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1 Introduction

Aganagic, Klemm, Mariño and Vafa introduced the theory of the topological vertex for the e�ective com-
putation of open Gromov–Witten invariants, motivated by the duality between Chern–Simons theory and
Gromov–Witten theory [2, 7]. Li, Liu, Liu and Zhou provided a rigorous mathematical construction of the
topological vertex in terms of formal relative Gromov–Witten invariants [14]. We will relate this construction
to Gromov–Witten invariants of three-dimensional log Calabi–Yau manifolds, which are computable using
a calculus of tropical curves. This perspective provides an algebra of tropical symmetries of the topological
vertex; hence, ‘the tropological vertex’.
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The aforementioned tropical symmetries arise as a representation of a quantum torus Lie algebra, which is
introduced in Section 13 and comes in two forms. The small quantum torus Lie algebra ts has generators
T(a,b) for (a, b) ∈ Z2 \ {(0, 0)} that satisfy the commutation relations

[T(a,b), T(c,d)] = [ad− bc]q T(a+c,b+d) ,

where we use the slightly unconventional notation [n]q := −i(qn/2 − q−n/2) = 2 sin(n~/2). This small
quantum torus Lie algebra is associated to a real 2-dimensional torus with Lie algebra t2 so that the Z2 used
to index the generators corresponds naturally to the integral lattice Z2 = t2Z ⊂ t2. The big quantum torus
Lie algebra tb is a central extension of ts by t2, with generators that satisfy the commutation relations

[T(a,b), T(c,d)] = [ad− bc]q T(a+c,b+d) + δ(a+c,b+d),(0,0)(a, b) .

Our quantum torus Lie algebra can be regarded as a quantisation of the Lie algebra of the tropical vertex
group of Gross, Pandharipande and Siebert [8], and also appears as the Lie algebra of the quantum tropical
vertex group of Bousseau [4].

The main result of this paper is the following, which appears subsequently with proof as Theorem 15.1.

Theorem. For any v ∈ t2Z, we have (
Wv,1− +Wv,2− +Wv,3−

)
T = 0 .

One can think of T as a partition function for the topological vertex, storing certain Gromov–Witten invari-
ants of C3, whose toric graph comprises three legs adjacent to a single vertex. The operators Wv,` encode
Gromov–Witten invariants that virtually count holomorphic curves with an extra constraint corresponding
to v ∈ t2Z on the leg ` of the toric graph. Using a calculus of tropical curves, we prove that the map

Tv 7−→ Wv,1− +Wv,2− +Wv,3−

produces a representation of the small quantum torus Lie algebra ts. Thus, our main result demonstrates
that tropical symmetries of the topological vertex are captured by the action of a quantum torus Lie algebra.
The relevant definitions and full details required for the statement and proof of the theorem above appear
in the remainder of the paper.

The geometric setup for our analysis and results appears in Sections 2 to 4.

• In Section 2, we discuss how to construct log Calabi–Yau manifolds from toric Calabi–Yau manifolds
and relate the topological vertex to Gromov–Witten invariants of these log Calabi–Yau manifolds. The
Lie algebra t2 described above makes its first appearance here as an algebra of symmetries for such
manifolds.

• In Section 3, we describe how holomorphic curves in these log Calabi–Yau manifolds can be studied
via tropical curves in a singular integral a�ne space.

• In Section 4, we introduce the spaces used to encode Gromov–Witten invariants of these log Calabi–
Yau manifolds. In this three-dimensional Calabi–Yau setting, it turns out that these evaluation spaces
have a holomorphic symplectic structure and the image of the moduli space of holomorphic curves is
holomorphic Lagrangian.

The algebraic setup for our analysis and results appears in Sections 5 to 8.

• In Sections 5 and 6, we explain how to encode Gromov–Witten invariants using cohomology classes
and package them in suitable generating functions. We then introduce a Novikov ring N in which
such generating functions naturally reside, which allows us to keep track of the symplectic area and
Euler characteristic of the curves that we enumerate.
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• In Sections 7 and 8, we package the possible constraints for the Gromov–Witten invariants of interest
into an algebra H, which plays the role of a bosonic Fock space of quantum states. We encode the
full Gromov–Witten theory in a partition function exp η ∈ H that can be determined tropically, but
contains more information than the topological vertex. The topological vertex partition function ZX̄
is obtained by projecting H to a subalgebra H±, corresponding to counting holomorphic curves with
particular constraints. This constrained state space H± is naturally a tensor product of algebras H±`
over the legs ` of the toric graph associated to our toric Calabi–Yau manifold.

The analysis that leads to a proof of our main result appears in the remaining Sections 9 to 15.

• In Section 9, we reformulate the gluing formula for topological vertex partition functions in the lan-
guage of this paper. This formula can be derived from the tropical gluing formula appearing in
previous work of the second author [21, Equation (1)]. We briefly present this tropical gluing formula,
which is also required for subsequent arguments in the paper.

• In Sections 10 and 11, we calculate Gromov–Witten invariants in the simplest cases by using the
tropical correspondence formula for three-dimensional toric manifolds as a key input [20]. This allows
us to give a complete analysis of the cases X = C × (C∗)2 and X = C2 × C∗, which correspond to
the empty tropical graph and the tropical graph with no vertices, respectively.

• In Sections 12 and 13, we construct operators Wv,` on H+
` that encode Gromov–Witten invariants

counting holomorphic curves with an extra constraint corresponding to v ∈ t2Z \ {0}. Theorem 12.2
states that these operators provide a representation of the big quantum torus Lie algebra tb, corre-
sponding to a projective representation of ts. The proof involves the calculus of tropical curves, using
diagrams such as that pictured in Figure 1. It also relies heavily on the aforementioned tropical gluing
formula and three-dimensional tropical correspondence formula of the second author [20,21]. We then
prove that this is a highest weight representation with weights calculated in Lemmas 12.3 and 12.4.

= +

Figure 1: Wv,`Ww,` =Ww,`Wv,` + [v ∧ w]q Wv+w,`

• In Section 14, we analyse the behaviour of the operatorsWv,` under a change of framing. Recall that
a choice of framing is required for each leg ` in order to define the topological vertex. We prove that
the structure ofH+

` as a highest weight representation does not depend on the framing, so the framing
change isomorphism FX̄ is an isomorphism of representations. Again, the proof involves the calculus
of tropical curves, using diagrams such as that pictured in Figure 2.

=

Figure 2: FX̄ ◦Wv,`1 =Wv,`−2
◦ FX̄ .

• In Section 15, we consider the topological vertex partition function, corresponding to the toric Calabi–
Yau manifold X = C3, whose toric graph comprises three legs adjacent to a single vertex. The
partition function ZX̄ is an element of the algebra H+

1− ⊗ H
+
2− ⊗ H

+
3− , which has a representation

of the small quantum torus Lie algebra ts induced from the representations of tb on the three tensor
factors. We state and prove our main results — Theorem 15.1 and Corollary 15.2 — which assert that
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ZX̄ is invariant under this action, thereby giving rise to tropical symmetries of the topological vertex.
Once again, the proof involves the calculus of tropical curves, using diagrams such as that pictured in
Figure 3. We conclude the paper by showing how these symmetries allow one to e�ectively calculate
the topological vertex in Lemmas 15.3 to 15.5 and Corollary 15.6.

+ =

Figure 3: Two ways of calculating a Gromov–Witten invariant to derive tropical symmetries of the topolog-
ical vertex.

Our general approach relies on the theory of exploded manifolds developed by the second author in a series
of previous works [19,20,21,22,23,24]. However, our main results only depend largely on two main outputs
of that program — the tropical gluing formula and the three-dimensional tropical correspondence formula.

In a separate paper, we give an independent proof of our tropical symmetries using the operator formalism
on the infinite wedge space and discuss consequences for the integrability of topological vertex partition
functions [6]. In that context, we observe that the operatorsWv,` introduced in this paper agree with the E
operators that arise in the Gromov–Witten/Hurwitz correspondence of Okounkov and Pandharipande [18].

2 From toric Calabi–Yau to log Calabi–Yau

A toric Calabi–Yau threefold X is a (non-compact) toric manifold with dimCX = 3 and a holomorphic
volume form Ω. In toric coordinates,

ΩX = f
dz1

2πiz1
∧ dz2

2πiz2
∧ dz3

2πiz3
,

where f : X −→ C is a globally defined holomorphic function, whose vanishing set is the toric boundary
divisor of X . So on the interior of X, ΩX is f multiplied by the unique (C∗)3–invariant holomorphic 3-form
with integral equal to 1 on each each torus fibre. Assume that the toric fan1 of X is convex and that f is a
primitive monomial in the toric coordinates.2 Let X̄ be a smooth toric compactification of X such that f
extends to a meromorphic function on X̄, and vanishes only on the toric boundary strata of X ⊂ X̄ .3 The
form

ΩX̄ :=
ΩX

1− f
extends to a meromorphic volume form on X̄ with poles at the simple normal crossing divisor

D := f−1(1) ∪ (X̄ \X)

and (X̄,D) is a log Calabi–Yau manifold with logarithmic holomorphic volume form ΩX̄ . We will study
Gromov–Witten invariants of X̄ relative to the simple normal crossing divisor D and relate these to the
topological vertex of Aganagic, Klemm, Mariño and Vafa [2].

1The toric fan of X naturally embeds in the Lie algebra of (R∗)3 ⊂ (C∗)3. Each stratum N of the boundary divisor corresponds
to the cone comprised of vectors v in this Lie algebra such that the flow of v fixes N , and flows generic points towards N . Identify
the Lie algebra of (R∗)3 ⊂ (C∗)3 with i times the Lie algebra t3 of T3 ⊂ (C∗)3, so there is a natural notion of integral vectors. Each
codimension 1 component of the toric boundary of X is the positive span of a primitive integral vector v. The monomial f determines
a C–linear function wf on the Lie algebra g of the algebraic torus (C∗)3 acting on X such that the derivative of f under the flow of
v ∈ g is wf (v)f . The condition that the zero set of f is the toric boundary divisor of X is equivalent to wf (v) = −1.

2The condition that the toric fan of X is convex implies that f must be a toric monomial times the exponential of a global
holomorphic function, so we can always deform ΩX until f is a toric monomial.

3We can restate the conditions on X̄ in terms of toric fans. The condition that f extends to a meromorphic function is that the toric
fan of X̄ includes cones whose union is the kernel of wf , and the condition that f not vanish on any of the new boundary components
of X̄ is that wf ≥ 0 on the rays corresponding to the new codimension 1 toric boundary components of X . This is achievable because
the toric fan of X is convex.
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2.1 Toric graphs

Let T2 be the sub-torus preserving f , and let t2 be the corresponding Lie algebra. This has a canonical
integral lattice, t2Z ⊂ t2 comprised of the elements whose time 1 flow is the identity. Choose a T2–invariant
symplectic form ω on X̄ defining a Kähler structure.4 This can be a toric symplectic form, however the
following discussion does not require that ω be T3 invariant.

The moment map of the T2-action is a map

π : X̄ −→ (t2)∗ = R2 ,

defined up to translation by the condition that for v ∈ t2 and ṽ the corresponding vector field on X,
−iṽω = π∗dv, where we consider v as giving a linear function on (t2)∗. Within X ⊂ X̄, the T2-action is free
away from toric boundary strata of codimension at least 2; the image of these strata is a graph called the
toric graph of X . The edges of this toric graph travel in integral directions: if the flow of v ∈ t2 is constant
on the stratum over an edge, then the linear function v on (t2)∗ is constant on that edge. For an edge e, a
choice of primitive integral generator ve ∈ t2Z for the sub-torus preserving this stratum then corresponds to
a choice of coorientation of e. Call such a ve a normal vector to the edge e. Vertices of this toric graph are
trivalent, and with a cyclic choice of coorientation of the edges leaving a vertex, the corresponding normal
vectors sum to 0. Moreover, we can always choose Z-a�ne coordinates (x, y) centred on a vertex such that
these cyclicly oriented normal vectors are (1, 0), (0, 1), and (−1,−1).

The edges of a toric graph can also end at the boundary of π(X̄), which is a compact, convex polytope.
Such an end is called a leg. In X̄, this leg ` corresponds to a 0-dimensional stratum of X̄, the intersection of
two codimension 1 strata of X, and one extra codimension 1 stratum X̄` of X̄ . Our conditions on X̄ ensure
that this extra stratum is necessarily fixed by the flow of some primitive w` ∈ t2Z such that the corresponding
boundary face of the polytope π(X̄) is where the linear function w` on (t2)∗ is constant and achieves its
maximum. Moreover, w` and the normal vector to the edge form a basis for the lattice t2Z, so there exist
Z-a�ne coordinates (x, y) such that the edge is a positive ray in the x direction, and w` = x. Di�erent
choices of compactification X̄ ⊃ X lead to di�erent w`, and a choice of such w` is called a framing. See
Figure 4 for an example of a toric graph.

Figure 4: A toric graph with four legs and framing vectors (−1, 0), (−1, 0), (0, 1), (0,−1).

This stratum X̄` ⊂ X̄ naturally has the structure of a 2-dimensional log Calabi–Yau manifold. The divisor
D` ⊂ X̄` is the intersection of X̄` with the strata of X̄ that don’t contain X̄`. To obtain the holomorphic
volume form ΩX̄` on X̄`, denote by ιw`ΩX̄ the holomorphic 2–form on X̄ obtained by inserting the vector
field generating the flow of w`; so if z is a primitive monomial vanishing on X̄` ⊂ X̄, then ΩX̄ = − dz

2πiz ∧
ιw`ΩX̄ . Then ΩX̄` is the restriction of ιw`ΩX̄ to X̄` ⊂ X̄ . We will also think of ΩX̄` as a holomorphic
symplectic form on (X̄`, D`).

