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Abstract

Suppose that a random graph begins with n isolated vertices and evolves by
edges being added at random, conditional upon all vertex degrees being at most
2. The final graph is usually 2-regular, but is not uniformly distributed. Some
properties of this final graph are already known, but the asymptotic probability of
being a Hamilton cycle was not known. We answer this question along with some
related questions about cycles arising in the process.
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1 Introduction

Suppose we begin with n > 2 isolated vertices, and add edges randomly one by one
such that no multiple edges are created and that the maximum degree of the graph thus
induced is always at most d, where d > 1 is a given integer. These random processes were
studied in [5], where it was shown that when no more edges can be added, the number
of edges is almost surely equal to the maximum possible number, |dn/2], as n — co. In
the case d = 2, the final graph must be a collection of disjoint cycles, together perhaps
with one isolated edge. This was studied in [6] in more detail and information about the
distribution of cycles of bounded length in this graph was obtained. It was also shown
that the expected number of cycles in total is at most 3 + logn. In the present paper we
study the long cycles in the final graph and answer several of the questions raised about
2-processes by Erdés (see [6]). In particular we compute asymptotically the probability
that the final graph is just an n-cycle. This tells us the probability that the final graph is
connected. For d-processes with d > 3, it was shown [7] that the final graph is connected
with probability tending to 1 as n — oc.

We assume that a graph g may have no multiple edges or loops, and denote its edge
set by E(g). We say that g is 2-mazimal if every vertex has degree at most 2, but no new
edge can be added without violating this condition. The reason for this can be that every
vertex, except perhaps one, already has degree 2, or that there are only two vertices of
degree less than 2, which are already adjacent. Formally, we define a 2-process to be a
sequence of graphs (go, g1, - - -, gn) on vertex set [n] = {1,2,...,n} such that the following
(i)-(iv) hold for some w < n:

i) |E(g)| =t, t=0,1,...,w;

iv) g, is 2-maximal.

From (iv) it follows that the graph becomes 2-maximal at time w = w(gy, ..., g»), which
stands for the number of edges in the graph when no more can be added. The process
remains static until time n, which is the maximum time a 2-process can possibly run.
Clearly w = n — 1 or n. Property (ii) is included merely for the convenience of having all
sequences of equal length.

A random 2-process is a probabilistic space whose elements are 2-processes with prob-
abilities assigned as follows. Define u; to be the number of vertices of degree less than 2
(unsaturated vertices) in g;, and z the number of edges whose ends both have degree 1
(isolated edges). We assign the probability



to the 2-process (go, g1, - - -, gn). 1t is convenient to think of g; as being formed at time ¢ by
adding an edge e; to g;_1, where e; is chosen uniformly at random from current available
sites. Here an available site is a pair of unsaturated, non-adjacent vertices of g;_;. The
edges eq,...,e, of g, are in the order in which they appear in the process, where e, is
left undefined if w =n — 1.

We use upper case letters to denote random variables corresponding to the lowercase
deterministic parameters. Thus, a random 2-process is denoted by (G, Gy, ..., G,), and
U; and Z; are the numbers of unsaturated vertices and isolated edges at time ¢ respectively.
From [5, Theorem 1.1] it follows that in a random 2-process w = n occurs almost surely. In
this case the final graph G, is 2-regular, and thus is a collection of disjoint cycles. If there
is only one cycle, then GG, is hamiltonian. The main result in this paper, namely Theorem
1 below, gives asymptotically the probability of the hamiltonicity of G,. Throughout
the paper the asymptotics is made as n — oo. In particular, a random 2-process has a
property @ asymptotically almost surely (a.a.s.) if lim, ., P(Q) = 1. Denote
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by [3, p. 530, eq. 6.], where v = limy_,»(1 + % + ot % —log k) is Euler’s constant and
1 is the digamma function.

Theorem 1 C
P(G,, is hamiltonian) ~ —=

Vn
where ¢y = /T~ ~ 1.819.

For random 2-regular graphs with uniform probability distribution, the probability of
a hamilton cycle is easily computed from the results of Bender and Canfield [1] to be
1e3/4\/mn~1/? ~ 1.876n1/2, which is slightly different from the 2-process result above.

Theorem 1 is proved by obtaining a fairly precise estimate for the probability that the
t-th edge F; completes a cycle. The graph G,, is hamiltonian if and only if the first time
this happens is with F,,. We obtain this estimate by determining some parameters of the
process fairly accurately, namely the numbers of isolated vertices (also called isolates) and
of isolated edges. This is done by showing that a.a.s. these numbers are approximated by
the solutions of some differential equations, as in [6] and [9]. The interesting new feature
of the present analysis is that we can demonstrate this approximation until very near
the end of the process (see Theorem 4, stated in Section 2 and proved in Section 3), due
to the attractive nature of the solution of the differential equation. This is a necessary



requirement in the present application, since the probability of forming a cycle at a given
step increases throughout the process, to a constant value at the end, and therefore the
end of the process plays an important role for hamiltonicity.

Our method has similarities with mean field theory used in statistical physics, where
a complex interacting stochastic system is described by differential equations arising un-
der the assumption that all the variables take their expected values. In this paper, we
use conditional expectations and martingale arguments to make the heuristic mean field
approach rigorous. In particular, this approximation works to near the very end of the
process.

A simpler consequence of the analysis required for Theorem 1 leads to the following
strengthening of [6, Theorem 3]. We use X,, to denote the number of cycles in G,,.

Theorem 2
1
E(X,) = 5(1ogn +1log2 + 7 — 7) + O((logn)~V/1)
where T and vy are as above.

Another point of interest in the evolution of a 2-process is the time when the first cycle
appears. We denote this time by 7,. Again using little more than part of the proof of
Theorem 1, we obtain the following result, where ¢, is a constant whose precise formula
will be given in the proof.

Theorem 3
E(T),) ~ can

where co 1s constant, co ~ 0.829.

The analysis required for Theorem 1 also gives rise to approximations of the probability
that G contains no cycles, for given ¢t. See Figure 1 and the discussion at the end of Section
2.

The three theorems above answer Questions 6, 5 and 1 asked at the end of [6]. Probably
the most interesting open problem remaining in this area is whether the final graph of this
process is contiguous to a random 2-regular graph (see [8]). Unfortunately, the methods
of the present paper are not strong enough to answer this.

2 Proofs

It was the analysis of the number of isolated vertices that led to the main results in [5, 6].
Here we shall need more: sharp concentration not only of the number of isolated vertices
but also of the number of isolated edges. Also we need knowledge of their behaviour for
longer than in [5, 6]: we need good upper and lower bounds almost until the very end
of the process. The proof of the concentration results will be deferred to Section 3. In
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Figure 1: Approximate probability of no cycles after zn steps

the present section, we motivate these concentration results and use them to prove the
theorems.

Let C; denote the event that E,,; creates a cycle when it is added to Gy, and C; its
complement. Then we have

n—2
P(G,, is Hamiltonian) = P (/\ Ct> (2.1)
t=0

(assuming n > 2). We use Y; to denote the (random) number of isolated vertices at time
t. By counting vertex degrees, we know that the number of vertices of degree 1 in G, is
2(n —t —Y;) and hence

Y, + U =2(n—1). (2.2)

Since the connected components of G; are necessarily paths, cycles and isolated vertices,
the number of paths of length at least 2 isn —t — Y, — Z;,. Hence we have

Note that n — t — Y, — Z; is the number of edges which cause a cycle when added to Gj,.
Thus, given Gy, the probability of C; is

—t-Y, — Z
PClG) = © B - (2.4)
2 - t
_ U-Y,-22 1
_ = (1 40 (Ut>) (2.5)



where the O(1/U;) term is obtained by using Z; < U, from (2.3).
The expected changes in Y; and Z; are given by

2Y; 1
E(Yiy1 — Yi|Gy) = _Qn_Qtt_Y; +0 (n—t)

Y2 —4(2n -2t -Y,)Z, O( 1 )
(2n — 2t — ;)2 '

See Lemma 2 in the next section for details. Thus, we will approximate E(Y;1 — Y;|G})
by f(t/n,Y;/n), and approximate E(Z;,1 — Z;|Gy) by g(t/n,Y;/n, Z;/n), where

E(Zt+1 - Zt|Gt) -

n—t

2y

f(z,y) = —m (2.6)
P42 -20—y)z

g(x,y,z)— (2—2:c—y)2

The proof will be based on the following fact, which is suggested by putting = = t/n,
y =Y /nand z = Z/n in the results above. For any time ¢, as long as the “remaining time”,
n — t, tends to oo as n — oo, the random variables Y; and Z; can be well approximated
by ny(t/n) and nz(t/n) (see Theorem 4), where y = y(x) and z = z(z) (0 <z < 1) are
the solutions of the following differential equations:

(2.7)

Vo= few). w0)=1 23
(CZ = g(x,y,2), 2(0) = 0. (2.9)

Thus, by (2.2), U; will be approximated by nu(t/n), where we define
u(z) =2 — 2z —y(z). (2.10)

Equation (2.8) and its analogue for a d-process in general was used heavily in [5]
and [6], where some consequential properties of y were noted. We give these here, as well
as similar properties of z.

