arXiv:1909.12055v1 [math.CO] 26 Sep 2019

Counting non-crossing permutations on surfaces of any genus
Norman Do, Jian He, and Daniel V. Mathews

Given a surface with boundary and some points on its boundary, a polygon diagram is a way to connect those
points as vertices of non-overlapping polygons on the surface. Such polygon diagrams represent non-crossing
permutations on a surface with any genus and number of boundary components. If only bigons are allowed, then it
becomes an arc diagram. The count of arc diagrams is known to have a rich structure. We show that the count of
polygon diagrams exhibits the same interesting behaviours, in particular it is almost polynomial in the number of
points on the boundary components, and the leading coefficients of those polynomials are the intersection numbers
on the compactified moduli space of curves Mg .
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1 Introduction

A polygon on a connected compact oriented surface S with boundary is an embedded (closed) disc
bounded by a sequence of properly embedded arcs Pi P, 2P, ..., Py—1Pu, PPy, where Py, P, ..., Py €
dS. The points Py, .. ., Py, are called the vertices of the polygon and the arcs P;P;; (with i taken mod m)
are its edges. Given a finite set of marked points M C 95, a polygon diagram on (S, M) is a disjoint union
of polygons on S whose vertices are precisely the marked points M. See figure 1 for an example. Two
polygon diagrams Dy, D on (S, M) are equivalent if there is an orientation preserving homeomorphism
¢ : S — S such that ¢|ys is the identity and ¢(D1) = D».
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Figure 1: A polygon diagram on S 5.

Polygon diagrams are closely related to non-crossing permutations. In this paper we count them.

Denote by S¢ , a connected compact oriented surface of genus ¢ with n > 1 boundary components, or
just S when g and n are understood. Label the boundary components of S as Fy, . .., F,. Since we will be
performing cutting and pasting operations on polygon diagrams, it is often helpful to choose a single
vertexm; € M N F; to be a decorated marked point on each boundary component F; containing at least one
vertex (i.e. such that M N F; # @). Two polygon diagrams D1, Dy on S can then be regarded as equivalent
if there is an orientation preserving diffeomorphism of S taking D to D,, such that each decorated
marked point on D; is mapped to the decorated marked point of D, on the same boundary component.
Fixing the total number of vertices on each boundary component F; to be y; (i.e. [MNF| = u;), let
Pgu(p1,. .-, tin) be number of equivalence classes of polygon diagrams on (S, M). Clearly P, only
depends on g,n, y1, ..., 4y (not on the choice of particular S or M) and is a symmetric function of the
variables p1, ..., Un.

Proposition 1.

2#1—1 5 >0
Pos(p1) . @

1 =0

2;11—1 2;12 1 24 4p +1
H1, 2 >0
p02 #1/]42 { 2#1_1 1253 (VlJrP‘Z ) . 0 (2)
/ 2 =
2u1 — 1\ (2up — 1\ (2uz — 1
Pos(p1, o, p3) ( y;ll )( V; )( y‘;s ) (2#1#2#34—2#1}4] Z 2}4 > 3)
i#j !

2y—1) 1 ud+43u2420p —12 @

P“(”l):( uo)ou—1 12

Here we take the convention (7, ) = 1 when y; is 0.

Suppose D is a polygon diagram on (S, M) where S is a disc or an annulus, i.e. (g,n) = (0,1) or (0,2).
Each boundary component F; inherits an orientation from S. Label the marked points of M by the
numbers 1,2,...,|M| = Y/'; y;, in order around F; in the disc case, and in order around F; then F, in the
annulus case. Orienting each polygon in agreement with S induces a cyclic order on the vertices (and
vertex labels) of each polygon, giving the cycles of a permutation 77 of {1,...Y_ y;}. Such a permutation
is known as a non-crossing permutation if S is a disc, or annular non-crossing permutation if S is an annulus.
We say the diagram D induces or represents the permutation 7.

Non-crossing permutations are well known combinatorial objects. It is a classical result that the number
of non-crossing permutations on the disc is a Catalan number. Annular non-crossing permutations
were (so far as we know) first introduced by King [12]. They were studied in detail by Mingo-Nica [16],
Nica—-Oancea [18], Goulden—-Nica—Oancea [9], Kim [11] and Kim-Seo-Shin [14].