2.2 Lagrangian �brations

The holomorphic map
f : X̄ −→ CP1

is a submersion away from 0 and ∞, and the nondegenerate fibres are Kähler, with structure preserved by
the T2-action. Parallel transport orthogonal to fibres defines a symplectic connection on this bundle. This

4This Kähler form ω is a smooth form on X̄, and hence degenerate as a logarithmic 2-form. As such, it cannot be chosen compatible
with the logarithmic holomorphic volume form ΩX̄ to reduce the structure group to SU(3); for example, it is impossible for ΩX̄ ∧ Ω̄X̄
to be proportional to ω ∧ ω ∧ ω.
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connection preserves the symplectic structure, and also the T2-action and its moment map π. We can use
this connection to define various Lagrangians inX and X̄ . Because the moment map π is preserved, parallel
transport of a T2-orbit around any smooth closed curve γ in CP1 \ {0,∞} closes up to give a Lagrangian
torus in X̄ . Moreover, this Lagrangian is f−1(γ) ∩ π−1(p) for some point p ∈ (t2)∗. For example, the
T3-orbits are the parallel transport of T2-orbits around the loops where |f | is constant. Parallel transport
around the loops where |f − 1| is constant defines a nice singular Lagrangian torus fibration on X̄ such
that the behaviour of this fibration around the divisor D ⊂ X̄ is like the behaviour of a toric fibration near
the toric boundary divisor. Moreover, ΩX̄ is purely real on these Lagrangian fibres, so this is a special
Lagrangian fibration. The geometric significance of this is that, if ω defined a Kähler metric in which ΩX̄
was covariantly constant, then these special Lagrangian fibres would have minimal volume, because their
volume coincides with the integral of the closed form ΩX̄ . In f

−1(0), there are singularities of this fibration
where df = 0, but as df 6= 0 away from codimension 2 strata of X, the fibration is smooth away from such
strata. So, we have singular Lagrangian torus fibration

(ln |f − 1| , π) : X̄ −→ [−∞,∞]× (t2)∗ ,

which is smooth away from the embedding of the toric graph in {0}× (t2)∗, which we will call the singular
locus. We will also refer to the inverse image of this graph in X̄ as the singular locus — this is actually a
union of holomorphic spheres, one over each edge of the toric graph; it is also the locus where f = 0 and
df = 0. Over any point in an edge of the singular locus, the fibre degenerates to an immersed Lagrangian
S1 × S2 which intersects itself in a circle where f = 0. These singular fibres degenerate further to have a
more complicated singularity at f = 0 over a vertex.

On the complement of the singular locus, the smooth Lagrangian torus fibration induces a Z-a�ne structure
on the base. This structure is such that if (x1, x2, x3) are local Z-a�ne coordinates on the base, they locally
generate a free Hamiltonian T3-action on X̄ with orbits the Lagrangian torus fibres. If w ∈ t2 is integral, the
corresponding linear function on (t2)∗ is a Z-a�ne function, however there is monodromy in the Z-a�ne
structure around the singular locus, so there are not global Z-a�ne coordinates. Note that the real part
of ΩX̄ gives an orientation form on fibres, and hence induces an orientation on the base — we choose the
convention that if (x1, x2, x3) are oriented Z-a�ne coordinates, then the Hamiltonian vector fields generated
by −x1, −x2 and −x3 provide an oriented basis for the tangent space of the fibres.

This fibration also restricts to a singular special Lagrangian torus fibration on the toric boundary stratum
X̄` at the end of a leg `. Here, the singular locus consists of a single point. Both the Z-a�ne stucture from the
Lagrangian torus fibration and the orientation from ΩX̄` coincide with the corresponding structure induced
on the boundary of X̄ .

There is another interesting singular Lagrangian fibration(
f − 1

|f − 1|
, π

)
: X̄ \ f−1({1,∞}) −→ S1 × (t2)∗

whose fibres are now non-compact Lagrangian manifolds which are special in the sense that ΩX̄ restricts to
be purely imaginary on them. On (X,ΩX), the corresponding non-compact special Lagrangian fibration is
given by the map ((f − f̄), π). Of particular interest are the Aganagic–Vafa branes, given by f−1(−∞, 0]

intersected with the inverse image of a point on an edge. These are di�eomorphic to S1 × R2, intersecting
f−1(0) in the circle S1 × {0}; and are also special Lagrangians in X̄ with the logarithmic holomorphic
volume form ΩX̄ . These Aganagic–Vafa branes in X̄ are non-compact, with their boundary a T2–orbit in
f−1(∞).

The above singular special Lagrangian fibration on X̄ also restricts to X̄` ⊂ X̄, and ΩX̄` is also purely
imaginary restricted to fibres. As there is a unique singular point corresponding to ` in the fibration of X̄`,
there is a unique Aganagic–Vafa brane A` ⊂ X̄` corresponding to ` over f−1(−∞, 0]. We orient A` so that
iΩX̄` is a volume form on A`. Topologically, A` ⊂ X̄` is a disk with boundary on f−1(∞), so A` defines a
class [A`] ∈ H2(X̄`, f

−1(∞)).
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2.3 The topological vertex

The topological vertex, introduced by Aganagic, Klemm, Mariño and Vafa, involves a virtual count of
holomorphic curves in X = C3 with boundary on three chosen Aganagic–Vafa branes over the three legs
of the corresponding toric graph [2]. In this case, f = z1z2z3 and the singular locus consists of the points
where two coordinate functions vanish.

To define the topological vertex, the extra information of a framing is required — in this situation, a framing
is given by a choice of 1-dimensional sub-torus of T2 acting freely on this Aganagic–Vafa brane. Li, Liu,
Liu, and Zhao provide a mathematical definition of the topological vertex using relative Gromov—Witten
invariants [14]. In this setting, the framing on each leg is provided by a toric compactification X̄ of X, so
the new boundary component X̄` at the end of each leg ` is invariant under the 1-dimensional sub-torus
given by the framing. Symplectically, this X̄` can be regarded as the quotient of a hypersurface by this
1-dimensional sub-torus, and A` ⊂ X̄` is the quotient of an Aganagic–Vafa brane by this 1-dimensional
sub-torus.

The definition of the topological vertex in [14] involves a count of holomorphic curves in X̄, touching the
new parts of the boundary divisor only in A` ⊂ X̄`. Heuristically, a point on a holomorphic curve sent
to A` and tangent to X̄` with order k plays the role of a boundary of a holomorphic curve that wraps k
times around the S1 direction of the Aganagic–Vafa brane. In both [2] and [14], the invariants only see
curves around the singular locus of X̄, where f = 0 and df = 0. Accordingly, [14] defines the required
curve counts in terms of formal relative Gromov–Witten invariants, with ‘formal’ meaning that the moduli
stack of holomorphic curves is restricted to a formal neighbourhood of the curves in the singular locus.
This restriction allows [14] to use the technology of Gromov–Witten invariants relative to smooth divisors
from [13], avoiding the need for Gromov–Witten invariants relative to normal crossing divisors, which were
only defined after [14] was published; see [9,10,23]. In this paper, we instead use Gromov–Witten invariants
of X̄ relative to the normal crossing divisor D, so that we can apply the tropical gluing formula from [21]
to derive tropical symmetries of the topological vertex.

2.4 Substituting holomorphic constraints for Lagrangian constraints

In general, the moduli stack of holomorphic curves in X̄ constrained usingA` ⊂ X̄` has nonempty boundary,
so it is more convenient for us to use di�erent constraints. When no other legs have the same framing as `,
f−1(0) ⊂ X̄` is the union of two embedded holomorphic spheres E+

` and E−` so that

[E±` ] = ±[A`] in H2(X̄`, f
−1(∞)) . (1)

We can make a minor perturbation of A` for di�erent legs `, so that their image under f intersects only at 0.
Then, the constraint of requiring holomorphic curves in X̄ to only touch the divisor in these A` is satisfied
only by curves in f−1(0). We can therefore get the same counts by using E+

` or −E−` as a constraint in
place of A`.

As classes in H2(X̄), we can readily calculate the intersections between E±` .

[E+
` ] · [E−` ] = 1 [E+

` ] · [E+
` ] = −1 [E−` ] · [E−` ] = −1 (2)

These spheres E±` are related to the two choices of normal vectors to the leg `. In particular, there is a
canonical choice5 of normal vector n` ∈ t2Z such that, for some choice of moment map, X̄ −→ t2Z the
corresponding hamiltonian function is positive on E+ and negative on E−. Another way of describing this
choice is as follows: removing their intersection with the divisor, E± is a complex plane, the action of n`
on E+ has weight 1 and the action of n` on E− has weight −1.

When k legs have the same framing, f−1(0) ⊂ X̄` consists of k + 1 spheres. In this case define E±` to
be a union of these spheres satisfying equation (1). In each case, f−1(0) = E+

` ∪ E
−
` , with both E+

` and

5In this paper, there are a series of choices, choosing an orientation on A`, distinguishing E+ and E−, and ±n`, and further
choices on signs of operatorsWv,`. These choices are inconsequential, so long as the choices for di�erent legs are compatible.
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Figure 5: A toric picture of X̄`, with divisor D` shown in yellow, the Lagrangian submanifold A` shown in
green, and the holomorphic spheres E+

` shown in red, and E−` shown in blue.

E−` connected, and intersecting only at the point in X̄` corresponding to `. Equation (2) still holds, and
moreover for two legs ` and `′ with the same framing, [E±` ] · [E±`′ ] = 0.

There exist toric degenerations of X which break the original toric graph at some internal edges into
matched pairs of legs `+, `− with the opposite framings w`− = −w`+ . There is a natural identification of
X̄`+ with X̄`− , but the induced holomorphic volume forms are opposite ΩX̄`− = −ΩX̄`+ , so E

+
`− = E−`+ .

Holomorphic curves within f−1(0) in such situations can be analysed using tropical curves in a Z-a�ne
space modelled on t2, but with a 1-dimensional piecewise linear singular locus. The broken internal edge
of the toric graph corresponds to an edge in this singular locus travelling in the direction w`+ , and there
are tropical curves corresponding to E±`+ travelling out from this singular edge in the directions ±n`+ . Our
holomorphic volume form gives a canonical orientation of t2Z such that for each leg, (w`, n`) is an oriented
basis for t2Z. See Figure 6 for an example of a toric degeneration.

Figure 6: A degeneration of X̄ into four toric manifolds, and three red tropical curves ending on the black
singular locus of the corresponding Z-a�ne space.

Using Poincaré duals, we define the cohomology classes

α` = α+
` := PD(E+

` ) and α−` := PD(E−` ) .

Considering these cohomology classes as di�erential forms, we have∫
X̄`

α+
` ∧ α

−
` = 1 and

∫
X̄`

α±` ∧ α
±
` = −1 .

Inside the cohomology of X̄` \ f−1(∞), we have α−` = −α+
` , and making this identification uncovers some

beautiful structure in our Gromov–Witten invariants.

To explain the full structure of relative Gromov–Witten invariants of (X̄,D), it is convenient to use exploded
manifolds, so instead of the complex manifold X̄ with the normal crossing divisor, we instead use its
explosion Expl(X̄,D), and define invariants using exploded holomorphic curves in Expl(X̄,D); see [19,24].
For the present discussion, it is enough to think of the moduli space of holomorphic curves in Expl(X̄,D)

as a suitable compactification of the moduli space of smooth holomorphic curves in X̄, not contained in
D. The explosion functor applied to such a smooth holomorphic curve, gives an exploded holomorphic
curve in Expl(X̄,D), however the moduli space of exploded curves keeps track of more structure when such
curves sink into the divisor. In particular, there is an evaluation map from the moduli stack of exploded
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curves analogous to the evaluation at a point of contact with X̄`, except now this map has codomain the
exploded manifold Expl(X̄`, D`). We introduce the notation

Xw` := Expl(X̄`, D`) .

Evaluation at a point of contact order k to X̄` determines a map to the quotient stack6 X̄`/Zk, where we
take the quotient by the trivial Zk-action. The exploded manifold analogue is given by

Xkw`/Gkw` , where Xkw` := Expl(X̄`, D`) and Gkw` := Zk .

As E± −→ X̄` is holomorphic, and not contained in X̄`, we can apply the explosion functor to this map,
and, using [22], define the Poincaré dual to this as the class α±w` ∈ H

2(Xw`). Pushing this class forward to
Xkw`/Gkw` gives a class α±k,` ∈ H2(Xkw`/Gkw`), whose pullback to Xw` is kα

±
` , and we have∫

Xkw`
/Gkw`

α+
k,` ∧ α

−
k,` :=

1

k

∫
Xw`

kα+
` ∧ kα

−
` = k and

∫
Xkw`

/Gkw`

α±k,` ∧ α
±
k,` = −k.

3 Contact data and tropical curves

The exploded manifold Expl(X̄,D) has a functorial projection to a singular Z-a�ne space, called its tropical
part Expl(X̄,D) [19]. This tropical part has a stratification into Z-a�ne cones, each isomorphic to [0,∞)3,
[0,∞)2, [0,∞), or a point, where each k-dimensional cone corresponds to the intersection of k components
of D. See Figure 7 for an example of the tropical part of an exploded manifold.

Figure 7: A toric moment polytope of X̄ in the case X = C3 on the left and its tropical part Expl(X̄,D)

on the right.

In general, the Z-a�ne structure on the tropical part of an exploded manifold does not extend across
strata. In this case however, we can extend the Z-a�ne structure to a global singular Z-a�ne structure, with
singular rays corresponding to the legs of our toric graph. Divide Expl(X̄,D) into two nonsingular half
spaces, glued over a wall isomorphic to t2, to create a singular Z-a�ne space with singularities along the
rays spanned by framing vectors w`. The top half of Expl(X̄,D) is the tropical part of Expl(X̄,D)\f−1(1),
which is naturally identified with the toric fan of X̄ \ f−1(0). As such, it has a natural global Z-a�ne
structure as a closed half space within the Lie algebra of the torus T3 acting on X̄ . The wall is the tropical
part of Expl(X̄,D) \ f−1({1,∞}), which is naturally isomorphic to t2, subdivided by the toric fan of

6This stack is constructed in Section 3 of [21]. In general, it is not naturally a quotient stack, but we can identify it with a quotient
stack in this case by choosing a kth root Lk of the normal bundle to X̄` \D` ⊂ X̄, given by the primitive monomial zβ that vanishes
on X̄`, but is a non-vanishing holomorphic function on f−1(0) near X̄`. The evaluation map to X`/Zk ⊂ X̄`/Zk is then given by
the usual evaluation map to X`, and the Zk–bundle whose fibres are isomorphisms of the tangent space at the marked point with
the pullback of Lk compatible with the natural isomorphism of the kth tensor power of this tangent space with the pullback of the
normal bundle. For a more precise explanation, either log geometry or exploded manifolds can be used to describe what happens in
the boundary of the moduli space, when curves sink into the divisor.
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X̄ \f−1({0,∞}). The bottom half is the tropical part of Expl(X̄,D)\f−1(∞). This is naturally isomorphic
to t2× [0,∞), with the stratification induced from the product of the stratification of the wall t2, and [0,∞).
The distinguished stratum 0 × [0,∞) in this bottom half corresponds to component f−1(1) of the divisor
D.