Solving (2.8), by noting that dx/dy is linear in x for example, yields

y(2 —logy) = 2(1 — ) (2.11)

and thus
u=y(l—logy). (2.12)
From this and (2.8) and (2.9) we have

dz 1 2z

—_— =} .
dy 2(1-1logy) vy



Using the initial condition z(0) = 0, we then obtain

_y(x)? dn
A= /y<x>n2(1—logn)' (213)

For our later use we need the following approximations. Note that (2.11) (or (2.8)) implies
0<y(r)<1l-—=zx. (2.14)

Thus, f(z,y) < 0 and so y(x) is decreasing with z. From (2.14) and using the logarithmic
inequality (log(l — ) < —a for a < 1) twice we get

@) < y(;v)Q /y;) 772(2d77— n)
- y(w)(12— y(x)) (2.15)
<1 3 . (2.16)
Moreover, from (2.11) one can see that
(@) ~ —2(1 — 2)/log(l —2) as @ — 1 (2.17)

(see also [6, (2.10)]).

The object of this section is to show that the approximations of the random variables
Y and Z by the corresponding functions y and z are sufficiently accurate. The proof of
Theorem 1 is the most delicate, and for this the process is divided into two phases. For
proving the other theorems, the treatment of the second phase could be made much sim-
pler, though we obtain a smaller error in the result of Theorem 2 by careful consideration
of Phase 2.

The two phases are [0, ¢1] and (¢;,n — 2|, where we set

t1 =n — [(logn)™] (2.18)

for a large constant N which we specify below. We will be able to estimate P(C;|G;) to
sufficient accuracy by the non-random value 7(z)/n, where

r(x), x € [0, /n]
o) = 1
55y — T x € (t1/n, 1]
with ,
() = 0= Zg%; Az), (2.19)



Note that for ¢t > t;, we arrive at this approximation by setting Y; and Z; equal to 0
in (2.4), using (2.2). Since u(z) > 1 — z by (2.10) and (2.14), and since y(x) > 0 and
z(z) > 0 (see (2.14) and (2.13) respectively), for any x € [0,1) we have

1 1

r(r) < — < .

wz) — 1—=x

The following result will play a key role in our proof of Theorems 1, 2 and 3. It

is of interest for its own sake since it might be useful in proving some other results

concerning the random 2-process. It is in more generality than what is needed in this

paper: we will use its special case where o(n) = t; in the proof of Theorems 1-3. Note

that it is an improvement of [6, Theorem 2]: the approximation is more accurate and

lasts longer, reaching any point such that the remaining time tends to infinity as n — oo.

Unfortunately, the accuracy of this theorem by itself is not good enough for our purposes
in Phase 2, but it is sufficient for Phase 1.

(2.20)

Theorem 4 For any 0 < ¢ < 1/4 and any function o(n) > 0 with n — o(n) tending
to 0o as n — oo, there exists Cy = Cy(g), which is independent of o(n), such that with
probability 1 — O(e= =Dy ye have

|Y; — ny(t/n)| < Co(n —t)'~¢ (2.21)
|Z; — nz(t/n)| < Co(n —t)' ¢ (2.22)
for all 0 <t < o(n), where y(z) and z(z) are determined by (2.11) and (2.13), respec-
tively.
By (2.2), (2.10) and (2.21), under the same conditions as in Theorem 4, we have
\U; — nu(t/n)] < Co(n —t)* ¢ (2.23)

with probability 1 — O(e~(r=om)"/27%),

We now specify the values of a set of parameters beginning with any fixed p and K with
0<p<land K > 4, as follows. Set ¢ =3p/16 and ( =1/2 —2e =1/2 — 3p/8, so that
¢ > 1/8. For the definition (2.18) of 1, select N such that max{16/3, K/4(} < N < 2K
so that in particular (n —¢;)¢ > (logn)%/4.

In order to introduce the next theorem we note that for large n (using (2.15), (2.11)
and (2.14)), Co/(n —t1)° < Cy/(logn)™e < 1/4(logn)%/3 = 1/4(logn)?, and n(y(t;/n) +
2(t /) /(0 — 1) < 2ny(tn/m)/(n — t2) = 4/(2 — logy(t: /n)) < 4/(2 — log(1 — ts/n)) <
8/logn < 1/2(logn)?. Hence with o = t; in Theorem 4,

n — tl
(logn)

To cover the major part of phase 2 we first need to restrict to ¢t < t5 where

K /4

P <Ytl + 7y, < ) =1-0(e 1M™™= 1 —o(n7?). (2.24)

to =n — [logn].

For any graph G, denote by Y (G) and Z(G) the numbers of isolated vertices and isolated
edges of G, respectively.



Theorem 5 Let 0 < p < 1 and Gy be any set of graphs such that for all G € G,
P(G=Gy)#0and Y(G)+ Z(G) < (n—t1)/(logn)?. Then for all K >0

2(n—t
P (Yt + 7, < (l(:g n)/’) for all ¢ withty <t <ty |Gy, € Q1> =1-0((logn)™®). (2.25)

For the part of phase 2 from ¢, onwards, we only need some quite simple observations.
Lemma 3.1 of [5] was applied to the final stages of the process to show that the random
2-process a.a.s. has a final graph with Y,, + Z,, = 0. We need to sharpen this conclusion
slightly here. For this purpose we choose 9,0’ such that

1 1
0<d <d<l, 2(1—p+5’)<6<§—5’<p—§. (2.26)

(For example, choosing p = 999/1000, 6 = 2/5 and ¢’ = 99/1000 satisfies all conditions
above.) Let

ts=n—|(logn)’], ty=mn— [(logn)®].
Theorem 6 Let 0 < p < 1 and let Gy be any set of graphs such that for all G € G,

P(G =Gy,) #0 and Y(G) + Z(G) = O((logn)'=?). Then in the event that Gy, € Go, we
have

Y, + Z; = O((logn)'™?) forty, <t <n. (2.27)
Furthermore,
P (Y, =0| G, € Go) = 1— O((logn)’~*) (2.28)
and
P (Z, =0|Y, =0AGy, €G) =1—0O((logn)”+=). (2.29)

The following result will be useful in computing both the probability of hamiltonicity
and the expected number of cycles in the random 2-process.

