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In proving Witten's conjecture, Kontsevich produced an amazing combinatorial
formula relating intersection numbers on moduli spaces of curves with enumeration
of ribbon graphs. Recently, Mirzakhani gave an entirely different proof by relating
these intersection numbers to the volumes of moduli spaces of hyperbolic surfaces.
In this talk, | will outline how Kontsevich’s combinatorial formula emerges naturally
from studying the asymptotics of Mirzakhani's volumes.
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What is Witten's conjecture?

@ Moduli space of stable curves with genus g and n marked points

Mg.n

@ Psi-classes on M, ,

¢17¢27-~-’¢n€H2( gna@)

@ Intersection numbers of psi-classes

[ 2. am € QF where [o| =3g —3+n
Mg.n

Witten's conjecture

| can find a generating function for these intersection numbers and a
system of differential equations (the KdV hierarchy) which this
generating function satisfies. These uniquely determine all intersection
numbers of psi-classes.
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Kontsevich's proof and Mirzakhani's proof
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Kontsevich's combinatorial formula

Kontsevich's combinatorial formula

22g—2+n 1
[Aut(F)]

2a — 1)
DR BTN | 6 =L S

|o|]=3g—3+n " Ma.n FeTRG ecr St(e) T Sr(e)

o LHS: polynomial in 2, L . . L1

CRE R Y s,
o coefficients store all intersection numbers on My,
@ RHS: rational polynomial in s1,s5,...,s,

e outside: sum over trivalent ribbon graphs I' of type (g, n)
o inside: product over edges of '
o between: a constant

@ Remarks

o |Aut(I)| is almost always 1
e {(e) and r(e) are the labels on “the left” and on “the right” of e
o Kontsevich's combinatorial formula is unbelievable!
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What is a ribbon graph?

A ribbon graph of type (g, n) is
@ a graph with a cyclic ordering of the half-edges at every vertex
@ which can be thickened to give an oriented surface of genus g and

@ n boundary components labelled from 1 up to n.

Trivalent ribbon graphs of type (0, 3)

Trivalent ribbon graph of type (1,1)

Sl

Norman Do A new path to Witten's conjecture via hyperbolic geometry




Kontsevich's combinatorial formula at work

@ Consider g =0 and n= 3.
@ The LHS is easy!

i, Y1¥5YS

515253

LHS

@ For the RHS, we obtain one term for each of the four trivalent
ribbon graphs of type (0, 3).

2 2
+
2s1(s1 + =2)(s1+ 53)  252(s2 + 83)(52 + 51)
2 2
+ +
2s3(s3 +s1)(s3+52) (51 + s2)(s2 + s3)(s3 + s1)
5253(52 + 53) + 5351(53 + 51) + 5152(51 + 52) + 2515253
s15253(51 + 52) (52 + 53) (83 + 51)
(s1 + 52)(s2 + s3)(s3 + 51)
s15253(s1 + 52)(s2 + s3)(s3 + 51)
1

515253

e Conclusion: fﬂ” PR3y = 1
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From algebraic curves to hyperbolic surfaces

algebraic curves
with genus g and
n marked points

Riemann surfaces
with genus g and
n marked points

hyperbolic surfaces
with genus g and
n cusps

3

hyperbolic surfaces
with genus g and
n geodesic boundary
components

o Let Mg n(L1, Lo, .., L,) denote the moduli space of hyperbolic

surfaces with geodesic boundaries of lengths Ly, Ly, ..., L,.
@ It has the Weil-Petersson symplectic form w. ..
3g—3+n

M w
@ ...and the Weil-Petersson volume form Be=3ra)"

@ Remark: As the geodesic boundary lengths vary, the symplectic
structure varies.
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Volumes of moduli spaces

Question

What is the volume of M, (L1, Lo, ..., L,) with respect to the
Weil-Petersson volume form?

Answer (Mirzakhani)

The volume Vg (L1, Lo, ..., L) of Mg o(L1,Ls,...,Lp,) is given by the
following formula.

(2m)m ay an,.m 2011 j 2cx 2
—_ Lo L{ONL52 L L5%n
Z Slalalml /ﬂg,n Uy Yo" Ky 1k n

|| +m=3g—3+n

@ This is a polynomial in Ly, Lo, ..., L,.
@ lIts coefficients store all intersection numbers of psi-classes. . .

o ...and the 51 class on M, .
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Why volume asymptotics?

Kontsevich's combinatorial formula (again)

22g—2+n 1
[Aut(T)|

2c — 1)
DR SRR | 6 = b S

|a|=3g—3+n TETRGg,n ecr St(e) T 5r(e)

INTERSECTION NUMBERS < RIBBON GRAPHS

Volume asymptotics and the LHS

The intersection numbers of psi-classes are stored in the top degree terms
of Mg n(L1,Ls,...,L,). The top degree terms arise when we consider
the volume polynomial as the lengths Ly, Ly, ..., L, approach infinity.

Volume asymptotics and the RHS

As the lengths L3, Ly, ..., L, approach infinity, the elements of
Mg n(L1, Ly, ..., L,) look more and more like ribbon graphs.
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Volume asymptotics

@ Take the asymptotic limit. . .