We extend the Z-a�ne structure of Expl(X̄,D) by gluing the bottom half to the top half as follows. Let
vf be the primitive integral vector in the [0,∞) direction, corresponding to the component f−1(1) of the
divisor D. Using the given Z-a�ne structure, we can transport vf anywhere in the bottom half, and we now
specify how to transport vf into the top half over the interior of a 2-dimensional cone σ on the wall. This
cone corresponds to the intersection of two toric strata of X̄ intersecting f−1(0) in exactly one stratum Sσ.
Let vSσ be the corresponding primitive integral vector in the toric fan of X̄ . This then can be considered
as a constant vector field on the top half, which is naturally identified with half of the toric fan of X̄ . We
extend the Z-a�ne structure by gluing the top and bottom halves over σ so vf is sent to vSσ when we parallel
transport vf over the cone σ. Note that this depends on the cone σ. If σ and σ′ intersect along the singular
ray spanned by w`, and no other legs have the same framing, then the di�erence between vSσ and vSσ′ is
the normal vector n`.

The importance of this global Z-a�ne structure is due to the following. Each exploded holomorphic curve in
Expl(X̄,D) has a tropical part consisting of a tropical curve in Expl(X̄,D). These tropical curves satisfy the
usual tropical balancing condition at vertices unless these vertices are on the singular locus. This balancing
condition follows from the balancing condition for holomorphic curves in the explosion of toric manifolds
relative to toric boundary divisors, because apart from the strata corresponding to legs, each stratum of the
boundary divisor D has a neighbourhood isomorphic to a toric boundary stratum in a toric manifold. See
Figure 8 for a diagrammatic representation of tropical curves in the tropical part of an exploded manifold.

Figure 8: A diagrammatic representation of tropical curves in Expl(X̄,D), with the wall shown in pink, the
singular locus shown in black, and tropical curves in red. Note that how tropical curves bend when passing
through the wall depends on what cone they pass through. Through the interior of each cone σ in the above
picture, one of the above tropical curves is a ‘straight line’ coming down to the wall in the direction vSσ ,
and passing through the wall in the direction vf . These tropical curves are the tropical part of holomorphic
spheres which have sunk into the component of the divisor corresponding to σ. The corresponding family of
holomorphic spheres close to this component of the divisor consists of the orbits of the C∗-action generated
by vSσ .

Relative Gromov–Witten invariants of (X̄,D) count holomorphic curves with specified contact with the
divisor D, or more accurately, count the corresponding curves in Expl(X̄,D). In what follows, we formalise
how we encode contact data. Given a smooth holomorphic curve in X̄ intersecting the divisor in a collection
of points, the explosion of this holomorphic curve has tropical part a tropical curve in Expl(X̄,D) consisting
of a single vertex sent to 0, connected to an edge [0,∞) −→ Expl(X̄,D) for each point of contact with D.
Let MZ be the set of non-constant Z-a�ne maps [0,∞) −→ Expl(X̄,D) sending 0 to 0. The derivative of
such a map is a nonzero integral vector v in some cone σ of Expl(X̄,D), and we use the notation v ∈MZ.
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The relationship between v and contact with the divisor is as follows: If v is within the 1-dimensional cone
corresponding to a component S of the divisor, v = kvS , where vS is the corresponding primitive integral
vector and k is a positive integer. Then v indicates contact of order k with the interior of S. More generally,
if v is in the interior of a cone spanned by vSi , we have v =

∑
i kivSi , and v indicates contact with

⋂
i Si,

of order ki with Si.

We encode contact data p for a curve as a map

p : MZ −→ {0, 1, 2, . . .} ,

so that a curve with contact data p has exactly p(v) contact points of type v ∈MZ. For curves with contact
data p to have finite energy, p(v) must be zero for all but finitely many v ∈ MZ, so all contact data p

is automatically assumed to have this property. This contact data continues to make sense for exploded
curves that have sunk into the divisor. An exploded curve with contact data p is one whose tropical part
continuously deforms to a tropical curve with all vertices at 0, and with exactly p(v) infinite rays of type v
emanating from 0.

The curves most relevant to this paper are contained in f−1(0), and thus never intersect f−1(1) or f−1(∞).
As such they have contact data p supported on

t2Z \ {0} ⊂MZ .

Specialising further, we will be counting holomorphic curves in X̄ only intersecting D in the strata X̄` at
the end of each leg, and constrained to E+

` . To specify the contact data of such curves, we need a sequence
of natural numbers p` := (p`1, p

`
2, . . . ) for each leg `; this encodes contact data p` : MZ −→ {0, 1, 2, . . .}

such that p`(kw`) = p`k, and p`(v) = 0 for any v ∈MZ that is not a positive multiple of the framing vector
w`. After specifying such contact data p` for each leg `, we obtain contact data p =

∑
` p

`. Note however,
that in the case that multiple legs have the same framing, we can not recover p` from p.

4 The evaluation spaces Xv and Xp

Suppose v ∈ MZ is a primitive integral vector corresponding to a component X̄v of the divisor D. The
intersection Dv of this component with the rest of the divisor is naturally a normal crossing divisor in X̄v.
Evaluation at a contact point of type v determines a map to the exploded manifold

Xv := Expl(X̄v, Dv) .

More generally, to each primitive integral vector w ∈ MZ, we can associate an exploded manifold Xw,
constructed in [21, Section 3]. This exploded manifox Xw has a refinement, [19, Section 10], which can
be constructed as follows. We can perform blowups of (X̄,D), locally modelled on toric blowups, until w
corresponds to a component (X̄ ′w, Dw) of the blown up divisor. These blowups correspond to refinements
of Expl(X̄,D), which induce refinements of Xw. In particular, Expl(X̄ ′w, Dw) is the induced refinement of
Xw. In the case of a smooth curve with a contact point of type w, the evaluation map at this point can be
understood as follows: performing these blowups gives a curve with simple contact with the interior of X̄ ′w,
so evaluation at this point gives a map to X̄ ′w.

Using the language of exploded manifolds, we can describe Xw more explicitly in coordinates. Let X̃w be
the subset of Expl(X̄,D) over the stratum corresponding to w; there is a canonical projection X̃w −→ Xw,
that can be roughly thought of as the quotient by an action corresponding to w.

If w is in the interior of the upper half ofMZ, we can choose a basis (zα1 , zα2 , zβ) for toric monomials such
that the flow induced by w acts with weight 0 on zαi and weight−1 on zβ . These monomials do not generally
extend to smooth functions on X̄, however they each extend to smooth maps, z̃αi and z̃β , from Expl(X̄,D)\
f−1(0) to the exploded manifold T, so they define exploded coordinate functions; see [19, Section 3]. These
exploded coordinates (z̃α1 , z̃α2 , z̃β) give global coordinates on X̃w. The exploded manifold X̃w is defined
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using its smooth part dX̃we, which is the stratum of D corresponding to w, and the sheaf of exploded
functions generated by z̃αi and z̃β . The exploded manifold Xw has the same smooth part, but its sheaf
of exploded functions is generated by only z̃α1 and z̃α2 ; so the projection X̃w −→ Xw simply forgets the
coordinate z̃β .

If w is in the lower half of MZ, we can similarly choose maps z̃αi and z̃β from X̃w to T such that the
projection toXw is given by z̃αi , however these exploded functions are obtained using monomials with 1−f
replacing the role of the primitive monomial f . In particular, choose a basis (f, u1, u2) for toric monomials
on X, such that ui extend to holomorphic functions on f−1(0) near the stratum of X̄ corresponding to w.
Consider monomials in 1− f , u1 and u2. Each of these monomials extends to a map to T near the stratum
corresponding to w, and, so long as w is not a framing vector, these exploded functions provide global
coordinates on X̃w. (When w is a framing vector, these functions only fail to provide global coordinates
because the derivative of 1− f vanishes when f = 0.) Suppose that w = avf + w′ with w′ ∈ t2Z and a ≥ 0,
and that w′ acts with weight −b on u1 and −c on u2. The vector w ∈ MZ is primitive when (a, b, c) is a
primitive vector in Z3. The description of Xw is as above in the toric case, except the exploded coordinates
z̃αi are the extensions of (1− f)x1ux2

2 ux3
3 where (x1, x2, x3) ∈ Z3 satisfy x1a+ x2b+ x3c = 0, and z̃β is the

extension of some monomial in this form such that x1a+ x2b+ x3c = 1.

More generally, evaluation at contact points of type kw ∈MZ with w primitive, determines a map to

Xkw/Gkw, where Xkw := Xw and Gkw := Zk .

As in the case when w is a framing vector, the codomain of this evaluation map is a stack which is not
naturally a quotient stack, however we can identify it with the quotient of Xkw by the trivial Zk-action by
choosing a kth root of the coordinate function z̃β on X̃w.

Each Xw has a natural holomorphic volume form ΩXw
induced from ΩX̄ . On X̃w,

ΩX̄ = h
dz̃α1

2πiz̃α1
∧ dz̃α2

2πiz̃α2
∧ dz̃β

2πiz̃β
,

where h is holomorphic and C∗–valued. When w is primitive, ΩXw
is then defined by

ΩXw = −h dz̃α1

2πiz̃α1
∧ dz̃α2

2πiz̃α2
,

and for a positive multiple kw of w, define ΩXkw
by

ΩXkw
= −kh dz̃α1

2πiz̃α1
∧ dz̃α2

2πiz̃α2
.

Similarly, for any holomorphic volume form Ω on an exploded manifold X, there is an analogous holomor-
phic volume form ΩXv induced on the evaluation space Xv. In general, X̃v ⊂ X has an integral vector field
v′ such that the projection X̃v −→ Xv can be regarded as a quotient by an action generated by v′, and ΩXv

is defined so that its pullback to X̃v is 2πiιv′Ω.

Given contact data p, define
Xp :=

∏
v∈MZ

Xp(v)
v .

As ΩXv is a holomorphic symplectic form onXv, the sum of the pullbacks of these forms defines a holomor-
phic symplectic form ΩXp on Xp. The significance of this holomorphic symplectic form is that the image
of the evaluation map is a holomorphic Lagrangian; see Remark 4.1 below.

On Xp, we have an action of the symmetric group Sp(v) permuting all the factors of Xv, and therefore an
action of

Autp :=
∏
v

Sp(v) .

There is also an action of Autp on
∏
v Gv

p(v) permuting the di�erent factors. Let Gp be the corresponding
semi-direct product of

∏
v Sp(v) with Autp.∏

v

Gp(v)
v ↪→ Gp −→ Autp
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There is a natural action of Gp on Xp factoring through the permutation action of Autp. The codomain of
the evaluation map from the moduli stack of holomorphic curves with contact data p is the quotient stack

Xp/Gp .

For a vector v ∈ MZ, let |v| denote the positive integer such that v/ |v| is a primitive integral vector, so
Gv = Z|v|. We have

|Gp| =
∏
v

|v|p(v)
p(v)! .

The moduli stack of holomorphic curves in Expl(X̄,D) with contact data p has a natural evaluation map
ev with codomain Xp/Gp. Taking the fibre product7 with Xp −→ Xp/Gp gives a |Gp|–fold coverMp of
this moduli stack with a natural evaluation map

ev :Mp −→ Xp .

The complex virtual dimension ofMp is |p| :=
∑
v p(v), which is half the dimension of Xp.

Remark 4.1. The image of ev is a holomorphic Lagrangian subset of (Xp,ΩXp), so ev∗ΩXp = 0. In
particular, this implies that the complex dimension of the image of ev is at most |p|. An analogous result
holds for all log Calabi–Yau threefolds. To see that ev∗ΩXp vanishes, pull back ΩX̄ to the total space of
a family of holomorphic curves parametrised by some manifold M , using Ω′

X̄
to indicate this pullback.

Let v and w be two vector fields on M , with lifts ṽ and w̃ to vector fields on the total space of the family.
Because ΩX̄ is holomorphic and fibres are holomorphic, the restriction of ιṽιw̃Ω′

X̄
to fibres does not depend

on the choice of lift, and a local calculation implies that on fibres, ιṽιw̃Ω′
X̄

is a holomorphic 1-form, or a
meromorphic 1-form with simple poles at each contact point, when we use the usual cotangent space on
fibres instead of the logarithmic cotangent space. Then, ev∗ΩXp(v, w) is the sum of the residues of this
meromorphic form, which is zero by Stokes’ theorem.

If we break our contact data into p+q, with p considered incoming contact data and q as outgoing contact
data, we can think of the image of ev in Xp+q = Xp ×Xq as a holomorphic Lagrangian correspondence
between (Xp,−ΩXp) and (Xq,ΩXq). In particular, applying a holomorphic Lagrangian constraint Lp ⊂
Xp to holomorphic curves inMp+q, the image of the constrained moduli stack inXq is also a holomorphic
Lagrangian subset. For this reason, it is natural to use holomorphic Lagrangian constraints on our curves.

If we instead used special Lagrangian constraints, such as Aganagic–Vafa branes — with Lagrangian now
referring to the restriction of the ordinary symplectic form instead of ΩXp , and special meaning that the
imaginary part of ΩXp vanishes — we would instead get the weaker result that the imaginary part of ΩXq

vanishes on the image of the constrained curves, and the image of this evaluation map might no longer be
holomorphic.

5 Relative Gromov–Witten invariants

Given a cohomology class in H2|p|(Xp;R) represented by a di�erential form α, we can pull back α and
integrate over the moduli stack of holomorphic curves to define a relative Gromov–Witten invariant. More
generally, we can take α to be a di�erential form on a refinement of Xp, defining a class in the refined
cohomology rH2|p|(Xp) [22, Section 9]. Given a non-negative integer g and a homology class β ∈ H2(X̄;Z),
letMg,p,β ⊂Mp denote the moduli stack of connected holomorphic curves with genus g, labelled contact
data p and homology class β. Define the Gromov–Witten invariant

〈α〉g,p,β :=

∫
[Mg,p,β ]

ev∗α ∈ R ,

7More explicitly,Mp is the moduli stack of holomorphic curves in Expl(X̄,D) with contact data p, and with labelled asymptotic
markers at each contact point. In the language of exploded manifolds, each contact point corresponds to an end of the holomorphic
curve. An asymptotic marker at a contact point of order k consists of a choice of coordinate z̃ on this end such that the pullback of
the function z̃β is z̃k .

13



where we can use the formalism from [23] to define the virtual fundamental class [Mg,p,β ] and integrate the
di�erential form ev∗α over it. Also using the formalism from [23], the Poincaré dual of the pushforward of
[Mg,p,β ] is the cohomology class

ηg,p,β := ev!(1) ∈ rH2|p|(Xp) ,

so it follows that

〈α〉g,p,β =

∫
Xp

α ∧ ηg,p,β .