Lemma 1 For any ty = to(n) > 0 such that n —to = O(y/n) and n—ty — 0o asn — oo,
we have

o1 [t 1 T . .
> () = =5 los(2(n — to)/m) = £ +0 ((n —to) " + (logm) ).
Proof Let ri(z) = (u(z) — y(z))/u(x)? and ry(x) = —2z(x)/u(x)?, so that r(z) =
ri(z) + ra(x). Set Ji(t) = /" ri(2)dx and Jo(t) = [I/" ry(x)dz. Using (2.12) we see that
dry/dy < 0. Since dy/dx = f(z,y) < 0, it follows that dr;/dx > 0. Hence

Zojorl(t/n) In = Ji(te) + O(r(to/n) /) = Ji(to) + Ol(n —to) V). (2.30)
(Here we used ri(x) = —logy(z)/y(x)(1 —logy(x))* ~ 1/y(x)(1 - logy(x)) = 1/(2(1 -
x) —y(x)) ~ 1/2(1 — z) as * — 1, which follows from (2.12), (2.11) and the fact that

9



y(x) — 0 when z — 1.) From (2.11), we have log(1 — z) = logy + log(1 — (logy)/2).
Using this and (2.8), and noting y(0) = 1, we have

o(t/n)
N(t) = 2/

log y
y(1 — 1og y(1—logy)

= -3 L log y(t/n) =5 log(l —logy(t/n))

=~ logy(t/n) — 5 log(1 — (logy(t/n))/2) — 5 log (1 :

log y(t/n) >
logy(t/n))/2

2

= —;log(l —t/n) — llog ( 1 —logy(t/n) ) ) (2.31)

1 — (logy(t/n))/2

Since to/n — 1, from (2.17) we have y(to/n) — 0 as n — oo. Hence, using (2.11) and

(2.17), we have

Ji(to)

= —; log(2(n —to)/n) —

1 log (1 — logy(to/n)>

27\ 2 — logy(te/n)

_ _; log(2(n —t)/n) + O (2 — logly(fo/n)>

— _; log(2(n — to) /n) + O (%)
_ _; log(2(n — to)/n) + O(—1/log(1 — to/n))
_ _; log(2(n — to)/n) + O((log n)™Y). (2.32)
Using (2.8) and (2.13), we get
D(t) = /1 v y(li/i)gy) dy (2.33)

B /y(t/” 1 /1 1 dnd
2.4 1—logy Jy n2(1—logn) nay:

This double integral can be evaluated as follows, first substituting ¢ = 1 — logn, then

w=1-logy, a=w

Jo(t) =

— ¢ and then reversing the order of integration.

1 1 w ef_w

d§ dw

5 1-logy(t/n) J1 fw

1 1 w—1

- / — _dadw
1-logy(t/n) U}(U} — CL)

1-logy(t/n) 1
/ / ——dwda
2 logy t/n) 1+a UJ(UJ — CZ)

1 (1—a—logy(t/n))(1+a)
5 —logy(t/n) ae’ log < 1 —logy(t/n) > da. (2:34)

—a

10



Since y(ty/n) — 0 as n — oo, we have

T 1 p-logy(to/n) 1 a
Jo(ty) = —=— = log |1 — d
2(to) 2 2Jo aee O < 1 - logy(to/n))> ¢
1 fo log(1
WL / log(l+a)
2 J-log y(to/n) ae?

= _Z+O(—1/log(1—t0/n))+0 (/OO @—ada>
2 —logy(to/m)

— _g + O(—1/log(1 —ty/n)) + O (y(to/n))
= —% + O((logn)™). (2.35)

Here the approximation of the first integral is obtained by using (2.11), (2.17) and the
logarithmic inequality. The approximation of the second integral is obtained by using
log(1 + a) < a and then (2.17).

Note that 75(0) = 0 and |ry(tg/n)| < 2n/(n—tg) since z(0) = 0, z(tg/n) < (1—to/n)/2
and u(to/n) > 1 — to/n. Thus, using the Trapezoidal Rule and its error bound from
numerical integration, we have

ZOOrQu/n)/n — Ja(te) + (ra(0) + ralto/n))/2n + O(n~?)

= Jao(to) +O((n —to) ™). (2.36)
Therefore, combining (2.30) and (2.36), and using (2.32) and (2.35), we obtain

to

S r(t/n)/n = zo:orl(t/n)/n + Zo(j)rz(t/n)/n

— 1082~ to)/n) — 7 +O((n — to)" + (g )™

and the proof is complete. 1

Proof of Theorem 1 Define H; to be the event that G; contains no cycles, which
is just (/\ﬁ;é @1-). Set t5 = n — 1. For t < t; define & to be the event that Y; and
Z,; satisfy the inequalities (2.21) and (2.22). For ¢t; < t < ty let & be the event that
Y, + Zy < 2(n—1t)/(logn)’. Let &, be the event that Y, = 0 and Z;, < (logn)'~*, and
&, the event that Y, = Z;,, = 0. We define F;, to be an event that ensures that no cycles
have been created, and that Y; and Z; satisfy appropriate inequalities, for all ¢ < ¢;. To
be precise, we let F;, = Hy, NEG N - N&, for 1 < ¢ <4, and F, = F, A'Hy,. Then
Fti = Ei_l A Hti A gti for ¢ = 2, 3,4, and

Ht5 - (Ht5 /\?1‘4) V (Ht5 A ft4> - (Ht5 /\?M) V ft5.
Noting that Hy, A Hy, = 0, we have
— 4 J— J— J— J— J—
Ht5 /\ft4 - \/ (Ht5 /\gtz) g Stl V (\/ (th /\gtiJrl)) g gtl V (\/ (‘/th N gti+1)>
=1 =1 =1

11



and so

<

‘Es g Hts g gﬁ \ ( (Ez /\gtl+1)> \/fts'

i=1

Hence by (2.1)
p— 3 —
P(G,, is hamiltonian) = P(F,) + O (P(Stl) +> P (fti A Stiﬂ)) : (2.37)
i=1
Since the F;, are nested, the main term P(F;,) in this equation can be computed using
4
P(:’E}/s) =P (:Ftl) H P <f}/i+1 | "th) . (238>
i=1

In the following we will estimate the factors in this expression one by one.
Since Fy, = Hy, A &y, the first factor in (2.38) is

P(El) = P(Htl) - P(Ht1 /\Eh)
Similar to (2.1), since P(Hg) =1
-1 =1
_P</\Ci> =IIP(Ci| ™). (2.40)
i=0 i=0
From (2.2) and (2.4), P(C;|G;) is maximised for given ¢ when Y; = Z; = 0, that is

1

(C’G)_Qn—Qz—l

We therefore have the initial bound

t—1 1 n—1 2]
> 1l—— ) = .
—H< 2n—2i—1) 4H7t2j+1

=0 j=n

We note for here and later that

- 2B (s=2)(s— 1)1 1 m\Y2
1] 2j +1 (25 — 2)! 2 () (2.41)

S

where the last estimate is by Stirling’s formula. Thus, for all t < n — 1,

P (H,) = Q <<”; t)1/2> . (2.42)

12



For ¢t < 4, since & implies (2.21) and (2.22), we have
P HNE) = W( ( )
_uft/n) —y(t/n) - 2Z(lﬁ/n) + ((n - t)l °/n) 1
) n(u(t/n) = O((n = '~/ (+o(z))

(2o >><1+o<zz;:/m )0l
(el

) ogta—1) (1+0 (& ))

_ O((n —t)~'%). (2.43)

Here in the third last step we used 7(¢/n) < 1/u(t/n), which follows from the left part of
(2.20). In the second last step we used the right part of (2.20), and in the last step we
used 7(t/n)/n < 1/(n—t) from (2.20) and U; > n —t from (2.3). By (2.42) and Theorem
4 with o(n) = t;, and noting that N > K/4¢, similar to the argument leading to (2.24)
we get P(E)/P(H,) = O(e=sm™* /n/\/n—1) = O(n=2\/n/y/n —t). Combining this

and (2.43), we have for ¢ < 4,
PC|H) < PCIHAE)+P(CNE|H,)
< P(C|HiNE) +P(E)/P(H,)

_ (t/n) +0((n=17") + Om~72) (2.44)

_ % D0ty (2:45)

Here the last step follows from the fact that ¢ = 3p/16 < 1/4. From (2.40) and (2.45),
we have, for any ¢t < 4,
-1

P(Ht):H(1—1r< >+O((n—z) - 5)) ~ exp <_§711T <?i>> (2.46)

i=0 n

Applying this to time ¢ = ¢; and noting that P(&;,) = o(n™?) by Theorem 4, from (2.39)

we have
t1—1 n—t))e’ 1/2
P(F;,) ~ exp (— ;} ir (;)) ~ (2(nt)> (2.47)

where the last estimate is from Lemma 1.