Vig,n(Nxy, Nxo, . .., Nxp) _ Z W—“n 2a1X22a2 ...Xﬁa“

lim X
N oo N6g—6+2n 23g—3+nq| 1
|a|=3g—3+n

.then take the Laplace transform

f O‘1 Qp
r Z Meg.n T 2eg 22 200,
B R
|a|=3g—3+n
= a an p
- 3 dMgn 7L 0 Iz 2%k
B 23g—3+nq| X
|o|=3g—3+n k=1
r ay o
B S, 01t a2 (2a)!
- 3g—3+nqI| ]._.[ 200 +1
|a|=3g—3+n 2 a k=1 Sk

/ H (20 — 1!
o o 2ak+1

= LHS of Kontsevich's Combinatorial Formula

|a|=3g—3+n
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From volumes to Kontsevich's combinatorial formula

Our approach to Kontsevich's combinatorial formula

Laplace transform of asymptotics
IEDIET] LHS of Kontsevich's
Combinatorial Formula

volume of moduli
space of hyperbolic
surfaces

Laplace transform of asymptotics
using another method RHS of Kontsevich's
Combinatorial Formula

RHS of Kontsevich's Z 2%2g—2+n 1

binatorial formula  —
combinatorial formula reTRG [Aut()] et Ste) + Si(e)

@ Why do we get a sum over trivalent ribbon graphs?

@ Why do we get a product over the edges of the graph?

@ How can we calculate the constant in front of the product?
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Divide and conquer

@ We can assign a ribbon graph of type (g, n) to a hyperbolic surface
of genus g with n geodesic boundary components.

Mg n(Nx1, Nxa, ..., Nxp) = U M 2(Nxy, Nxa, . .., Nxp,)
FERG, .,

Vien(Nixa, N, ., Nixg) = > Vi (N, Nixg, -, Nixy)
r€TRG;.,

@ We only see trivalent ribbon graphs because they are generic.

This explains why we get a sum over trivalent ribbon graphs. J

@ It now suffices to prove the following for a trivalent ribbon graph I
of type (g, n).

\/r (NXl, NXQ,

ooy Nxp) 1
E [im Ehtl ! = 22g72+n - @
{N*»oo N\/6g—6+2n } GI;IF St(e) T Sr(e)
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From hyperbolic surfaces to ribbon graphs

Key geometric observation

In the N — oo limit, the elements of M, ,(Nxi, Nxo, ..., Nx,) become
metric ribbon graphs of type (g, n). Metric means that there is a positive
length associated to each edge.

@ To calculate the volume V[ (Nxy, Nxa, ..., Nx,) in the N — oo
limit, we need
o local coordinates,
o the region of integration, and
o the volume form.

@ Once we fix a trivalent ribbon graph I of type (g, n), we have local
coordinates (ey, ey, .. ., e5g,5+3n), corresponding to the edge lengths
of the metric ribbon graphs.
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Region of integration

@ In the N — oo limit, the region of integration consists of all tuples
(e1,€,...,E65—6+3n) € Rig_6+3" which satisfy n linear constraints,
one for each boundary component.

@ Therefore, in the coordinates, e;, ey, ..., €55—6+3n, the region of
integration is a polytope.
@ Check: the dimension of this region is

(6g —6+3n)—n==6g—6+2n.

Nx; = e +es
NX2 = e t+et+e+ 6
Nx3 = e3+ e
Nxg = ee+ete+e

<
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Volume form

Theorem (Wolpert)

Suppose that the lengths {1,05, ..., leg_6+on Of simple closed geodesics
V1sY2, - - - » Yog—6+2n Give local coordinates for Mg (L1, Lo, ..., Ly).
Then the Weil-Petersson volume form is
1
——— dli ANdlO A ...\ dlgg_61on
vdet W ' £-o%
where Wy =3 . -, cosfp.

@ In the N — oo limit, W is a constant integer matrix since
0, =0o0rm=cosfl,=1or —1.

@ We can choose v so that d¢ = 2de.

In the N — oo limit, the Weil-Petersson volume form can be written as

C de1 VAN d82 VAN de6g,6+2,,.
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Volume calculation

@ Good news: Using the coordinates e;, e, ..., €sg—6+3n, the region of
integration AND the volume form are simple!

@ Now we want to compute the volume of a polytope.

Volumes of polytopes

Suppose that A is an M x N matrix with non-negative entries and rank
M. Let 5(x) = {e € RY | Ae = x} and let V(x) be the volume of 5(x)
with respect to dep11 A depaa A ... Adey. Then

D

AVO =

where D = det[A;]}.

This explains why we get a product over the edges of the graph. )
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Volume calculation example

Nxg = e +es
Nxa = e+e+e+es
Nx3 = e+ 6
Nx, = e +e + €3 + ey

L{Nnm V0|:4(NX1,NX2,NX3,NX4)/N2}
—00

= £{C x V(Nxi, Nx2, Nx3, Nxz)/ N>}
= CxL{V(x1,x2,x3,xa)}
CxD
(51 + sa)(s2 + s4) (53 + s2)(s2 + s2) (51 + 52) (52 + s3)
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Combinatorics of the constant

@ How can we calculate the constant in front of the product?
o Take the constant in the volume form,
o take the constant in the volume calculation, and
o put these together to get. ..

NORM's COMBINATORICS PROBLEM

Consider a ribbon graph of type (g, n). Colour n of the edges blue and
the remaining 6g — 6 + 2n edges red. Let A be the n x n matrix formed
from the adjacency between the blue edges and the faces. Let B be the
(6g — 6+ 2n) x (6g — 6 + 2n) skew-symmetric matrix formed from the
oriented adjacency between the red edges. Then

det B = 22672 (det A)*.

This will explain how we can calculate the constant in front of the
product.

Norman Do A new path to Witten's conjecture via hyperbolic geometry



The following is a ribbon graph with

g=0 and n=26.

|

Norman Do A new path to Witten's conjecture via hyperbolic geometry



The following is a ribbon graph with

g=0 and n=26.

detB = 2%872 x (detA)?
256 = i X 322
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