Without using refined cohomology, the corresponding invariant would not capture the full relative Gromov–
Witten invariants. For manifolds with normal crossing divisors, capturing the full relative Gromov–Witten
invariants requires performing blowups on the boundary divisors until the image of ev intersects bound-
ary strata transversely. In this paper, we mainly consider moduli spaces whose image already intersects
boundary strata transversely.

It is convenient to introduce formal parameters ~ and t so that these invariants can be packaged in the
formal sum

η :=
∑
p

ηp , where ηp :=
∑
g,β

~2g−2+|p| t
∫
β
ω ηg,p,β . (3)

Here, we set |p| :=
∑
v p(v) to be the number of contact points, so removing these points gives a curve

with Euler characteristic −(2g − 2 + |p|).

6 The Novikov ring N

To circumvent issues of convergence in infinite sums such as those appearing in equation (3), we work over
a suitably chosen Novikov ring. Let N be the Novikov ring of formal sums∑

χ∈Z

∑
y∈[0,∞)

c−χ,y ~−χ ty

with coe�cients c−χ,y ∈ R, such that for anyM ∈ R, there are only finitely many nonzero coe�cients c−χ,y
with both −χ and y bound above by M . So N has a Z× [0,∞)-grading by (−χ, y). Multiplication in N is
well-defined without any notion of limits because the calculation of any coe�cient in a product only involves
a finite sum.

We introduce the following natural terminology for N-modules.

De�nition 6.1. Let N be the Novikov ring introduced above.

• Define a graded N-module A to be an N-module with a Z× [0,∞)-grading that is compatible with the
grading of N. For v ∈ A, use the notation v−χ,y ∈ A−χ,y ⊂ A for the part of v with grading (−χ, y),
and use v≤M ⊂ A≤M for the part of v with grading (−χ, y) such that −χ ≤M and y ≤M .

• Define a bounded N-module A to be a graded N-module such that for all v ∈ A and M ∈ R, v−χ,y
is 0 for all but finitely many (−χ, y) with −χ ≤ M and y ≤ M . Call S ⊂ A a basis for a bounded
N-module if for all v ∈ A, v≤M can be written uniquely as a finite N–linear combination of elements
of S.

• Define the completion of a bounded N-module A to be the limit of the R-modules A≤M and observe
that the completion is itself a bounded N-module.

• An N-module homomorphism φ : A −→ B is graded if it preserves the grading. It is bounded if for all
M ∈ R, there exists an M ′ such that φ−1(B≤M ) ⊂ A≤M ′ .

• Define the tensor product of two bounded N-modules A and B to be the completion of the tensor
product of A and B as modules over the ring N.
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• Define a boundedN-algebra A to be an algebra overN such that A is a boundedN-module, the inclusion
N −→ A is a graded homomorphism, and the multiplication A⊗A −→ A is a graded homomorphism.

The completion of a bounded N-module A e�ectively allows infinite sums, as long as only finitely many
terms are in A≤M for each M . The grading on A⊗B is such that

(v ⊗ w)−χ,y =
∑

χ1+χ2=χ
y1+y2=y

v−χ1,y1 ⊗ w−χ2,y2 ,

which is a finite sum because A and B are assumed to be bounded N-modules.

7 The state space H

Let H be the completion of the bounded N-module⊕
p

rH2|p|(Xp/Gp;N) :=
⊕
p

rH2|p|(Xp/Gp)⊗R N ,

where we identify rH∗(Xp/Gp) with the refined cohomology defined using (Autp)–invariant di�erential
forms on refinements of Xp. The bounded N-module H will play the role of a bosonic Fock space of states,
and should be thought of as the space of possible constraints for our Gromov–Witten invariants. We shall
see below that the integration pairing induces a nondegenerate bilinear pairing on H and there is a natural
commutative multiplication onH, where the constraint αβ ∈ H corresponds to applying both the constraints
α ∈ H and β ∈ H.

Since ηp is invariant under the action of Gp on Xp, we can consider the Gromov–Witten invariant η from
equation (3) as an element of H. Gromov compactness implies that η≤M is a finite sum, so η certainly lies
in H.

For α ∈ H, use the notation αp for the pullback of α to rH2|p|(Xp;N). A special case of this is given by
α0 ∈ H0(X0;N) = N. This N-module H should be thought of as a generalisation of a commutative Fock
space on the completion of

⊕
v∈t2Z\{0}

rH2(X̄v/Gv;N). Define the N-bilinear pairing H×H −→ N by

〈α, β〉 :=

∫
∐

p Xp/Gp

α ∧ β :=
∑
p

1

|Gp|

∫
Xp

αp ∧ βp .

This pairing defines a graded N-module homomorphism H⊗H −→ N.

The bounded N-module H is also a commutative N-algebra, with product induced from

αβ :=
1

|Gp| |Gq|
∑

σ∈Gp+q

σ∗(π∗1α ∧ π∗2β) ∈ rH2|p+q|(Xp+q;N) ,

where α ∈ rH2|p|(Xp;N), β ∈ rH2|q|(Xq;N), and π1 and π2 are the projections onto the factors ofXp+q =

Xp ×Xq. As this sends symmetric forms to symmetric forms, it induces a map

rH∗(Xp/Gp;N)× rH∗(Xq/Gq;N) −→ rH∗(Xp+q/Gp+q;N) .

We can extend this to a multiplication that is compatible with grading, thus endowing H with the structure
of a bounded commutative N-algebra.

(αβ)r :=
∑

p+q=r

1

|Gp| |Gq|
∑

σ∈Gp+q

σ∗(π∗1αp ∧ π∗2βq)

Since η≤0 = 0, we can define

exp η := 1 + η +
1

2!
η2 +

1

3!
η3 + · · · ∈ H ,
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which can be thought of as a partition function encoding Gromov–Witten invariants that count possibly
disconnected curves, with 1 ∈ rH0(X0;N) = N representing the empty holomorphic curve.

Note that multiplication by β ∈ H is a bounded N-module homomorphism H −→ H. We can define a
bounded N-module homomorphism aβ : H −→ H that is adjoint to multiplication by β via

(aβ(α))q :=
∑
p

1

|Gp|
(π2)! (αp+q ∧ π∗1βp) .

This map is bounded and sends symmetric forms to symmetric forms, so it induces the required bounded
map aβ : H −→ H. One can think of multiplication by β ∈ H as analogous to a creation operator on a
Fock space, while aβ is analogous to an annihilation operator.

The following calculation serves as a check that aβ is indeed adjoint to multiplication by β. For γ ∈ H,

〈α, βγ〉 =
∑
p+q

1

|Gp+q|

∫
Xp+q

αp+q ∧
1

|Gp| |Gq|
∑

σ∈Gp+q

σ∗(π∗1βp ∧ π∗2γq)

=
∑
p+q

1

|Gp| |Gq|

∫
Xp+q

αp+q ∧ π∗1βp ∧ π∗2γq

=
∑
p+q

1

|Gq|

∫
Xq

1

|Gp|
(π2)!(αp+q ∧ π∗1βp) ∧ γq

= 〈aβ(α), γ〉 .

Note that for α, β, η ∈ H, we have the equations

aαβ = aαaβ , aα+β = aα + aβ , and aexp η = expaη .

8 The constrained state space H±

Consider curves with contact data p supported on t2Z \ {0}. Each connected component of such a curve is
contained in a level set of f . If

∑
v p(v)v 6= 0, then the only connected holomorphic curves in X̄ with contact

data p are contained in f−1(0) ⊂ X̄, because the other fibres of f are toric manifolds and holomorphic
curves in toric manifolds have contact data that sums to 0. Within X̄v, f−1(0) has complex dimension 1,
consisting of the union of the two spheres E+ and E− if v is a positive multiple of some leg framing w`,
and consisting of a single sphere otherwise. Accordingly,

∏
f−1(0) ⊂ Xp is a |p|-dimensional holomorphic

Lagrangian subvariety of (Xp,ΩXp), with di�erent irreducible components depending on whether E+ or
E− is used within each X̄`. Moreover, the pushforward of [Mg,p,β ] represents a rational sum of the homology
classes represented by these connected components.

Similarly, if we constrain at least one contact point to be contained in an irreducible component of f−1(0),
the image of the evaluation map at the other contact points will be contained in f−1(0).

For a leg `, define H+
` ⊂ H and H−` ⊂ H to be the completion of the N–subalgebra generated by the

Poincaré duals α±k,` to the maps ExplE± −→ Xkw`/Gkw` . There is an orthogonal basis for H±` defined by

α±p
`

` :=

∞∏
k=1

(α±k,`)
p`k .

We have
〈α+p`

` , α−p
`

` 〉 =
∣∣Gp`

∣∣ =
∏
k

kp
`
kp`k! and 〈α±p

`

` , α±p
`

` 〉 =
∏
k

(−k)p
`
kp`k! .

There exists a canonical orthogonal projection to H±` given by

H −→ H±`

β 7−→ (β)±` :=
∑
p`

〈β, α∓p
`

` 〉 1

|G|p`
α±p

`

` .
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The kernel of this projection consists of β such that aβ vanishes onH±` , and is hence an ideal. It follows that
this projection is a graded N-algebra homomorphism. Note that restricted to H∓` , this projection defines an
isomorphism from H∓` to H±` sending α∓k,` to −α

±
k,`.

Similarly, define H± ⊂ H to be the completion of the subalgebra generated by H±` for all `. In particular,

H± =
⊗
`

H±` .

There is also a canonical projection H −→ H± which is a graded N-algebra homomorphism given by

β 7→ (β)± :=
∑
{p`}

〈β,
∏
`

α∓p
`

` 〉
∏
`

1∣∣Gp`
∣∣α±p`` (4)

and a similarly defined projection H −→
∏
`∈I H

±
` given by

β 7−→ (β)±I .

Here, I is any subset of legs, with (β)±I defined using equation (4) with the sum restricted to only using p`

for ` ∈ I .

We encode Gromov–Witten invariants counting possibly disconnected curves constrained to E+
` in a parti-

tion function ZX̄ ∈ H−, by projecting exp η to H− ⊂ H.

ZX̄ := (exp η)− = exp

 ∑
{p`},g,y

n{p`},g,y~2g−2ty
∏
`

~|p
`|αp`

−

 (5)

Where, in the above, n{p`},g,y ∈ Q is the Gromov–Witten invariant counting connected holomorphic curves
with genus g, ω-energy y, and contact data {p`}, always constrained to E+

` in X̄`, and not contacting any
other component of the divisor.

Given β ∈ H, define ZX̄,β ∈ H− as the projection of aβ exp η.

ZX̄,β := (aβ exp η)− =
∑
{p`}

〈exp η, β
∏
`

α+p`

` 〉
∏
`

1∣∣Gp`
∣∣α−p`` (6)

This is a kind of partition function counting holomorphic curves constrained to E+
` at some contact points,

and constrained using β at the remaining contact points. The map β 7→ ZX̄,β is a bounded N-module
homomorphism H −→ H−.

Given any α ∈ H, and a subset I of legs, α induces a bounded N-module homomorphism

Iα : H −→
∏
`∈I

H+
` (7)

defined by

Iα(β) = (aβα)−I .

9 The gluing formula for the partition function ZX̄

Given a toric degeneration of X̄ into X̄i, there is a simple gluing formula for ZX̄ in terms of ZX̄i , reformulat-
ing the gluing formula from [2,14]. In particular, the legs of the toric graph of

∐
i X̄i consist of legs from X̄,

and matched pairs of new legs, k+ and k− where some X̄i meets some X̄j in a stratum (X̄i)k+ = (X̄j)k− .
At such a matched pair of legs, the framings are opposite: wk− = −wk+ . Hence, the homology classes
we use to define H±k± are opposite: [Ek− ] = −[Ek+ ] and α+

k− = α−k+ . With this identification of H∓k± , the
integration pairing gives a natural graded N-module homomorphism

H−k+ ⊗H
−
k− −→ N
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and these homomorphisms then induce a graded N-module homomorphism

π :
⊗
`

H−`
⊗
k

(
H−k+ ⊗H

−
k−

)
−→

⊗
`

H−` .

The gluing formula for ZX̄ is then simply

ZX̄ = π

(⊗
i

ZX̄i

)
. (8)

The proof of equation (8) can be found in [14]. One can also see [1,11,15,25,26] for di�erent approaches to
such a gluing formula that use di�erent formalisms to define relative Gromov–Witten invariants. However,
given our geometric setup, equation (8) can also be deduced from the tropical gluing formula of [21, Equa-
tion (1)]. We reproduce the formula here for the convenience of the reader, since we will invoke it at various
times below.

η̌|γ =
kγ

|Aut γ|
ι
[γ]
! ∆∗

∏
v

η[γv ] (9)

Here, η represents a Gromov–Witten invariant and the notation |̌γ indicates the contribution of a tropical
curve γ to this invariant. The term η[γv] represents a relative Gromov–Witten invariant associated to the
vertex v of γ. The right side takes the form of a ‘pull-push formula’, which one can think of as elementary
instructions for gluing together these relative invariants. The prefactor on the right side is essentially com-
binatorial in nature, taking into account edge multiplicities and symmetries of the tropical curve γ. Rather
than describe the tropical gluing formula in full detail and generality, we explicitly identify all elements
of the formula required for our purposes below, particularly in the proof of Lemma 12.1. As a word of
warning, we flag the fact that equation (9) cannot be used verbatim in our context. A minor adjustment to
the combinatorial factor needs to be made because the evaluation spaces in the present paper are quotients
of those used in [21].

The following is a brief sketch of how the gluing formula of equation (8) for the partition function ZX̄ can
be deduced from the tropical gluing formula of equation (9). Exploding the toric degeneration provides
a smooth family of exploded manifolds containing Expl(X̄,D) and an exploded manifold X with smooth
part the union of the X̄i. The tropical gluing formula of equation (9) provides a gluing formula for η as
a sum over tropical curves in the tropical part X of X, and this tropical gluing formula implies a slightly
simpler gluing formula for exp η, where it is not necessary to keep track of how tropical curves are connected
together. Analogously to the tropical part of Expl(X̄,D), we can put a global Z-a�ne structure on X with
singular locus a graph with a vertex for each X̄i, an internal edge in direction wk+ for each matched pair
of new legs k±, and singular rays in the directions w`, as in the tropical part of Expl(X̄,D). For computing
the projection of exp η to H− and hence ZX̄ , constrain our curves to (the equivalent of) E+

` . The only
tropical curves with nonzero contribution consist of tropical curves with image contained in the singular
locus, and all vertices at vertices of the singular locus, and the formula for the contribution of all such
curves is analogous to equation (8), except the pairing between H−k+ and H−k− is replaced by integration
over the relevant evaluation space without first projecting to H−. This still gives rise to the same formula
as equation (8), because once we have constrained our curves to E+

` , the cohomology classes we have to
integrate are contained in H−k±⊗H

+
k± , and orthogonal projection to H− then does not a�ect the integration

pairing.