We may treat the factor due to i in (2.38) using a similar argument, from (2.40)
onwards, conditioning on F;,. This argument is entirely restricted to the time period
from ¢; to ¢;11. In fact, similar to (2.39) and (2.42), for i = 1,2, 3 we have
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and

P(Ht\fti)—ﬂ«"—t)m) (2.49)

fort; <t <m—1. Fori=1andt <t <ty, we have 7(t/n)/n = 1/(2(n — t) — 1),
U >n—t>n—ty >logn > (logn)? and & implies Y; + Z; < 2(n —t)/(logn)?. Thus,
similar to (2.43), we have

(N E = =)

- (o (KA (10 (20)) (1+0(L)

_ (/) (1+0((logn) ™)) (1 +0 ([}))

n

- T(ZZ ") (14 0((1ogn) ™))
= rit/n) +0 ((log n)’l"") : (2.50)

n

Since F;, implies &, we have Y;, + Z;, < (n—1t1)/(logn)?. Thus, by an argument similar
to that leading to (2.24), we get P(&, | F,) = O((logn)~) for all ¢ with t; < t <ty by
Theorem 5. From (2.49) we then have

P(E, | Fi)/P(Hy | Fiy) = O((logn) ™ ((n — t1)/(n — t2))'/?) = O((log n) K+ N=1/2),
From this and (2.50), using an argument similar to that leading to (2.45), we obtain

PC|HiANFy) = PCIHNENF,)+OPE | Fy)/P(He | Fry))

— r(tr/bn) +0 ((log n)_l_p) +0 ((log n)_K+(N_1)/2) .

It follows that the first term of (2.48) when i =1 is

P (Hy, | Fy) = ﬁ P (Co|HiNFy) ~ ﬁ (1_ r(t/n)>

t=t1 t=t1 n

which is T2/ (2(n — ) — 2)/(2(n — t) — 1) = Q((logn)~N"D/2) by (2.41). By Theo-
rem 5, the second term O(P(&;, | F,)) of (2.48) when i = 1 is O((logn)~%), which is
o((logn)~W=1/2) since N < 2K + 1. From (2.48) we then obtain

P(Fi, | Fuy) ~ tﬁl (1 - ﬂt/n)) : (2.51)

{=t1 n

For the factor due to i = 2 in (2.38), we condition on F;, and consider the time period
from ¢ to t3. Note that F;, implies Y, + 7, < 2(n—t3)/(logn)? = 2(logn)'~* and hence
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Y, + Z, = O((logn)'*) for ty < t < t3, since Y; + Z; is non-increasing with ¢ (see (3.3)).
Note also that U; > n —t > n —t3 > (logn) 1"+ for t, < t < t3 since p < 1 and
n —t3 = |(logn)®]. Thus, similar to (2.50), we have
r(t
PCIHAF) = " (14 o(logn) o)

n

= F(ty{n) + O((logn)=P~20+1) (2.52)

for t, <t < t3. Consequently,

P (M, | F1,) = ﬁP<@t|Ht/\ft2)~ ﬁ (1_7W>

t=to t=to n

which is [[}2,) (2(n —t) = 2)/(2(n — t) — 1) = Q((log n)~!=9/2) by (2.41). By Theorem 6
the second term of (2.48) when i = 2 is O((logn)?~*), and hence is o((log n)~1=%)/2) since
d <2p—1Dby (2.26). Hence

P(Fiy | Fip) ~ tﬁl (1 - ﬂt/n)) : (2.53)

t=t2 n

For the factor due to i = 3 in (2.38), similar to (2.52), we have

PC | HiNFy) = f(tr,{n) + O((logn)~P~20'+1) (2.54)

for t3 <t < t4. Thus,

P (Hy, | Fiy) = ﬁ P (Ci|HiAFy) ~ ﬁ (1 N f(t/n))

t=t3 t=t3

n
which is [T(4,)(2(n — ¢) — 2)/(2(n — t) — 1) = Q((logn)~©=%)/2) by (2.41). By The-
orem 6, when i = 3 the second term of (2.48) is O((logn)~*~@=)+1) " and hence is

o((logn)~©=9/2) as (§ — §')/2 + p > 1. Therefore,

P(Fu, | Fiy) ~ tﬁl (1 - T(t/n)> : (2.55)

—. n

The factor due to i = 4 in (2.38) can be computed directly. Conditioning on F;,, we
have Y;, = Z;, = 0 and hence Y; = Z; = 0 for t > t, since Y; + Z; is non-increasing with ¢
(see (3.3)). Thus, as Fi, = Fi, A Hy,, from (2.4) we have

P(',Ft5 |ft4) = P(Ht5 |ﬂ4)

= tﬁlP(@t|HtAft4)
n—2 1
- E4<1‘2<n—t>—1>
_ nff(p“%”)). (2.56)

15



Plugging (2.47), (2.51), (2.53), (2.55) and (2.56) into (2.38) and using (2.41) we obtain
1/2 p—9o _
2(n —ty)e” r(t/n
n i_ n

(2 —t)er\ P o(n — 1) — 2
() M=

n (n—t)—1

t=t1

2(n —ty)e” 1/21( T )1/2
n 2\n—1t

- )

Thus, to complete the proof of Theorem 1, it remains to show that the second term in
(2.37) is negligible, that is, it is o(1/y/n). In fact, we have P(&,,) = O(e~("1)%) =
O(e~(esm™*) — 5(n=2) by Theorem 4. By Theorem 5 and (2.47), and since N < 2K by
our assumption, we have

P<ft1 /\?tQ) - P(Et2|ft1)P(E1)

o
n
= O ((logn)™ 2/ y/m)
= o(1/vn).
Similarly, by Theorem 6, (2.47) and (2.51), and noting that 6 < p — 1/2 by (2.26),

P<ft2 /\gfa) = P(gts‘fb)P(ftQ|ft1>P<ft1)
- 0 ((log n)é—p-l—(l—N)/?-i—N/Q/\/ﬁ)
= of1/v/m)
Again, by Theorem 6, (2.47), (2.51) and (2.53), and using §/2 — ¢’ + p > 1 from (2.26),
we have
P(Ft:a /\gtz;) - P(gt4|Ft3)P<ft3|ft2>P(Ft2|ft1)P(‘Ft1>
- 0 ((logn)(6’76+17p)+(671)/2+(17N)/2+N/2/\/ﬁ)

— o(1/Vi).

The proof of Theorem 1 is complete. 1

The approximation results and the analysis in the proof of Theorem 1 contain essen-
tially what we need in order to prove Theorem 2.

Proof of Theorem 2 Denote Q; = (n—t—Y;—Z;)/ ((gt) - Zt). Then Q; = O((n—t)™")
for all ¢ and by (2.4) the probability of creating a cycle at time ¢ is equal to Q);. Let & be
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as in the proof of Theorem 1. For ¢ up to ¢, we will use the following to estimate E(Q;):

E(Qt) = E(Qt|5t)P(5t) + E(Qtlgtﬂ)(zt)
= E(Qi&)P(&) +O((n — 1) P(&y)). (2.57)

Taking o(n) = t; in Theorem 4, we have P(&) = 1 — o(n™?) for ¢t < ¢;. By using
arguments similar to that leading to (2.43), one can show that

BQ&) = "™ 4 o((n - )

n

for t < t;. Thus, by (2.57) and noting that r(t/n)/n = O((n — t)™'), for t < t; we have

E(Q) = (TW " 4 o((n - t)—H)) (1= o(n™) +O((n—t)"'n"?)

n

= T L o — ), (2.58)

n

Note that (2.21) and (2.22) imply (2.24), and in particular Yy, + Z;, < (n—t;)/(logn)?
with probability 1 —o(n=2). Hence, for t; < t < to, P(&) = 1—0O((logn)~%) by Theorem
5. Using an argument similar to that leading to (2.50), we get

B@ig) = " (14 O((ogn) )
and hence (2.57) gives
r(t/n)

E(Q) = — = (1+0((logn)™)) (1= O((logn)™™)) + O((n — 1)} (log n) ~*)
_ TOZ”) (1 + O((log n)*p)) (2.59)

for t; <t <t,.

