

4.4.2 Rescaling HI parameter with bending potential

Here we give a summarised version of the calculations of Sunthar and Prakash [16]. The
hydrodynamic interaction between beads in a BD simulation occurs via the RPY tensor,
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