10 Analysis of the empty tropical graph

In the case that X = C × (C∗)2, we may take the function f to be the first coordinate, and choose X̄ as
(CP1)3, or in fact the product of CP1 with any toric compactification of (C∗)2. In this case, the toric graph
is empty. As there is a toric structure on CP1 such that f − 1 is a primitive toric monomial, ((CP1)3, D)

is isomorphic to (CP1)3 with its toric boundary divisor. Relative Gromov–Witten invariants of such three-
dimensional toric manifolds are calculated using a tropical gluing fomula in [20].
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For v ∈MZ = t3Z \ {0}, and θ ∈ (t3Z)∗ such that θ(v) = 0, there is a distinguished class hv,θ ∈ H defined as
follows: First, blow up (CP1)3 using toric blowups until v/|v| corresponds to a codimension 1 toric boundary
stratum S, and the monomial zθ extends to a holomorphic map to CP1. Then hv/|v|,θ is the pullback of
the Poincaré dual to a point in CP1 using zθ|S : S −→ CP1. As ExplS is a refinement of Xv, we have that
hv/|v|,θ defines a class in the refined cohomology of Xv. Define hv,θ ∈ H to be the pushforward of this class
to Xv/Gv. Note that hv,kθ = |k|hv,θ.

For α ∈ H a product of these classes hv,θ, we can write some examples of Z(CP1)3,α. Apart from the exponent
of t that records ω-energy, these Gromov–Witten invariants do not depend on which three-dimensional
toric manifold is used. The exponent of t has a simple dependence on the contact data in the case of
(CP1)3. Suppose that the ω-area of the kth copy of CP1 is xk and, for v ∈ t3Z = Z3, define 2x(v) =

x1 |v|1 + x2 |v|2 + x3 |v|3. Then the ω-energy of a curve with contact data p is
∑
v p(v)x(v).

We have the equations
Z(CP1)3 = 1 ∈ N and Z(CP1)3,hv,θ = 0 ,

which reflect that the virtual count of curves with empty or unbalanced contact data is 0. One can also
observe that the moduli space of genus zero curves with exactly two contact points consists of a compact-
ification of the space of monomial maps C∗ −→ (C∗)3, and that the virtual moduli space of higher genus
curves vanishes. This gives the equation

Z(CP1)3,hv,θhw,γ = δv+w |θ ∧ γ| tx(v)+x(w) , (10)

where |θ ∧ γ| indicates the smallest nonnegative integer k such that the integral vector θ ∧ γ is k times a
primitive integral vector.

The virtual moduli space of curves with three contact points does contain interesting contributions from
higher genus curves. The calculation of these contributions appears in [20, Theorem 1.1] and leads to the
equation

Z(CP1)3,hu,βhv,θhw,γ = δu+v+w |β ∧ θ ∧ γ| tx(u)+x(v)+x(w)2 sin (|u ∧ v| ~/2) .

The result of [20, Theorem 1.1] furthermore implies that

ahv,θhw,γη = tx(v)+x(w)+x(−v−w)2 sin(|v ∧ w| ~/2)h−v−w,ιv+wθ∧γ + · · · , (11)

where the missing terms count curves with at least four contact points.

Observe that the two previous equations involve factors of

2 sin(n~/2) := n~− n3

22 3!
~3 +

n5

24 5!
~5 − · · · ∈ N ,

which will occur regularly in this work. So we make the slightly unconventional definition8

q1/2 := ei~/2 ∈ N and [n]q := −i(qn/2 − q−n/2) = 2 sin(n~/2) ∈ N . (12)

11 Analysis of the tropical graph with no vertices

In the case that X = C2 × C∗, we can take the function f to be z1z2. In this case, the toric graph has
two legs `1 and `2, and consists of a single edge with no vertices. The simplest case is when the two legs
have opposite framing. Then, we can take X̄ to be the product of a toric compactification of C2 with CP1.
Note that not any toric compactification of C2 will do, because z1z2 must extend to a meromorphic function
on this compactification. A concrete example of such a compactification is the blowup Y of (CP1)2 at the
points (0,∞) and (∞, 0); another example is drawn in Figure 5.

8The notation [n]q is often used for ‘quantum integers’, for which there are various definitions. The appearance of the factor −i
makes our definition unconventional, although convenient for the current setting. The choice of q1/2 here di�ers from the q1/2 appear-
ing in the Gromov–Witten/Donaldson–Thomas correspondence by a factor of i [16]. We expect that there is a parallel story involving
the relative Donaldson–Thomas invariants defined by Maulik and Ranganathan in place of relative Gromov–Witten invariants [17].
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All connected holomorphic curves in Y × CP1 that only touch the boundary divisor in Y × {0,∞} have
image in a CP1 fibre. Accordingly, ZY×CP1 is simple to compute and we obtain

ZY×CP1 = exp

∞∑
k=1

tkx

k
α−k,`1α

−
k,`2

=
∑
p`

tx(p`)∣∣Gp`1

∣∣α−p`l1
α−p

`

`2
,

where x is the ω-area of CP1 and x(p`) =
∑
k xp

`
k. By thinking of `1 as incoming and `2 as outgoing, we

get a bounded N-module homomorphism

Px : H+
`1
−→ H−`2 ,

defined as the restriction of `2ZY×CP1 to H+
`1
; so, for α ∈ H+

`1
, Pxα is the projection of ZY×CP1,α to H−`2 . In

particular,

Pxα
+p`1

`1
= tx(p)α−p

`1

`2
.

There is a canonical identification of H±`1 with H∓`2 , so we can also think of Px as a bounded N-module
automorphism of H+

`1
. In particular, this defines a bounded N-module automorphism

Px,` : H+
` −→ H

+
`

α+p`

` 7−→ t
∑∞
k=1 p

`
kkxα+p`

` .

This operator Px,` can be thought of as a kind of propagation operator. The equation Px,` ◦ Py,` = Px+y,`

is an immediate calculation, but also follows from the gluing formula of equation (8).

12 The algebra of operators Wv,`

Suppose that v ∈ t2Z is a primitive integral vector, and let hv be some class in rH2(Xv) such that∫
f−1(0)

hv = 1 and, if v = w`, 〈α+
` , hv〉 = 0 . (13)

Similarly, if v is not a primitive vector, define hv to be the pushforward of such a class hv/|v| to Xv/Gv. The
classes hv,θ in the case X = C3 from Section 10 are examples of such a class when v ∈ t2Z and θ ∈ (t3)∗ is
primitive and vanishes on vf and v.

Note that ZX̄,hv does not depend on the particular choice of such an hv, because holomorphic curves
otherwise constrained to E+

`i
with one further contact point corresponding to v are contained in f−1(0), so

the cohomology class representing the pushforward of the constrained moduli space to Xv is some linear
combination of the Poincaré dual to f−1(0) and α+

` .

For X̄ = Y × CP1, `2ZY×CP1,h−v defines a bounded map of N-modules

W̃v : H+
`1
−→ H−`2

α 7−→ (aαZY×CP1,h−v )−`2 .

Note the use of −v to indicate that this contact point is thought of as incoming. This map W̃v depends on
the symplectic form chosen on Y ×CP1, however this dependence is straightforward to calculate. Setting the
symplectic form to 0, and identifying H−`2 with H+

`1
, we get a canonical bounded N-module homomorphism

Wv : H+
`1
−→ H+

`1
.

To see that Wv is bounded, note that

Wvα
+p`1

`1
=
∑
q`1 ,χ

np`1 ,q`1 ,−v,χ∣∣Gq`1

∣∣ ~−χα+q`1

`1
,
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where np`1 ,q`1 ,−v,χ ∈ Q counts the number of possibly disconnected holomorphic curves in Y × CP1 with
Euler characteristic χ and contact data p`1 with Y × 0, contact data q`1 at Y ×∞, and one extra contact
point determined by −v, suitably constrained. Given a positive symplectic form ω, the ω-energy of such
curves is entirely determined by p`1 and v, so Gromov–compactness implies that this is a finite sum once
χ is fixed. Moreover, χ is bounded by 1, because, in the above count, the only possible connected stable
holomorphic curve with positive Euler characteristic is a sphere with a unique contact point given by v.
Accordingly, Wv is a bounded N-module automorphism.

In the following, we define an operator
Wv,` : H+

` −→ H
+
`

for each v ∈ t2Z \ {0}.

Associated to the leg `, we have have the framing w` ∈ t2Z, and also a canonical normal vector n` ∈ t2Z such
that the leg travels in the direction annihilated by n`, and (w`, n`) forms an oriented basis for t2Z. We can
write v in this basis, using the notation

v =
v ∧ n`
w` ∧ n`

w` +
w` ∧ v
w` ∧ n`

n` := (v ∧ n`)w` + (w` ∧ v)n` .

Then define Wv,` as follows.

Wv,` :=

{
Wv, if w` ∧ v > 0 or v = −kw` with k > 0

−Wv, if w` ∧ v < 0 or v = kw` with k > 0
(14)

Lemma 12.1. Suppose that v1 and v2 satisfy

w`1 ∧ v1 > 0, w`1 ∧ v2 > 0, v1 ∧ v2 ≥ 0.

Then

`2ZY×CP1,h−v1h−v2
|H+

`1

= Px ◦ tc1Wv1,`1 ◦ tc2Wv2,`1 ,

where x, c1 and c2 are given by the formulas

x =

∫
CP1

ω

ci =

(∫
E−`1

ω

)
w`1 ∧ vi +

(∫
CP1

ω

)
max (0, vi ∧ n`1) .

So, for α in H+
`1
and β ∈ H+

`2
,

〈ZY×CP1,h−v1h−v2
, βα〉 = tc1+c2〈ZY×CP1 , βWv1,`1Wv2,`1α〉.

Proof. The exponent of t is straightforward to verify, as it is determined topologically.

For α ∈ H+
`1
, note that

`2ZY×CP1,h−v1h−v2
(α) = `2 exp η(hv1hv2α) ,

because all the holomorphic curves contributing to this count are contained in f−1(0). The tropical glu-
ing formula of equation (9) then allows us to compute this Gromov–Witten invariant as a sum over the
contributions of tropical curves.

We are free to choose representatives of h−vi to constrain these tropical curves to appear as in Figure 9. In
particular, the tropical part of X−vi parametrises the space of infinite rays in the tropical part of Expl(Y ×
CP1, D) travelling in the direction −vi, with two rays identified if they eventually coincide. We can choose
refined forms representing h−vi ∈ rH(X−vi) so that the tropical part of the support of h−vi is a 1-dimensional
linear subspace in this space of rays, intersecting the space of rays emanating from the singular locus at a
single point, which we can choose where we like. Our conditions on the vectors vi ensure that both these
rays are on one side of the singular locus, and that we can choose constraints so that these rays do not
intersect, and the second ray intersects the singular locus closer to `1 than the first ray.
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v1 v2

n`1

w`1

w`2

n`2

Figure 9: Tropical curves contributing to ZY×CP1,h−v1h−v2
. The wavy line along the singular line indicates

some unspecified combination of edges travelling along the singular line.

Using such a representative for h−vi , the tropical curves contributing to our calculation must have vertices
only9 where these rays intersect the singular locus, and edges only along these rays or along the singular
locus. This is because other tropical curves satisfying the required balancing condition are either not rigid
after being constrained, and hence do not contribute to the count, or contain a vertex connected by two
di�erent paths of edges to the singular locus. The gluing formula combined with the observation that the
self intersection of f−1(0) vanishes imply that such curves do not contribute. See Figure 10 for examples of
tropical curves that do not contribute to our calculation.

Figure 10: Some tropical curves that are the tropical part of holomorphic curves, but do not contribute to
ZY×CP1,h−v1h−v2

.

Once we have that all contributing tropical curves are in the form of Figure 9, the tropical gluing formula
of equation (9) simplifies to a formula gluing together two relative invariants: one for each of the vertices
in Figure 9. Let p1 and p2 be the corresponding points in Figure 9 and choose our constraints such that p1

and p2 are both contained in the ray corresponding to the leg `1.

To simplify the discussion, we can refine10 Expl(Y ×CP1) as pictured in Figure 11 to an exploded manifold
X so that contributing tropical curves are forced to have vertices at these points pi; otherwise, the discussion
is complicated by contributing tropical curves with edges passing through these points. After this refinement
our contributing tropical curves are forced to have vertices along the singular line at at the points 0, p1, and
p2, and any point where one of our rays in the direction −vi passes through a lower dimensional stratum,
like on the left in Figure 11. The tropical gluing formula involves Gromov–Witten invariants for the exploded
manifolds X|̌0 := X0, X|̌p1 := X1 and X|̌p2 := X2, each of which is isomorphic to Expl(Y × CP1). The
Gromov–Witten invariant from X0 is encapsulated in Px, as it counts possibly disconnected curves with
contact data only along the singular locus, whereas the Gromov–Witten invariant from Xi is encapsulated
in Wvi,`1 , (times t to some exponent) as it counts possibly disconnected curves with a single contact point
of type vi and all other contact points along the singular locus.

The tropical gluing formula of equation (9) is stated for the contribution of a single, connected tropical
curve, however we can apply it for each connected component of a tropical curve γ with multiple connected
components to derive an analogous formula for disconnected tropical curves. It requires a combinatorial
factor kγ , the product of the multiplicities of the internal edges of γ, because it uses evaluation spaces
analogous to Xv/|v|, instead of the quotient stack Xv := Xv/|v|/Z|v|, and it requires dividing by |Aut γ|,
because the relative invariants use labelled contact data so that we can specify which edges get attached,
and the evaluation spaces for multiple edges are the products of the evaluation spaces for individual edges,

9Actually, there are some more vertices, which we are ignoring because they are irrelevant: The tropical part of Expl(Y × CP1)

is a subdivision of the space pictured in Figure 9. Tropical curves are forced to have vertices where edges intersect this suppressed
subdivison.