For t, < t < t; we condition on the event A; that ¥; + Z; < C*(logn)'~* for a
sufficiently large C*. Since P(&;,) = P(Y;, + Z;, < 2(logn)'™) =1 — O((logn)~ %), from
Theorem 6 it follows that P(A;) = 1 — O((logn)~%). Similar to the proof of (2.52), for
ty <t < t3 we have

r(t/n
B(@:A4) = " (14 O(1ogm) o))
Based on this and using an expression similar to (2.57) we have

E(Q:) = E(Q:|A)P(A)+O((n—1t)"'"P(A))

_ T(I;/Ln) (1 +O((log n)—9—5+1)) (1 — O((log n)_K)) +0((n — 1) (logn)™")
_ r(tén) (1 N O((logn)_p_5+1)) ' (2.60)
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In a similar fashion, for t3 < t < t4, we obtain

E(Q;) = TOZH) (1 + O((log n)*p";'“)) : (2.61)

For t, <t < n, we condition on the event A; that Y; = Z; = 0, which holds with
probability 1 —O((logn)? ~+1=°) by (2.28) and (2.29). Thus, since E(Q;|.A,) = 7#(t/n)/n,
analogous to (2.60) we have

E(Q) = F(Zn) (1 + O((log n)y_é“_p)) : (2.62)

Using (2.58)-(2.62) and noting (2.26), we have

1

3
|

E(X,) = P(a cycle is formed at time )

=0
n—1

= E(Qt)
t=0
t1 n—1 = t1

_ T(t/n) + (1 + O((log n)*pf6’+1>) T(t/n) +0 (Z(n . t)ls)
t=0 N 1 N t=0

~
S
=

_ (t/n> +<1+O((logn)*p75l+l)) -

t—o 1

From Lemma 1,

21: r(t/n) = _; log(2(n —t1)/n) — % +O((logn)™).

Also, noting that the harmonic number H(k) = ¥F_; 1/k =logk +~ + O(1/k), we have

n—ti1—1 1
2 91

Hn—t —1)) - ;H(n - 1)

’f 7(t/n)

t=t1+1

n

log(2(n — t1)) + 7 — ;(log(n —t)+7)+0 (n i t1>

1 1 1
= 3 log(2(n —t1)) + 5(7 +log2) + O ((logn)N> :
Plugging the two sums above into (2.63) and noting that Ne = Np/4 > p > p+§ — 1, we
obtain E(X,,) = (logn +log2 + v — 7) + O((log n) *~* ! log log n), where the loglogn
factor is due to log(n — t1) by noting (2.18). For the specific choice of p,é and ¢’ after
(2.26), we have p + ' > 12/11 and hence the error term is O((logn)~*/!1), as required in
Theorem 2. 1

18



Proof of Theorem 3 We will use the notation in the proof of Theorem 1. Recall that
H; = Ny C; is the event that Gy contains no cycles. We have

E(T,) = S P(T, >1)

:&
RANIE
_

= > P(H)

~
=
o

= Y P(H,) + f P(H,). (2.64)

t=t1+1

if
o

By the definition of ¢; and the fact that H, C H,_; for any ¢, using (2.46) (for t = ¢;) and
then Lemma 1 (as in (2.47)) we have

S PH) < (logn)VP(H,)

e[S ()

t=0 v \T
/2
2(n —ty)e” !
~ (1 Nz
ogny* (21107
2(log n)3Ne™ 12
n

which converges to 0 as n — oo. Thus, the second term of (2.64) is negligible.
Now let us deal with the first term of (2.64). Using (2.46) and the computation of
J1(t) and Ja(t) (the second line of (2.31) and (2.34)) in the proof of Lemma 1, we have

:Z[:)P(Ht) ~ Zexp< til (2))

zOn n

~ Zexp — Jo(t))
~ Zo{y(t/n)(l—logy(t/n))}1/2eXP(—J2<t))

131 1 —logy(t/n) log (l_a_?gy(t/n))(l'ﬂl)
~ t/n)(1 = logy(t/m))V % exp { = ( 1-log y(t/n) ) da
> {y(t/n)( gy Py e

t1/n 1 p—logy() log (== loiy( x)(l“)
~ /1 {y(x)(1 —logy(x))}1/2 exp{2/ ( 1-log y(z) >ala dx
0 0

ae®

Now (2.6), (2.8) and (2.11) together imply

dy_ 2
de 1 —logy(x)
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Using this and taking y = y(z) as a new variable in the integral above, we get

(1—a—logy)(1+a)

b 1 pyta/n) 1 [—logy log 4
S P(Hy) ~ yl/Q(l—logy)g’/QeXp{Q/O - )da dy

t=0 24 ae®
(1—a+n)(1+a)

1 [~ logyti/n) 3p 1 o log (U=etnle)

_ = 1 3/2 _ 77 7/ R da p d
2/0 (1+n) exp{ 2+2 0 aes e

(1—a+n)(1+a)

I 3n 1 fmlog (17)

~ s [P Pexpl -2ty 2 / L dabd
2/0 (1+n) exp{ 2+2 0 ae? @

~ 0.829.

Here in the third last step we set n = —logy, and in the last step we used numerical

integration. From this and (2.64) Theorem 3 follows immediately. &

In the proof above we actually computed the asymptotic probability P(H;) that G,
contains no cycle, for t < ¢;. In fact, for 0 < z < ¢;/n, we have

P(H) ~exp{ 1) = 3} /T4

where n = —logy(x) and

(1—a+n)(1+a)

n lo I W a—
[(x):;/o g( )da.

ae®

The graph of this function (as function of z) is shown in Figure 1 in Section 1. It is
interesting that this graph is almost a circular shape.
3 Approximation of Y and 7

The variables Y and Z are obviously crucial, so we examine them closely, for ¢ up until
very nearly the end of the process.

Lemma 2 For 0 <t <n — 40, we have

t Y )
B -vilG) - 7 (1) < - (31)
t Y, Z 20
‘E(Zt+1 — Z|Gy) — g (n’ i, 7;)’ =S o— (3.2)

where f and g are the functions defined in (2.6) and (2.7), respectively. Moreover, for
any t >0,
Yi+Z —2< Y1+ 2 <Y+ Z,. (3.3)

20



Proof We have
(1/;5+1 - Y;H Zt+1 - Zt) € {(07 O>7 (Oa _1)7 (07 _2>7 (_17 0)7 (_17 _1>7 (_27 1)}

and the number of sites contributing to these changes are 4 ("%7?7&) +(n—t=Y,—Z,),
AZ(n—t—Y,—Z,), 4 (ZZ) 2, (n—t—Y,—7,), 2Y,Z, and (’;) respectively. In particular,
Y + Z; is non-increasing with ¢, and differs by at most 2 from Yy + Z;,1. Hence (3.3)
is true. Also, Y; is non-increasing with ¢ and differs by at most 2 from Y;,;. From the
above it can be checked that the expected change of the number of isolates at time ¢ is
—@Y/U,) = (2% 2/U; ((}) = %)) From (2.3) we have (') — Z, = U2/2 — (n—t —
Y;/2) = Zy > U2)2—(n—t-Y;/2) —(n—t—-Y) >U(U;—2)/2> (n—t)(n —t —2)/2.
Using this and (2.3) one can show that the second term is bounded above in absolute
value by 5/(n —t) (assuming n—¢ > 10), whilst the first term is f(¢/n, Y;/n) by (2.2). So
(3.1) is proved. In each step of the process, Z; can remain unchanged, increase by 1, or

decrease by 1 or 2, and the expected change of Z; is ((1;) — 274Uy — 2)) / ((g’) — Zt).

From this and by a similar estimation we get (3.2) for n — ¢ > 40. |

3.1 Phase 1: t <t; =n— [(logn)"]

The approach taken is to use large deviation inequalities as in [9] to show that the variables
approximately satisfy differential equations. The solutions of these differential equations
possess a stability which is used to show that the variables continue to concentrate near
these solutions far past the point reached by the argument for this random process in
5, 6].