10See [19, Section 9]. Such refinements do not a�ect Gromov–Witten invariants, simply resulting in a refinement of the moduli space
of holomorphic curves.
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Figure 11: The subdivision of the tropical part of Expl(Y × CP1) used to refine Expl(Y × CP1). Each of
the three grey lines should be imagined as a plane extending in the unpictured direction. The line on the
left passes through 0 ⊂ Expl(Y × CP1), and was already present, but not pictured before.

instead of the quotient of this by symmetries. Summing over all contributing tropical curves, and allowing
disconnected curves means that we glue edges in all possible ways, so allows us to use evaluation spaces
analogous to our Xp/Gp, without these extra combinatorial factors.

Let us apply the tropical gluing formula of equation (9) to calculate

〈β, `2ZY×CP1,h−v1h−v2
α〉 =

(
aβαh−v1h−v2 exp η

)
0

(15)

in the notationally simpler case that the only vertices of our contributing tropical curves γ are at the points
p0, p1 and p2. In this calculation η is a form on

∐
p Xp/Gp, whereas in [21], the notation η indicates a form

on
∐

p Xp, which on each component is the pullback ηp of our η divided by
∏
v |v|

p(v)
= |Gp| / |Autp|.

It follows that, using our present notation, the combinatorial factor in [21, Equation (1)] becomes 1
kγ |Aut γ|

instead of kγ
|Aut γ| where now kγ means the product of multiplicities of all edges of γ instead of just the

internal edges, and Aut γ means the full automorphism group of the tropical curve γ instead of the group
of automorphisms fixing the ends of γ. Our calculation of equation (15) reduces to∑

γ

1

kγ |Aut γ|

∫
βh−v1h−v2ι

[γ]
! ∆∗(exp η)[γp0 ](exp η)[γp1 ](exp η)[γp2 ] ,

where the sum is over contributing, possibly disconnected tropical curves γ. In the above, γpi indicates
the tropical curve in Xi with one connected component for each vertex of γ at pi, and this component has
a single vertex at pi and edges corresponding to the edges of γ leaving this vertex. The term (exp η)[γpi ]

indicates the Gromov–Witten invariant counting curves in Xi with connected components labelled by the
components of γpi , and contact data determined by the edges of γpi . Each such tropical curve γ determines
contact data pi, for curves in Xi but di�erent tropical curves determine the same contact data. When we
sum over all tropical curves with the same contact data, we obtain the following expression for equation (15).∑

p0,p1,p2

1

|Gp0
| |Gp1

| |Gp2
|

∫
βh−v1h−v2ι!∆

∗(exp η0)p0(exp η1)p1(exp η2)p2 . (16)

Here, ηi now indicates the Gromov–Witten invariant from Xi and (exp ηi)pi indicates the pullback of exp ηi
to the evaluation space (Xi)

pi . The contact data in p0 and p1 corresponding to edges between p0 and p1

is matched. Denote this contact data by p1− and p1+

, respectively; so as lists of numbers, p1− = p1+

.

There is a canonical identification of (X0)p
1−

= (X1)p
1+

. Similarly, denoting the matched contact data

corresponding to edges between p1 and p2 by p2± there is a canonical identification of (X1)p
2−

= (X2)p
2+

.
In equation (16), the map ∆ is the corresponding diagonal inclusion

∆ : (X1)p
1+

(X2)p
2+

−→ (X1)p1(X2)p2(X2)p2

and ι indicates the projection forgetting all factors corresponding to internal edges

ι : (X1)p1(X2)p2(X2)p2 −→ (X1)p1−p1−

(X2)p2−p1+−p2−

(X2)p2−p2+

.

With this understood, we can rewrite equation (16) as∑
p1+ ,p2+

1∣∣∣Gp1+

∣∣∣ ∣∣∣Gp2+

∣∣∣
∫
Xp1+

1 Xp2+

2

(aβ(exp η0))p1−∧
(
ah−v1 (exp η1)

)
p2−+p1+

∧
(
ah−v2α(exp η2)

)
p2+

. (17)
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Note that (aβ(exp η0))p1− is contained within H+
1− ⊗ H

−
1− , because it counts holomorphic curves which,

once constrained by β, are contained in f−1(0). Similarly,
(
ah−v2α(exp η2)

)
p2+ ∈ H+

2+ ⊗H−2+ . Moreover,

given any θ ∈ H+
2− ⊗ H

−
2− ,

(
aθah−v1 (exp η1)

)
p1+
∈ H+

1+ ⊗ H−1+ , and the projection of aθah−v1 (exp η1) to

H+
1+ depends only on the projection of θ to H+

2− . Accordingly, we can rewrite equation (17) as∫
(aβ(exp η0))1+ ∧

(
ah−v1 (exp η1)

)
1+,2−

∧
(
ah−v2α(exp η2)

)
2+

and then rewrite this as a composition of operators

〈β, Px ◦ tc1Wv1,`1 ◦ tc2Wv2,`1(α)〉 ,

where the constant ci is the ω-energy of the corresponding curve at the vertex pi, which is
(∫

E−`1
ω
)
w`1 ∧ vi.

This above su�ces to prove Lemma 12.1 in the case that our tropical curves do not have vertices away from
p0, p1, and p2. In the case of these extra vertices, using the tropical gluing formula in conjunction with
equation (10), we obtain the same result

`2ZY×CP1,h−v1h−v2
|H+

`1

= Px ◦ tc1Wv1,`1 ◦ tc2Wv2,`1 ,

except now ci is
(∫

E−`1
ω
)
w`1 ∧ vi plus the ω-energy of the curve at the extra vertices on the ith ray, which

is concentrated where this ray crosses the codimension 1 stratum passing through 0; this only happens when
vi ∧ n`1 > 0, and the ω-energy here is (vi ∧ n`1)x. So

ci =

(∫
E−`1

ω

)
w`1 ∧ vi +

(∫
CP1

ω

)
max (0, vi ∧ n`1) .

A remarkable fact about these operators Wv,` is that they obey the following commutation relations.

Theorem 12.2.
Wv,`Ww,` −Ww,`Wv,` = [v ∧ w]qWv+w,` + (v ∧ n`)δv+w

Proof. This commutation relation follows from computing ZY×CP1,h−vh−w using two di�erent forms repre-
senting h−v and h−w.

Consider the case that v + w 6= 0, in which the second term on the right side of the commutation relation
does not contribute. This assumption ensures that all holomorphic curves contributing to the calculation
of ZY×CP1,h−vh−w are contained in f−1(0). As in the proof of Lemma 12.1, we are free to choose forms
representing h−v and h−w so that the tropical curves contributing to the calculation of ZY×CP1,h−vh−w

consist of tropical curves with an end in the directions −v and −w constrained to a chosen ray, and all
other ends travelling out in the direction of the singular line. Moreover, each contributing tropical curve
must be rigid once these ends are constrained, and each component of these tropical curves minus the
singular line must consist of a tree with at most one edge attached to a vertex on the singular line.

First, consider the case that v ∧ w, w` ∧ v and w` ∧ w are positive. In this case, Lemma 12.1 computes
ZY×CP1,h−vh−w , and if we choose constraints as in the proof of Lemma 12.1, contributing tropical curves
are as pictured on the left in Figure 12. However, if we choose our constraints so that the corresponding
rays from the singular line in the direction −v and −w cross, we get contributing tropical curves of the two
types depicted on the right. The first of these corresponds to applying Ww,`Wv,`, whereas equation (11)
and the tropical gluing formula imply that the second corresponds to applying [v ∧ w]qWv+w,`.

Similarly, calculating ZY×CP1,h−vh−w in two di�erent ways gives our commutation relation in all other cases
when v + w 6= 0, as illustrated in Figures 13 to 17.
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= +

Figure 12: In the case v∧w, w`∧v and w`∧w are positive, this diagram represents two ways of calculating
ZY×CP1,h−vh−w , thus showing that Wv,`Ww,` =Ww,`Wv,` + [v ∧ w]q Wv+w,`.

= +

Figure 13: In the case v∧w, w`∧v andw`∧w are negative, we obtain (−Wv,`)(−Ww,`) = (−Ww,`)(−Wv,`)+

[−v ∧ w]q (−Wv+w,`).

= +

Figure 14: In the case w` ∧ v and w` ∧ (v + w) are negative, but v ∧ w and w` ∧ w are positive, we obtain
−Wv,`Ww,` =Ww,`(−Wv,`) + [v ∧ w]q (−Wv+w,`).

+ =

Figure 15: In the case w` ∧ v is negative, but v ∧ w, w` ∧ (v + w) and w` ∧ w are positive, we obtain
−Wv,`Ww,` + [v ∧ w]q (Wv+w,`) =Ww,`(−Wv,`).

= +

Figure 16: In the case v+w is a positive multiple of w`, w`∧w is positive, but v∧w and w`∧v are negative,
we obtain −Wv,`Ww,` =Ww,`(−Wv,`) + [v ∧ w]q (−Wv+w,`).

= +

Figure 17: In the case v+w is a negative multiple of w`, w` ∧ v is negative, but v ∧w and w` ∧w positive,
we obtain −Wv,`Ww,` =Ww,`(−Wv,`) + [−v ∧ w]q Wv+w,`.

The only important cases not drawn are when v is proportional to w. When w = kv with k 6= −1, and
v not proportional to w`, all relevant holomorphic curves for calculating ZY×CP1,h−vh−w are contained in
f−1(0), and Wv,` and Ww,` commute, as in Figure 18. When v = −w, there are extra holomorphic curves
which contribute, outside of f−1(0). These contributions can also be calculated tropically, but we instead
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calculate them using the Jacobi identity and the case when v is a multiple of w`.

=

Figure 18: Wn`,`W−n`,` =W−n`,`Wn`,`.

When v is a multiple of w`, Wv,` is straightforward to calculate. For k > 0,

Wkw`,` = −aα+
k,l

= aα−k,`
: H+

` −→ H
+
` (18)

W−kw`,`(β) = α+
k,`β . (19)

So our commutation relation holds in this case.

Wkw`,`Wk′w`,` −Wk′w`,`Wkw`,` = kδk+k′

We now have that our commutation relation holds whenever v + w 6= 0, and whenever v is proportional to
w`. It is straightforward to verify that our commutation relation satisfies the Jacobi identity, so it follows
that all our operators obey this commutation relation. When v + w = 0, and neither is proportional to w`,
we write Ww,` in terms of the commutator of Ww`,` and Ww−w`,`, then apply the Jacobi identity to verify
our commutation relation for Wv,` and Ww,`.

Equations (18) and (19) give that Wkw`,` is adjoint to −W−kw`,`. More generally, the adjoint of Wv,` is
−W−v,` in the sense that

〈α,Wv,`β〉 = 〈−W−v,`α, β〉 . (20)

Conceptually, this is because the adjoint of W̃v can be constructed in the same way as W̃v, but reversing the
roles of the legs `1 and `2, which are also reversed by the symmetry sending v to −v.

〈α−q
`2

`2
, W̃vα

+p`1

`1
〉 = 〈hvα−q

`2

`2
α+p`1

`1
, exp η〉 = 〈h−vα

+q`2

`1
α−p

`1

`2
, exp η〉 = 〈W̃−vα+q`2

`1
, α−p

`1

`2
〉

There are also the following two vanishing results forWv,` that follow from the simple consideration of the
possible contact data for holomorphic curves in Y × CP1.

Wv,`α
p`

+ = 0, if
∞∑
k=1

kp`k < v ∧ n` , (21)

〈αq`

− ,Wv,`α
p`

+ 〉 = 0, unless
∞∑
k=1

kp`k = v ∧ n` +

∞∑
k=1

kq`k . (22)

So if we assign H+
` the Z-grading in which the degree of α+p`

` is
∑
k kp

`
k, the operator Wv,` has degree

−v∧n`. Note that this implies that the propagation operator Px,` andWv,` almost commute in the following
sense.

Px,` ◦Wv,` = t−(v∧n`)xWv,` ◦ Px,` (23)

The degree 0 operatorsWkn`,` act as scalars on the degree zero subspace of H+
` . We compute these weights

in the lemmas below.

Lemma 12.3.
Wn`,`(1) =

1

[1]q
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Proof. Take Y to be the toric blowup of CP2 at two points, so we have coordinates z1, z2 on Y and z3 on
CP1. Consider the family of embedded holomorphic spheres defined by setting z2 and z3 to be constant
and nonzero. The evaluation space for the corresponding moduli space of curves is Xvf × X(1,0,0). Let
β ∈ H represent the Poincaré dual to Xvf × {p} where p is a chosen point in X(1,0,0). Note that X(1,0,0) is
the explosion of a toric manifold with toric coordinates (z2, z3), and the evaluation map from the interior
of our moduli space simply reads o� these coordinates. Choosing p so that (z2(p), z3(p)) ∈ (C∗)2, we get

〈η, β〉 = tx

where x is the symplectic area of these spheres. The calculation of this Gromov–Witten invariant is analogous
when we choose p ∈ X(1,0,0) in the divisor where z2 is infinite. There, the description of the moduli space
is as above, with the coordinates z2 and z3 extended to exploded coordinate functions. The corresponding
holomorphic curves have tropical part a straight line in the vf and (1, 0, 0) directions, translated in the
(0, 1, 0) direction from the singular line some distance, depending on the image of p in the tropical part of
X(1,0,0).

If instead, we choose p in the divisor where z2 = 0, the calculation is much more interesting. In this
case, the tropical part of the relevant curves have a ray in the (1, 0, 0) direction, translated in the (0,−1, 0)

direction from the singular line. Over this side of the singular line, the parallel transport of vf is (0,-1,0)
instead of (−1, 0, 0) so in order for this ray to continue down in the vf direction and satisfy the balancing
condition, this tropical curve must also have an edge in the (1,−1, 0) direction, travelling from the singular
line to our rays in the (1, 0, 0) and vf directions. So, this tropical curve has a monovalent vertex on the
singular line, joined to a trivalent vertex by an edge in the (1,−1, 0) direction, with rays leaving this vertex
in the directions (1, 0, 0) and vf . The only other tropical curves satisfying the balancing condition and
our constraints have extra vertices in the interior of the edges of this curve, and such tropical curves never
contribute to our Gromov–Witten invariants. See Figure 19 for a diagram of the tropical curves in the
tropical part of Expl(Y × CP1).

Figure 19: On the left, a toric picture of Y , showing the divisor in yellow and a holomorphic curve in red.
On the right, a picture of two tropical curves in the tropical part of Expl(Y ×CP1), each the tropical part of
a holomorphic curve in the same homology class. In the middle, a side-on view of these two curves, showing
the projection to the tropical part of ExplY .