We begin with some preliminary observations. Recall from (2.6) and (2.7) the functions
flz,y) = =2y/(2 = 22 — y) and g(2,y,2) = (y* — 4(2 — 22 — y)2)/(2 — 2v — y)? in the
differential equations (2.8) and (2.9). As before y(x) and z(z) denote the solutions of
these equations. Then it is easy to see that

|fl,y) <2, [g(z,y,2)] <5 (3.4)

provided y, z € [0, 1 —z]. Setting p(x) = f(z,y(x)) and ¢(z) = g(z,y(x), z(z)), then from
(2.14) and (2.16) and estimating dy/dx and dz/dz using (3.4), we have

Ip(z)| <2, |q(z)] < 5. (3.5)

Moreover, it is easily checked that |dp/dz| < 4/(1 — z) and |dg/dz| < 56/(1 — z) for
0 <z < 1. Hence by the Mean Value Theorem we have

pla) =) < o (36)
o) =~ (o) < oo (37)

provided that 0 < x; < xy < 1.
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Proof of Theorem 4 The proof uses the main idea in the proof of [9, Theorem 5.1].
But we need more accurate estimations and judicious choices of the step lengths when
bounding large deviations, and the error in the approximation needs to decrease during
the process.

We prove (2.21) first. Let 0 = kg < k; < -+ < ks = k¢(n) be an integer time sequence
such that n — k; — oo when n — oo. Fori=0,1,...,¢—1, denote w; = k;»1 — k; and let
a; > 0 be real numbers. At the moment we assume that {k;} and {«;} are any sequences
such that o; < w; < (n —k;)/4 and w; < n — ki for each i. Later we will choose k;’s
and ¢;’s in a particular way so that these conditions are satisfied. Denote

(n —kip1 — wi)2‘

h(n,i) =

Since w; < n — k;11 by our assumption, we have w; < 3(n — k;;1) and using this one can

check that
1 Ww;

< h(n,i). (3.8)

n—"Fkig1 T n—ki
For each ¢t with 0 < ¢ < w;, by the Mean Value Theorem there exist  between k;/n
and (k; +t)/n and 1 between Yy, ;/n and Yy, /n such that

k; +t Yy, ki Y, B 4 t Vit — Y,
) ) - e i)

4 Yi, t ki 2t
Y { ,L n —"_ <1 B ) . }
(2(1 — w) — 2 non n n

n—kz)z el '

(2(1 — fery _ nok n o n n

= 12h(n,i). (3.9)

IN

Here we use the facts that |Yy, 1+ — Yi,| < 2t and Yy, < n —k;. From (3.1), (3.9) and (3.8)
we then have

i+t Ykﬁt) N 5
n

E(Yki+t+1 - Yki+t|Gk¢+t) < f ( n—k —t

< f(i Y’“>+12h(n z)+L

n n— ki+1

< f (Z Y > + 17h(n, ). (3.10)

n
Fort=0,1,...,w;, set

Then (3.10) implies that Xy, Xi,...,X,, is a supermartingale (with respect to the se-
quence of o-algebras generated by {(Go, G1,...,Gt)}i>0) wWith Xo = 0. As Yy, <n — k&,
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from (3.4) we have |f(k;/n,Yy,/n)| < 2 and thus
‘Xt+l — Xt’ S 4 + 17h(n, Z)

Therefore, from [9, Lemma 4.2] and since «; < wy, it follows that, conditioned upon Gy,

ki Yy, . .
Yo, — Yie, —wif (n’ :’) ‘ < 1Tw;h(n, 1) + (4 + 17h(n, i)V 2w;q;
< 5lw;h(n, i) + 42w (3.11)

holds with probability at least 1 — 2e=%:.
In the following we will show by induction that (2.21) holds at our chosen times k;
with the desired probability. Set

k.
Al = Y —ny (Z>

n

ki Y.
Ay = Ykm - Yk,- —w;f <7 kl)

ol
n n n
Ay = wif (kl,Yk> —w;p <kl>
n’ n n

so that Yy, ., —ny(kiy1/n) = Ay 4+ Ay + Az + A, By the Mean Value Theorem and (3.6),
(3.8), for some 6 with k; < 6 < k;;1, we have

k; 0
(5
n n
w0k
1—% n o n
dw?
<
T on— ki
< dw;h(n,i). (3.12)

Also by the Mean Value Theorem, there exists some v between Yy, /n and y(k;/n) (hence
0<% <1—k;/nby (2.3) and (2.14)) such that

b ()
n Oy \n
B dw;(1 — &)
ECEE T
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Since we assume w; < (n — k;)/4, it is clear that the coefficient of A; here is between —1
and 0, and hence

B dw;(1 — &)
Al = (1 Tl E) - W) .
< uw (3.13)

Putting (3.11), (3.12) and (3.13) together, with probability at least 1 — 2e~%*, we have
conditional upon any graph Gy,

— k; .
Vi, — ny(kia/n)| < HMH+55wih(n,z)+4\/—2wiozi. (3.14)

Note that this is true for each ¢ = o l—1.
For each i up to /¢, define

— ks
b (3.15)

n

J=1

with
bj = 55wjh(n,j) + 4 QUJJ'O(J',

and note that Yy — ny(0) = 0. Consider conditioning for successive i on the event

with no conditioning in the case i = 0. Then, for each i, we obtain (3.14) with conditional
probability 1—2e~%. Thus, by induction and noting that ((n—k;)/(n—k;_1))B;_1+b;_1 =
B;, for 0 < i </ we have

_ i—1
P(|Yy, — ny(ki/n)| < By) H (1—-2e%)>1-2) e . (3.17)

Now we choose k;’s in the following way. Let 5 be a real number with 0 < § < 1/2,
and denote F(t) =t — [(n—1)?] for 0 <t < n. Set ko = 0. Inductively suppose ko, .. ., k;
have been chosen for some i > 0. If F(o(n)) < k; (that is, o(n) — k; < [(n — o(n))?]),
then stop (this determines ¢); otherwise, since F is strictly increasing with ¢, there exists
a smallest integer k;,; such that F'(k;1 1) > k;. In this way we define a sequence 0 =
ko, k1,..., k¢ (< o(n)), which is increasing since F'(k;) < k; implies k; < k;y1. Also, by
definition we have w; = ki—i—l —k; > ((n — ki+1>5—| > (TL — /{Zi+1)/6 and F(ki—i-l — 1) < l{ii,
which implies w; < 1+ [(n — kixq + 1)°] < 2(n — ki1)? as we assume n — o(n) — oo.
Hence, for 0 <i < ¢ — 1, we have

(n — ki—l—l)ﬁ <w; < 2(7’L — ki+1)ﬁ (318)
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which implies in particular that the requirements for the k;’s set at the beginning of the
proof are satisfied. Moreover, for large n we have
6w?

< 24(n — ki) (3.19)

. N <
wih(n, 1) < —— T

Now for any € with 0 < ¢ < 1/4, choose 8 such that 0 < 2¢ < 8 < 1/2. With this
choice of 3, define k;’s as above, and define

a; = (n - ]{71'4,1)6728 (320)

for each 0 < i < ¢ — 1, so that a; < w; is satisfied. Then (3.18) and (3.19) imply that
wih(n, i) < 24,/w;a;, and hence b; < C/w;a;/2 < C(n — ki1)?5,0 < i < — 1, where
(' is an absolute constant (e.g. C' = 1340). Thus, by (3.18) we have for 0 < i < ¢,

L (n— k)P
B, < C(n—k —_
( )]Z:l (n— kj)ite

< Cln—k)y —2t

B j=1 (n—ky)'t+e
B\ . R R
= Onte(1-=2 —n__n
( n>z (1= %)

The summation in this expression can be viewed as an upper Riemann sum of the increas-
ing and convex function 1/(1 — ) on the interval [0, k;/n]. So it can be approximated

by the integral [F/™"dxz/(1 — z)'*¢. The error for this approximation is at most as large
as this integral itself. To see this it suffices to show that

1 1 - 1
(1 — ﬁ)lJrs (1 _ 1‘717—1)1+5 - (1 . kji—l)l+5

n=kia - <2
n—kj -

But this is guaranteed for large n since (3.18) implies

that is,

il R S S S
n—k; (n=k) =2~ (n—o(n)7

and since n — o(n) — oo. Therefore, for 0 < i < ¢, we have

k; ki/n dx 2C
B;<20n'c(1-=2 / — < (n—k)'E 21
< 20n ( n) o (1—mx)tte < £ (n ) (3:21)

Now we estimate the bound in (3.17). By (3.18) we have n—k; > (n—k;y 1)’ +n—k;yy >
n — k;11 + 1 for n sufficiently large, since k; < o(n) implies n — k; — oo. Thus, ;1 > «;
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for 0 < i < ¢ — 1. Therefore, noting that ay_; = (n — k¢)P7% > (n — a(n))?2, the right
hand side of (3.17) is 1 — O(e‘o“’ N =1-—0(e o)) for ¢ = 3 —2¢ >0 by (3.20).