Choose our leg ` such that n` = −(1,−1, 0). The balancing condition for curves along the singular line
implies that Wn`,`(1) ∈ N. Moreover, we can identify Wn`,`(1) as the Gromov–Witten invariant

Wn`,`(1) = 〈η, h−n`〉 ,

because it only counts connected curves — the virtual moduli space of stable holomorphic curves with zero
contact data is empty in this manifold because of symmetry considerations.

The tropical gluing formula of equation (9) and equation (11) together give

〈η, β〉 =Wn`,`(1)[1]q t
x ,

which directly implies our desired result.

Lemma 12.3 together with equation (20), the commutation relations from Theorem 12.2, and the vanishing
relations of equation (22), su�ce to determine the operators Wv,` completely. In the following lemma, we
instead use the tropical gluing formula to calculate the weights Wkn`,`(1).
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Lemma 12.4.

Wkn`,`(1) =
(−1)k+1

[k]q
for k > 1

Proof. Use the same notation as in the proof of Lemma 12.3. As before, we have

Wkn`,`(1) = 〈η, h−kn`〉 ∈ N for k > 0 .

Fix a non-negative integer m and consider connected holomorphic curves with contact data (1, 0, 0) and
vf−(m−1)n`. Let βm be the Poincaré dual toXvf−(m−1)n`×{p} ⊂ Xvf−(m−1)n`×X(1,0,0). Let us compute
the Gromov–Witten invariant 〈η, βm〉. The case 〈η, β1〉 = 1 was computed in the proof of Lemma 12.3. For
m ≥ 2, there are no curves with this contact data in the interior of Y × CP1, so choosing p such that
(z2(p), z3(p)) ∈ (C∗)2 gives that 〈η, βm〉 = 0. Similarly, choosing p so that z2(p) is infinite, there are no
tropical curves with the required contact data satisfying the balancing condition, and we come to the same
conclusion that these Gromov–Witten invariants vanish.

However, if we choose p ∈ X(1,0,0) so that z2(p) = 0, there are tropical curves satisfying the required
conditions. The relevant tropical curves are labelled by partitions of m. These tropical curves have a
distinguished vertex, from which emanates the rays in direction (1, 0, 0) and vf − (m − 1)n`, and several
monovalent vertices on the singular line, each of which is connected to the distinguished vertex by an edge
with derivative −kn`. Suppose that there are µk such edges with derivative −kn` for each positive integer k.
Then the partition ofm has µk parts equal to k for each positive integer k. Such tropical curves have

∏
k µk!

automorphisms, which must be accounted for when applying the tropical gluing formula of equation (9).
Applying this tropical gluing formula, along with [20, Theorem 1.1] and [20, Equation (5)] gives the following
formula for our Gromov–Witten invariants.

δ1−mt
x = 〈η, βm〉 =

∑
∑
kµk=m

∏
k

1

µk!

(
Wkn`,`(1)

[k]q
k

)µk

These equations determineWkn`,` completely, so to complete the proof, it su�ces to substituteWkn`,`(1) =
(−1)k+1

[k]q
into the above equation and to check the resulting identity

∑
∑
kµk=m

(−1)
∑

(k+1)µk∏
µk! kµk

= δm,1 .

To see why this holds, note that the sign in the numerator is the parity of a permutation in the symmetric
group Sm with µk cycles of length k for each positive integer k. The denominator arises in the formula
m!/(

∏
µk! kµk) for the number of such permutations. So the left side of the equation is simply 1

m! multiplied
by the sum of the signs of the permutations in Sm. The above identity then follows from the observation
that for m ≥ 2, the number of even permutations is equal to the number of odd permutations in Sm.

13 The quantum torus Lie algebra

The commutation relations from Theorem 12.2 identify the Lie algebra generated by the operatorsWv,` as
a subalgebra of the sine Lie algebra, also known as a quantum 2-torus Lie algebra. Below, we first discuss
the non-quantum case, then discuss its quantum deformation.

Consider the complexification of the Poisson algebra of a real symplectic 2-dimensional torus R2/(2πZ)2

with symplectic form dθ1 ∧ dθ2. This algebra has a dense subalgebra generated by the functions Tv :=

ei(v1θ1+v2θ2), with the Poisson bracket given by

{Tv, Tw} = (v ∧ w)Tv+w ,

where v ∧ w := v1w2 − v2w1 for v = (v1, v2) and w = (w1, w2). These relations also describe a dense sub-
algebra of the Poisson algebra of the holomorphic symplectic manifold (C∗)2 with holomorphic symplectic
form dz1

z1
∧ dz2

z2
, and corresponding Poisson bivector z1∂z1 ∧ z2∂z2, where now Tv corresponds to z

v1
1 zv22 .
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The above Poisson algebra is related to the Lie algebra of the topological vertex group of Gross, Pandhari-
pande and Siebert [8], used to compute genus 0 Gromov–Witten invariants of 2-dimensional log Calabi–
Yau manifolds. It is interesting that a quantisation of this algebra occurs in our study of arbitrary genus
Gromov–Witten invariants of three-dimensional log Calabi–Yau manifolds. Indeed, such a quantisation was
suggested in the work of Kontsevich and Soibelman [12], and has already appeared in the work of Bousseau
on higher genus Gromov–Witten invariants of 2-dimensional log Calabi–Yau manifolds [3, 4]. Bousseau’s
work can be interpreted as providing a calculation of Gromov–Witten invariants counting curves contained
in 2-dimensional Calabi–Yau submanifolds such as our calculation in Lemmas 12.3 and 12.4 of curves in
Y ×{1} ⊂ Y ×CP1. This is di�erent to our current project studying curves contained in f−1(0) and accord-
ingly, Bousseau’s quantum torus is a quantisation of a di�erent torus. These two theories may potentially
be connected through the web of correspondences introduced by Bousseau, Brini and van Garrel [5].

Discarding T0 by restricting to complex-valued functions on the 2-torus whose integral is 0, we can obtain
a quantum 2-torus Lie algebra11 as a quantum deformation12 of this Poisson algebra, with generators Tv for
v ∈ Z2 \ {0} satisfying the commutation relations

[Tv, Tw] = [v ∧ w]q Tv+w , (24)

where the quantum integer [n]q is defined as in equation (12).

Given a vector n` ∈ Z2, there is a central extension of this Lie algebra with generators Tv for v ∈ Z2 \ {0}
and C satisfying the commutation relations

[Tv, Tw] = [v ∧ w]q Tv+w + δv+w(v ∧ n`)C .

These are the commutation relations defining a sine Lie algebra, also known as the quantum 2-torus Lie
algebra. More canonically, there is a central extension of this algebra with generators Tv for v ∈ Z2 \ {0}
and central elements C1 and C2, satisfying the commutation relation

[Tv, Tw] = [v ∧ w]q Tv+w + δv+w(v1C1 + v2C2) . (25)

Define the small quantum torus Lie algebra ts to be the completion of the Lie algebra over N generated
by Tv for v ∈ t2Z \ {0}, satisfying the commutation relations of equation (24). Furthermore, define the big
quantum torus Lie algebra tb as the central extension of ts by t2, defined by the commutation relations

[Tv, Tw] = [v ∧ w]q Tv+w + δv+wv .

So, on H+
` , Theorem 12.2 gives that the operators Wv,` provide a projective representation of ts, and a

representation of tb so that v ∈ t2Z ⊂ tb acts by multiplying by the constant v ∧ n`. Using the Z-grading in
whichWv,` has degree −v∧n`, this representation is quasifinite, with basis for the degree n subspace given

by α+p`

` =
(∏

kW
p`k
−kw`,`

)
(1) with

∑
k kp

`
k = n; so p` represents a partition of n in which there are p`k

parts equal to k. Moreover, the vanishing result of equation (22) and the weights from Lemma 12.4 identify
this as a highest weight representation.

These conditions determine the operators Wv,`. Given v1, v2, . . . , vn, the vanishing result of equation (22)
implies that

∏
iWvi,`(1) has degree −

∑
i vi ∧ n`, and therefore∏
i

Wvi,`(1) =
∑
p`

cp`α
+p`

` ,

where the sum is over partitions p` of −
∑
i vi ∧ n`. The coe�cient cp` is then determined by applying the

operator 1

|Gp` |
∏
kW

p`k
kn`,`

, and we can compute

cp` =
1∣∣Gp`
∣∣ ∏

i

Wp`k
kn`,`

∏
i

Wvi,`(1)

11This Lie algebra also is the commutator on the non-commutative torus C∗-algebra with generators U1, U2 satisfying the relation
qU1U2 = U2U1. Then, setting Tv = iqv1v2/2Uv11 Uv22 , we obtain the above commutation relations for Tv . This non-commutative
torus algebra is di�erent from the algebra generated by our operators.

12If we followed standard practice for quantisation, we should be taking −i times these generators, resulting in a factor of i in the
commutation relation so that [Tv , Tw] = i~{Tv , Tw}+ . . .
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by commuting the negative degree operators to the right using Theorem 12.2, and discarding terms in which
negative degree operators act on 1 until we are left with an expression in degree 0 operators, which is then
determined by Lemma 12.4.

Remark 13.1. After tensoring with C, we can also identify this representation as arising in the work of
Okounkov and Pandharipande on the Gromov–Witten/Hurwitz correspondence for curves [18]. In particular,
we use a version of boson-fermion correspondence, and place our bosonic Fock space H+

` ⊗ C within a
fermionic Fock space represented by an infinite wedge space. The infinite wedge space is acted on by
operators Er(z) from [18, Section 2.2]. Then, for r and k in Z, the operators

−iEr(i(~ + 2π)k) :=
∑

j∈Z+ 1
2

−iei~k(j−r/2)Ej−r,j +
(−1)k+1

2 sin k~/2
δr,0

obey the same commutation relations as our operatorsWrw`+kn`,`, and define a highest weight representa-
tion with the same weights.

14 Framing change

Suppose that we choose a di�erent compactification X̄ of C2×C∗ so that the two legs `1 and `2 have di�erent
framings, so w`1 6= −w`2 . Thinking of `1 as incoming and `2 as outgoing, we get a bounded N-module
homomorphism

FX̄ : H+
`1
−→ H−`2 = H+

`−2

FX̄α = (aαZX̄)+

`−2
.

So FX̄α is the projection of aαZX̄ onto H−`2 = H+

`−2
. This homomorphism depends on the symplectic form

chosen on X̄, but is still bounded when we send the symplectic form to 0, so define FX̄ in this canonical
case where the symplectic form is 0. Note that FX̄1 = 1, because, after an abstract perturbation, there are
no stable curves with contact only on the boundary of X̄ corresponding to `2, so the empty curve is the
only ‘curve’ contributing to this invariant.

We will think of FX̄ as a framing change, because n`−2 = −n`2 = n`1 , but w`−2 6= w`1 . The gluing formula
of equation (8) applied to the toric degeneration pictured in Figure 20 implies that FX̄ is an isomorphism,
and preserves the integration pairing.

Figure 20: A toric degeneration of Y ×CP1 into two pieces, both isomorphic to X̄, leading to the observation
that FX̄ is an isomorphism which preserves the integration pairing.

In fact FX̄ is an isomorphism of representations.

Proposition 14.1. The map FX̄ is an isomorphism of representations. In particular, we have

FX̄ ◦Wv,`1 =Wv,`−2
◦ FX̄ and FX̄(1) = 1 .

Proof. We have already observed that FX̄(1) = 1, so it remains to prove that FX̄ intertwines the operators
Wv,`1 and Wv,`−2

.

To prove this, first suppose that

w`1 ∧ v > 0 and w`−2
∧ v > 0 ,
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and compute ZX̄,h−v while setting the symplectic form to zero so that we can ignore the symplectic en-
ergy contributions, which are determined topologically and uninteresting in this case. As in the proof of
Lemma 12.1, we can choose the constraint corresponding to h−v in two di�erent ways so that di�erent
tropical curves contribute to the calculation of ZX̄,h−v . In particular, one constraint leads to the tropical
curves on the left in Figure 21, and a di�erent constraint leads to the tropical curves on the right.

=

Figure 21: Two ways of calculating ZX̄,h−v as FX̄ ◦Wv,`1 or Wv,`−2
◦ FX̄ .

For the constraint on the left, applying the tropical gluing formula of equation (9) with the considerations
noted in the proof of Lemma 12.1 gives that for α ∈ H+

`1
and β ∈ H+

`2
,

〈ZX̄;h−v ;αβ〉 = 〈exp η;h−vαβ〉 = 〈β, FX̄ ◦Wv,`1α〉 ,

whereas using the constraint on the right gives

〈ZX̄;h−v ;αβ〉 = 〈β,Wv,`−2
◦ FX̄α〉 .

So, we have that FX̄ ◦Wv,`1 =Wv,`−2
◦ FX̄ in this case.

Similarly, if
w`1 ∧ v > 0 and w`−2

∧ v > 0 ,

we obtain that
〈ZX̄;h−v ;αβ〉 = 〈β, FX̄ ◦ −Wv,`1α〉 = 〈β,−Wv,`−2

◦ FX̄α〉 .

So we also have the required relation in this case.

=

Figure 22: In this pictured case, ZX̄,h−v = 0 and FX̄ ◦Wv,`1 −Wv,`−2
◦ FX̄ = 0.

The case that w`i ∧ v have di�erent signs is pictured in Figure 22, but we do not need this to complete the
proof. We already have the required relation for a set of vectors v generating Z2 under addition. As the
other operators are obtained as commutators of these operators using Theorem 12.2, it follows that these
other operators also satisfy the required relation

FX̄ ◦Wv,`1 =Wv,`−2
◦ FX̄ .

Note also that FX̄ preserves the Z-grading, so

FX̄ ◦ Px,`1 = Px,`−2
◦ FX̄ .

Proposition 14.1 completely determines the framing change. Moreover, it motivates us to think of H+
` as

a highest weight representation of the big quantum torus Lie algebra tb, depending only on n`, and not
w`. Note that this determines the structure of H+

` as a highest weight representation of tb, the N-module
structure, and the integration pairing and the vacuum vector 1 ∈ H+

` ; only the multiplication structure and

the preferred basis α+p`

` depend on the framing w`.
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15 The topological vertex

The case when X = C3 and f = z1z2z3 is of particular interest. In this case, the tropical graph has three
legs and a single vertex. Choose a compactification X̄ of C3 such as the one pictured in Figure 23.

Figure 23: A compactification of C3 with framing vectors (1, 0), (−1, 1), (0,−1), and respective normal
vectors (0, 1), (−1, 0), (1,−1) shown in red.

Regardless of what compactification X̄ ⊃ X is chosen, the symplectic energy of a holomorphic curve in X̄
is determined by its contact data. For v ∈ t2Z, let x(v) > 0 be the integral of ω over a holomorphic sphere
in X̄ with contact data p = 1v. (Such holomorphic spheres can be found as the closures of orbits of the
C∗-action of weight v on f−1(0).) Then the symplectic energy of a holomorphic curve with contact data p

supported on t2Z is
x(p) :=

∑
v

x(v)p(v) .

In this section, we refer to the three legs using the numbers 1, 2 and 3, considered modulo 3 and numbered
anticlockwise in the above picture so that n` ∧ n`+1 = 1. Consider

ZX̄ ∈ H−1 ⊗H
−
2 ⊗H

−
3 := H+

1− ⊗H
+
2− ⊗H

+
3− .

EachH+
`− has a natural Z-grading so that the space of elements of degree n has a basis labelled by partitions

of n. Using the corresponding Z3-grading, we can take a limit to completeH+
1−⊗H

+
2−⊗H

+
3− to anN-module

̂H+
1− ⊗H

+
2− ⊗H

+
3−

consisting of infinite sums in H+
1− ⊗H

+
2− ⊗H

+
3− with a single term in each multi-degree. Then setting t = 1

in ZX̄ to remove dependence on the symplectic form gives

T ∈ ̂H+
1− ⊗H

+
2− ⊗H

+
3− ,

so that
ZX̄ = Px(w1),1−Px(w2),2−Px(w3),3−T . (26)

We have that each H+
`− is a highest weight representation of the big quantum torus Lie algebra tb using

the operatorsWv,`− , and each of these operators induces a corresponding operator on ̂H+
1− ⊗H

+
2− ⊗H

+
3− .

Using the operators (Wv,1− +Wv,2− +Wv,3−) gives a tb-representation on this N-module. Moreover, the
central elements v ∈ t2 ⊂ tb act on H+

i− by multiplying by the number v ∧ ni− , so they act trivially on
̂H+

1− ⊗H
+
2− ⊗H

+
3− because n1− + n2− + n3− = 0. So, we actually have a representation of the small

quantum torus Lie algebra ts. The following theorem tells us that T is fixed by the action of the quantum
torus.

Theorem 15.1. For any v ∈ t2Z, we have(
Wv,1− +Wv,2− +Wv,3−

)
T = 0 .

Proof. This follows by calculating ZX̄,h−v , while setting t = 1 so that we can ignore the symplectic area of
curves.

Suppose that
w1 ∧ v > 0, w3 ∧ v > 0 and w2 ∧ v < 0 . (27)
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As in the proof of Lemma 12.1, we can choose the constraint corresponding to h−v so that contributing
tropical curves to ZX̄,h−v are either as depicted in the two pictures on the left in Figure 24, or alternatively,
as depicted on the right. So for these tropical curves, all edges are either along the singular locus or along
a ray in the direction −v starting from the singular locus. Moreover, all vertices are either at the vertex
at the centre of the singular locus, at the start of this ray, or are a vertex with valency two that subdivides
a ray into two edges, where the ray crosses the singular locus. Other tropical curves do not contribute as
they either are not rigid after being constrained, or are eliminated using the tropical gluing formula and the
observation that the self intersection of f−1(0) is 0.

+ =

Figure 24: Two ways of calculating ZX̄,h−v as −Wv,3−T−Wv,1−T or Wv,2−T

Applying the tropical gluing formula of equation (9), with the considerations discussed in the proof of
Lemma 12.1, gives the equation

ZX̄,h−v =Wv,2−T

with one constraint, and
ZX̄,h−v = −Wv,3−T−Wv,1−T

with a di�erent constraint. To see that the contribution of tropical curves depicted in the middle picture
gives the term−Wv,1−T, we must understand why we can ignore the extra bivalent vertex where our tropical
curve crosses the singular locus, as we did when interpreting Figure 22. Call this bivalent vertex q. The
contribution of this vertex q in our tropical gluing formula is a Gromov–Witten invariant η[γq ] of the exploded
manifold Expl(X̄ )̌|q, which is isomorphic to the exploded manifold Expl(Y ×CP1) considered in Section 11.
The key calculation is the step gluing the contribution of this vertex along the edge joining it to the singular
locus. Calculate by first gluing along all internal edges apart from this one, leaving one final integral where
η[γq ] is paired with h−v at one contact point, and a multiple m of the Poincaré dual of f−1(0) at the other
contact point, coming from the glued-together contribution of the rest of the curve. This Gromov–Witten
invariant is then easily calculated to be m by replacing the Poincaré dual of f−1(0) with the Poincaré dual
of f−1(2). In other words, ah−vη

[γq ] is another cohomology class satisfying the same conditions — see
equation (13) — as h−v so this vertex has no e�ect on our calculations.

So for v satisfying equation (27), we have the required equation(
Wv,1− +Wv,2− +Wv,3−

)
T = 0 .

Similarly, we have the required equation for all v satisfying equation (27) with the legs (1, 2, 3) cyclically
permuted. Such vectors v generate t2Z under addition, so the other operators Ww,`− are obtained using
Theorem 12.2 as commutators of operators satisfying the above equation. Therefore the required equation
holds for all v ∈ t2Z.

Theorem 15.1, and equations (23) and (26) imply the following modification when we include the symplectic
energy of curves.

Corollary 15.2. For X = C3, we have(
tx(w1)(v∧n1)Wv,1− + tx(w2)(v∧n2)Wv,2− + tx(w3)(v∧n3)Wv,3−

)
ZX̄ = 0 .

So ZX̄ is annihilated by a di�erent action of the small quantum torus Lie algebra ts using the operators
(tx(w1)(v∧n1)Wv,1− + tx(w2)(v∧n2)Wv,2− + tx(w3)(v∧n3)Wv,3−). Note, however that these operators are only
defined on a subset of H+

1− ⊗H
+
2− ⊗H

+
3− because of the presence of negative powers of t.
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Together with the observation that the degree (0, 0, 0) part of T is 1⊗1⊗1, the commutation relations from
Theorem 12.2, and the vanishing relations of equation (22) for Wv,`, Theorem 15.1 completely determines
T, and hence ZX̄ .

Define the operators E`+1,` : ̂H+
1− ⊗H

+
2− ⊗H

+
3− −→

̂H+
1− ⊗H

+
2− ⊗H

+
3− by

E`+1,` := exp

(∑
k

−1

k

(
Wkn`+1,(`+1)− +Wkn`+1,(`+2)−

)
W−kn`+1,`−

)
.

The key property that E`+1,` satisfies is

Wkn`+1,`−E`+1,` − E`+1,`Wkn`+1,`− = −
(
Wkn`+1,(`+1)− +Wkn`+1,(`+2)−

)
E`+1,` . (28)

So if Wkn`+1,`−x = 0, then(
Wkn`+1,`− +Wkn`+1,(`+1)− +Wkn`+1,(`+2)−

)
E`x = 0 .

Similarly, define

E`−1,` := exp

(∑
k

−1

k

(
W−kn`−1,(`+1)− +W−kn`−1,(`−1)−

)
Wkn`−1,`−

)
,

which satisfies the key property

[W−kn`−1,`− ,E`−1,`] = −
(
W−kn`−1,(`+1)− +W−kn`−1,(`−1)−

)
E`−1,` . (29)

In the following lemmas, we prove that

T = E1,3 E3,2 E2,1(1⊗ 1⊗ 1) = E1,2 E2,3 E3,1(1⊗ 1⊗ 1) .

Use T` for the projection of T to Ĥ+
`− , the completion of H+

`− ⊂
̂H+

1− ⊗H
+
2− ⊗H

+
3− allowing infinite sums

with one term in each degree.

Lemma 15.3. For ` = 1, 2, 3, we have the following equations.

T` = E`+1,`(1⊗ 1⊗ 1) = exp

(∑
k

(−1)k+1

k[k]q
W−kn`+1,`−

)
(1⊗ 1⊗ 1)

T` = E`−1,`(1⊗ 1⊗ 1) = exp

(∑
k

(−1)k

k[k]q
Wkn`−1,`−

)
(1⊗ 1⊗ 1)

Proof. For notational ease, we assume without loss of generality that ` = 3, so we aim to show that

T3 = exp

(∑
k

−1

k

(
Wkn1,1− +Wkn1,2−

)
W−kn1,3−

)
1⊗ 1⊗ 1 .

Equation (22) tells us that the operator Wkn1,`− has degree kn1 ∧ n`. In particular Wkn1,2− has degree
k, Wkn1,3− has degree −k and Wkn1,1− has degree 0. So, we can obtain an element with degree (0, 0, n)

by applying Wkn1,1− to an element of degree (0, 0, n), or by applying Wkn1,3− to an element of degree
(0, 0, n+ k). MoreoverWkn1,2− is zero applied to any element of degree (0, 0, d). Therefore, Theorem 15.1
implies that (

Wkn1,1− +Wkn1,2− +Wkn1,3−
)
T3 = 0 . (30)

Lemma 12.4 and equation (20) allow us to simplify this equation to

Wkn1,3−T3 =
(−1)k+1

[k]q
T3 .
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Using the fact that T3 is sum of powers of W−kn1,3− applied to 1⊗ 1⊗ 1, and the commutation relation

[Wkn1,3− ,W−k′n1,3− ] = k(n1 ∧ n3−)δk−k′ = kδk−k′

then gives that

T3 = exp

(∑
k

(−1)k+1

k[k]q
W−kn1,3−

)
1⊗ 1⊗ 1 .

As Wkn1,1−1 = (−1)k

[k]q
and Wkn1,2−1 = 0, this implies the more complicated expression

T3 = exp

(∑
k

−1

k

(
Wkn1,1− +Wkn1,2−

)
W−kn1,3−

)
1⊗ 1⊗ 1 .

Alternately, we could see this using equation (28), the observation that Wkn1
annihilates 1 ⊗ 1 ⊗ 1, so

T3 = E1,31⊗ 1⊗ 1 solves the equation (30) with the initial condition that the degree part 0 is 1⊗ 1⊗ 1.

The argument that T3 = E2,31⊗ 1⊗ 1 is analogous, except equation (29) is used in place of equation (28).
When simplifying this operator, we get a di�erent sign because Wkn1,1−(1) = −W−kn2,2− , obtaining

T3 = exp

(∑
k

(−1)k

k[k]q
Wkn2,3−

)
1⊗ 1⊗ 1 .

Use the notation T`,`+1 for the projection of T to ̂H+
`− ⊗H

+
(`+1)− .

Lemma 15.4.
T`,`+1 = E`+2,`+1T` = E`−1,`T`+1

Proof. For notational convenience, we prove this in the case l = 3. So, we must show that

T3,1 = exp

(∑
k

−1

k
(Wkn2,3− +Wkn2,2−)W−kn2,1−

)
T3 .

Note that Wkn2,1− has degree −k, and therefore annihilates T3. We also have that Wkn2,2− has degree 0

and Wkn2,3− has degree k.

Accordingly, an element of degree (m, 0, n) can be obtained by applying Wkn2,1− to an element of degree
(m+ k, 0, n), or applyingWkn2,2− to an element of degree (m, 0, n), or applyingWkn2,3− to an element of
degree (m, 0, n− k). Accordingly, Theorem 15.1 implies the equation

(Wkn2,1− +Wkn2,2− +Wkn2,3−)T3,1 = 0 .

As Wkn2,1− annihilates T3, we have that T3,1 = E2,1T3 solves this equation with the initial condition that
the degree (0, 0, ∗) part is equal to T3.

Similarly, W−kn2,3− annihilates T1, and degree considerations and Theorem 15.1 implies the equation(
W−kn2,1− +W−kn2,2− +W−kn2,3−

)
T3,1 = 0 .

So, T3,1 = E2,3T1 solves this equation, with the initial condition that its projection to Ĥ+
1− is T1.

Using T2,3 = E1,2E1,3(1 ⊗ 1 ⊗ 1) we get an explicit expression for the two-legged topological vertex as a
single exponential, because E1,2 and E1,3 commute.

T2,3 = exp

(∑
k

(−1)k+1

k[k]q

(
W−kn1,3− −Wkn1,2−

)
− 1

k
Wkn1,2−W−kn1,3−

)
1⊗ 1⊗ 1 (31)
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Lemma 15.5.
T = E`−1,`T`+1,`+2 = E`+1,`T`+1,`+2

Proof. For notational convenience, assume that l = 1. As W−kn3,1− has degree −k, it annihilates T2,3.
Therefore, equation (29) implies that T = E3,1T2,3 satisfies the required symmetry equation

(W−kn3,1− +W−kn3,2− +W−kn3,3−)T = 0 ,

and satisfies the initial condition that its projection to ̂H+
2− ⊗H

+
3− is T2,3.

Similarly, Wkn2,1− has degree −k, so annihilates T2,3, and it follows from equation (28) that

T = E2,1T2,3 .

Using equations (23) and (26), we can include the symplectic area of curves in our calculations and determine
ZX̄ . Recall that the symplectic energy of a curve with contact data v is given by x(v) for x some positive
function on t2Z \ {0}.

Define

E`+1,`(x) := exp

( ∞∑
k=1

−1

k

(
Wkn`+1,(`+1)− + tkx(w`+2)Wkn`+1,(`+2)−

)
tkx(w`)W−kn`+1,`−

)
,

so equation (23) implies that

Px(w1),1−Px(w2),2−Px(w3),3−E`+1,` = E`+1,`(x)Px(w1),1−Px(w2),2−Px(w3),3− .

Similarly, define

E`−1,`(x) := exp

( ∞∑
k=1

−1

k

(
tkx(w`+1)W−kn`−1,(`+1)− +W−kn`−1,(`−1)−

)
tkx(w`)Wkn`−1,`−

)
,

which satisfies the analogous equation

Px(w1),1−Px(w2),2−Px(w3),3−El−1,` = El−1,`(x)Px(w1),1−Px(w2),2−Px(w3),3− .

Note that because of the positive powers of t, the above operators E`±1,`(x) define bounded operators on
H+

1− ⊗H
+
2− ⊗H

+
3−.

Moreover, Lemmas 15.3 to 15.5 together with equation (26) have the following immediate consequence.

Corollary 15.6.

ZX̄ = E1,2(x)E2,3(x)E3,1(x)(1⊗ 1⊗ 1) = E3,2(x)E2,1(x)E1,3(x)(1⊗ 1⊗ 1)
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