We have now proved that Yy, = ny(k;/n) + 2C(n — k;)'~¢/e holds with probability
at least 1 — O(e*(”*"(”))c), for each 1 = 0,1,...,¢. This can easily be extended to Y; for
0 <t <o(n). In fact, for 0 < t < ky there exists a unique ¢ with 0 < ¢ < ¢ — 1 such
that k; <t < k1. We have |Y; — Yy, | < 2(t — ki) and |y(t/n) — y(ki/n)| < 2(t — k;)/n
(by the first inequality in (3.5) and the Mean Value Theorem) deterministically. So with
probability at least 1 — O(e~ 7)) we have

Y, — ny(t/m)| < [¥i— Yia| + [Yi, — ny(ki/n)] + nly(t/n) — y(ki/n)
< Bi+A(t—k)
< B+ 4w;
< Bi+8(n—ki)’
< 20(n—k)'"Je +8(n — kiy1)'F
< (6C/e +8)(n —kip1)' ™"
< (6C/e+8)(n—t)' =,

Here we used (3.18) and its consequence n —k; < 3(n—k;1), as well as the fact § < 1—¢
which follows from 0 < 2e < < 1/2. For k; <t < o(n), by a similar argument we have

Y; —ny(t/n)] By +4(t — k)

Bg —|— 4(0‘(71) — k‘g)

20(n — k)= /e + 8(n — o(n))”?
(4C/e +8)(n —a(n )) -

(4C/e +8)(n — 1)~

IN A AN IA

with probability at least 1—O(e~"~()%) Here we used the fact o(n)—k, < [(n—o(n))?]
(which follows from the definition of k) and its consequence n — ky < 2(n — o(n)). This
completes the proof of (2.21), in which we may choose Cy to be any number no less than
6C /e + 8.

The proof of (2.22) can be done in a similar manner. For Z; we will be conditioning
on the analogue of (3.16) for Z;,, but also on the concentration given in (2.21) already
established for Y, with high probability. This is because the function g involves y (note
that g(z,y,2) = (f(x,9))?/4 —42/(2 — 22 — y)). Let k;’s and «;’s be as above. For
0 <t < w;, using (3.9) and by an argument similar to the one used in its proof, one can

check that N "
i+t Yiee Zi, Yi, Z, ,
‘g( + ’ kz+t’ kz+t> —g( Lk k) < 44h(n, ).
n n n n’ ' n’ n
This together with (3.2) and (3.8) then gives
ki Yi, Z, ‘
mmwﬂ—%maw><g(nk :)wﬁmw (322)
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Define A;, As, Az, and A4 in a way similar to the previous (replacing f(k;/n, Y%, /n),
y(ki/n) and p(k;/n) by g(k;/n,Yy,/n, Zx,/n), z(k;/n) and q(k;/n) respectively). By using
a supermartingale and (3.22) we have |Ay| < 192w;h(n, ) + 7+/2w;a; with probability at
least 1 —2e~% and by using (3.7) we get |As| < 56w;h(n,i). By the Mean Value Theorem
(and using (2.16)) and (3.21) one can check that

n—k; 6w;
[Ar + Ay| < 7+1|A1| |Yk —ny(ki/n)|
— k; 126’

where C' is the absolute constant defined right after (3.20).

Here we are assuming that (2.21) holds for ¢ = k;, which we may do by imposing
this extra restriction on the graph Gy, which is being conditioned upon in the inductive
argument for Z;. With the particular choices of w; and «; as before, we have w;(n —
ki)7° < 2(n — kiy1)P(n — k)™ < 2(n — kip1)?° < 2y/w;y, and hence the extra term
12Cw;(n — k;)~¢ /e in (3.23) does not cause any extra cost in our proof. So, conditioning
on (2.21) holding for ¢t = k;, we have

| Zipr — nz(kiga /)| < ﬁ'zki —nz(ki/n)| + C1y/wii /2

with probability at least 1 — 2e~% where C} = 48C'/e + 6000 for example.

Now define B; as in (3.15) but with b; = Cy,/w;a;/2 (< Ci(n — kj41)7~°). Condition
for successive i on the event that |Zy, — nz(k;/n)| < B; and that (2.21) holds for ¢ = k;.
The latter condition excludes a set of probability O(e=("~ a(n) ), using the result for Y.
Then in place of (3.17) we have

v
)

P(|Zy, — nz(k;/n)| < B;) (1—2e7% — Qe (=oM%

s S
Il
= o

- (1 —2e%) (1 — O(e~(—o(m)%)

<.
I
o

> (1= O(e (o)) H (1—2e7)

> (1 —O(e (ot (1—22 e af).

Based on this, the rest of the proof of (2.22) is essentially the same as for (2.21) and
hence is omitted. The constant Cy in (2.22) can be any number no less than 6C /e + 14,
and hence is applicable to (2.21) as well. The desired probability 1 — O(e~(r=om)"/*7)
in Theorem 4 is obtained by setting 5 = 1/2, specifically in { = § — 2e.

|

27



3.2 Phase 2: t;<t<n-—2

Proof of Theorem 5 We can bound the value of Y for ¢; <t <ty by considering the
following events, where t; < s <i <ty andn—1i > |(n—s)/2]:

Yi+ Z; 2
Li = — >
n—i (logn)r

Y.+ 72, Y.+ Z, Y.+ 2, Y.+ Z, 1
Ja = (04 BT ey 4 gy and DTG 5 e
n—i n-—s n—j n-—s (logn)r

fors§j<i}

where 3(n) = 1/(loglogn)?. Suppose that

n — tl
Y;fl + Zt1 < 7(10g n)p
but that L, holds for some u < t5. Choose u to be minimum with this property. Then
there is a minimum vy with ¢; < vy < w such that (Y; + Z;)/(n — i) > 1/(logn)? for
vo < i < u. It follows that (Yy,—1 + Zyy—1)/(n —vo + 1) < 1/(logn)? and hence (Y, +
Zyy)/(n—1vg) ~ 1/(logn)? since Yy, + Zyy < Yyo—1 + Zuyy—1 by the monotonicity of Y + Z.
Defining inductively n — vy = |(n — vg_1)/2], we have n — vy < n —u for k > k', where
k' = [logy((n —t1)/(n —u))] = O(loglogn). Thus the first inequality in J;; must hold
for some s and ¢ with vg < s <i <wandn—1i> [(n—s)/2], since otherwise

Yu Zu K) / + Z'U /
+ < k'—1 k-1 (1 + ﬂ(n))

n—u n — Up_q

mo g 4 )
= (logn) (1 + mn))O(loglogn)
= (logn) (1 +o(1)),

contradicting L,. Then we may assume that the inequalities (Y; + Z;)/(n — j) > (Y5 +
Zs)/(n —s), s < j < i, in the definition of Js; are satisfied since otherwise s can be
increased, holding j fixed, until this is the case. Note that (Y + Z;)/(n — s) > (logn)~"
by the choice of vy. So all the inequalities in J,; hold for such s and 7. In addition, by
the minimality of u, L, does not hold. Hence for u < 5 as above

n — tl —_—

L,ANJY; Iy, < ——- 7 C Jei N Lyg). 3.24

{ t1 + t1 (logn)ﬂ} = t1§5\</i§t2 ( , ) ( )
n—i>|(n—s)/2]

We next show that for all s and ¢ in the range given, P(J,; A L) = O((logn)™*) for
all fixed K > 0. This requires a tail bound for a random sequence such as Y; + Z;, which,
with probability close to 1, does not change in any given step. This is not easily accessible
in the literature (though McDiarmid [2] has quite similar results for martingales) so we
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give the following lemma. Here we use a supermartingale which with high probability,
at least 1 — O(\), has a small difference, O(A) (where A — 0). The proof uses standard
methods. In some sense it extends the argument in [4] which concerned the case that the
sequence differences are independent and identically distributed.

Lemma 3 Let Xo,..., X, be a supermartingale with respect to the process Gy,...,G,,
with Xo = 0. Let C' be a positive integer. Suppose that Wy := X; — X;_1 takes on at most
C' different values, u; (7 =0,...), and that |u;| < C for all j. Suppose furthermore that
for some 0 < \ < 1,

(i) EWZ2| Go,...,Gi1) < X for allt <7 and all Gy, ..., G4,
(if) Juo| < A,
(i) P(Wy £ wo | Go, ..., Gi1) < X for allt < r and all Gy, ...,Gi_1.
Then for any o with 0 < o < Ar/C,
P (X, > a) < exp(—a?/2\r + C3a?® /A\?r?).
Proof At first, fix t and Gy, ..., Gy_1. Letting p; = P(W, = v; | Go, ..., Gi_1), we have
|huj| <1 for 0 <h < 1/C (to be chosen shortly) and so

. 1
E(ehWt ’ G07 . ,thl) = ijehuj =1+ thjuj + §h2 ijui + (bh?) iju?’
j J I ’

where |¢| < 1/2, by Taylor’s formula. The first summation is E(W; | Go,...,Gi—1) <0
since (X;) is a supermartingale. The second summation is E(W?2 | Gy, ...,Gy_1) < A by
assumption (i). The third summation is at most 2C3\ by (ii) and (iii) and the assumptions
about the u;. So we have

1
log E(¢™ | Go,....Gry) < log (1 R+ h303)\)
1
< §h2>\ + R3C3, (3.25)
Now consider 0 < a < Ar/C'. Using Markov’s inequality for the second step,

PX,>a) = P (th’“ > eha>
e "R (thT)
c—hoR (thr,lehWT)

_ e_haE (thrflE(eh’Wr | GO, ey G’r‘—l))

IN

1
< exp <—ha + ihz)\r + h303)\r)
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from (3.25) and by proceeding inductively. (Note: the second last step uses the fact that

E(AB) = E(AE(B | ()) for any random variables A, B and C' with A a function of C.)

Selecting h = a;/Ar to minimise the quadratic part, this becomes the bound in the lemma.
|

We will apply Lemma 3 to the event J,;, conditioning on Lg, where [(n — s)/2| <
n —1i < (logn)", for sufficiently large n. For all Gy, from the argument leading to (3.1)
and (3.2), and noting (2.2) and (2.3), we have

U, +22) Y, (Y, +1)/2 - 42,

EYi+2Z0 - Y, - Z|G,) = — (g’f)—Zt

YN+ Z
n—t

(3.26)

Similarly,
Un(Ye +27;) =Y, (Vi +1)/2 = 2Z,(Yi + Z; + 1)

(%) -2

PYin+Z —Y,— 2, #0|Gy) =

Ut(Yt + 2Zt)
< AN
(2)"Z
o 2AYi+22)
- Uy —2
o Atz (3.27)
- n—t

Here we used (lét) — Zy > Uy(Uy — 2) /2, which can be proved by using (2.3).

Let
Y, + Z,

n—s

u:

Let Do(u), D1(p), ... be independent copies of the random variable D(u) with P(D(u) =
u) =1—pand P(D(u) = p— 1) = p. At this point, take G fixed and consider the
rest of the process, up to GG;. Note that for this process, we only need to condition on
Gs.¢ rather than G, ..., G4y, since they both determine the same induced probability
for (Ggit, Gsit41, - .). We are only concerned with s +¢ < ¢, so for the lemma, r =i — s.
Define for ¢t > 0

Woo — (Yoiro1 + Zspir1) — Yot + Zoyt) + 1, Yo +Zepy > (n—s—1t)u
o Dy(), otherwise

and
Xo =0, Xy = Xy + Wi

If Yoit + Zsit > (n — s — t)p, then using (3.26) we have

E(Wi1 | Gswt) = E(Yorii1 + Zosii1 — Yot — Zowt | Gsr) + 0 < 0;

30



whilst if Y4t < (n — s — t)p then E(Wiyy | Gsiu) = ED() = 0. Thus (X;) is a
supermartingale with respect to (Gsy¢). In addition, if J; holds, then Yy + Zsyy >
(n—s—t)u for all t with 0 < ¢ < i — s, and hence we get

Xt = Y;+t -+ Zs+t - 1/; - Zs + t,LL (328)

by solving the difference equation X;11 — Xy = (Ysorir1 + Zsrir1) — Yot + Zsyt) + 4,
Xy =0.

Note that Wiy = p, p— 1 or p— 2 since (Vo411 + Zsrin1) — Yere + Zst) =0, —1 or
—2 as mentioned in the paragraph following (2.4). So with ug = p and A = 34y, we may
let C'= 3 in Lemma 3 (for n sufficiently large), and only the conditions (i) and (iii) still

need to be checked (noting that A < 1 by Ls). By (3.27) we have

4(Yors + Zsis) < 8(Ys + Zs)
n—s—t - n—s

P(Wiq # uo | Goye) < = 8u < A,

for n sufficiently large, usingn —s—t>n—i+1> (n—s)/2 and Yy + Zsye < Ys + Zs.
This gives (iii), and also implies

E(WZ | Gope) < p® +P(Wipn # ug | Goye) max W2, < p® 4320 < A

for n sufficiently large, since then x4 < 1 because s < t, and L, holds. Thus part (i) of the
lemma also holds.

We may now apply the lemma with r = i — s, under the condition Js; A L,. Note
that the first condition in the definition of J,; implies by monotonicity of ¥ + Z that
n—s> (14 /8(n))(n—1i) and hence

r=i—s5>03(n)(n—1i)=(n—1)/(loglogn)?

Also note that 7 < n—s—1 < 2(n —1), and X\ = 34p > 34/(logn)?, whilst L, implies
that A < 68/(logn)”. Thus, with both these assumptions,

Bo(n—4) o 3n-0)
(logn)> = = (logn)r(loglogn)?’

Since n —1i > n — ty > logn, applying Lemma 3 with o = (n —4)/(log n)**2)/3 gives

n-—1

P (XT > Q‘Js,i /\I:) < exp {—@ <(l(ygn)(2+9)/3>} < exp {_@((logn)(lfp)/?))} .

This implies
P ({X, > a} A Ju|L.) < exp {=0O((logn)="7/%)} (3.29)

as P(AA B|C) < P(A|BAC) for any events A, B, C.
On the other hand, assuming J,; and Ly, by (3.28) we have
X, = Vit Zi—Yam Zot 1> (14 B))(n — iy — (n — i > 200 5
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for n sufficiently large. Thus, J,; C {X, > a} A J,; conditioning on Ly, and from (3.29)
we have

P (Js,i A fs) S P (Js,z|fs> < exp {_®<(10g n)(l—p)/3)} :

Note that there are O((logn)?") such events Js; A Ls. Note also that G, € G, implies
Yy, + Z;, < (n—t1)/(logn)?. Thus, by (3.24) the probability that L, holds for some u
with 1 < u < t, given Gy, € Gy, is O((logn)™%) for all K > 0. In view of (2.25), this
proves Theorem 5. 1

To prove Theorem 6 we first note the following consequence of [5, Lemma 3.1].

Lemma 4 Let 0 <t < n, and suppose that G is a graph such that P(G; = G) # 0. Let
v be a vertex of degree less than 2 in G. The probability that in a random 2-process, v is
not incident with any of Fy1, ..., Ey, conditional upon Gy = G, is O((n—t'+1)/(n—1))
as n — oo uniformly over all t' > t.

Proof of Theorem 6 Since Y + Z is non-decreasing, (2.27) follows immediately from
G € Gy. Applying Lemma 4 to t = t5 and a graph G € G,, the expected number of
isolated vertices which remain isolated in G, is O((n—t3)/(n—t2)Y (GQ)) = O((logn)°=*).
Hence (2.28) follows by the first moment principle. Since Z;, < (logn)'™" by (2.27), the
same argument gives (2.29). 1
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