In general, if we number the marked points M from 1 to |M| = }_I' ; y; in order around the oriented



boundaries Fj, then F, up to F,, then in a similar way, a polygon diagram represents a non-crossing
permutation on a surface with arbitrary genus and an arbitrary number of boundary components. This
paper studies such non-crossing permutations via polygon diagrams.

The relation between permutation and genus here differs slightly from others in the literature. The notion
of genus of a permutation 7t in [10] and subsequent papers such as [3, 4, 5], in our language, is the smallest
genus g of a surface S with one boundary component on which a polygon diagram exists representing the
permutation 7t; equivalently, it is the genus of a surface S with one boundary component on which a
polygon diagram exists representing 77, such that all the components of S\ D are discs. This differs again
from the notion of genus of a permutation in [2].

Given a non-crossing permutation 7t on the disc, it’s clear that there is a unique polygon diagram D
(up to equivalence) representing 7t. Therefore Py;(y) is also the u-th Catalan number. Uniqueness
of representation is also true for connected annular non-crossing partitions. An annular non-crossing
partition is connected if there is at least one edge between the two boundary components, i.e. from F; to
F,. Uniqueness of representation follows since an edge from F; to F, cuts the annulus into a disc. The
number of connected annular non-crossing partitions counted in Py (1, j2) is known to be [16, cor. 6.8]

(ZM - 1) <2}42 - 1) ( 2412 )
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which appears as a term in the formula (2) for Py (p1, pt2). A disconnected annular non-crossing per-
mutation however can be represented by several distinct polygon diagrams, and Py, can be viewed
as the total count of annular non-crossing permutations with multiplicities. Similarly, in general the

Pgn(f, ..., tn) can be regarded as counts with multiplicity of non-crossing permutations on arbitrary
connected compact oriented surfaces with boundary.

If all polygons in D are bigons, then collapsing them into arcs turns D into an arc diagram previously
studied by the first and third authors with Koyama [6]. The count of arc diagrams exhibits quasi-
polynomial behaviour, and the asymptotic behaviour is governed by intersection numbers on the moduli
space of curves. In this paper we show that the count of polygon diagrams has the same structure. The
arguments mirror those in [6].

2"’2—1), together

with a rational function of the y;’s. In fact we also know the form of the denominator. Moreover,

The formulae for Py, in Proposition 1 suggest that Pg ,(j1, . .., in) is a product of the (

the behaviour is better than for arc diagrams in the sense that we obtain polynomials rather than quasi-
polynomials.

Theorem 2. For (g,n) # (0,1),(0,2),leta =3¢ —3+n >0, and
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where Fy,y, is a polynomial with rational coefficients.

Note that F; , might have some common factors with (2p; —1)(2p; —3) ... (2u; — 2a — 1), which would
simplify the formula for Py ,. For example, F; ; has a factor (2j; — 3), hence only (2j; — 1) appears on
the denominator in (4).

The P, satisfy a recursion which allows the count on a surface to be computed from the counts on
surfaces with simpler topology, i.e, either smaller genus g, or fewer boundary components 7, or fewer
vertices ;.



Let X ={1,2,3,...,n}. Foreach I C X,let u; = {y; | i € I}.

Theorem 3. For non-negative integers g and pq, . .., iy such that yy > 0, we have
n
Pon(pt, s pin) = Pon(pn — 1, x q13) + Y #Pon—1(p1 + ik — L 143
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An edge P P, is boundary parallel if it cuts off a disc from the surface S. It is easy to create polygons
using edges that are parallel to the same boundary component. The counts of these polygons are
clearly combinatorial in nature instead of reflecting the underlying topology of S. Therefore from a
topological point of view, it is natural to count polygon diagrams where none of the edges are boundary
parallel. We call such a diagram a pruned polygon diagram. Let the count of pruned polygon diagrams
be Qg (pt1, ..., 1n), i-e. the number of equivalence classes of pruned polygon diagrams on a surface
of genus g, with n boundary components, containing 1, ..., jt» marked points respectively. Clearly
Qg,n( Mi,...,Mn) is also a symmetric function of q,...,u,. As the name suggests, the relationship
between Pg , and Qg , mirrors that of Hurwitz numbers and pruned Hurwitz numbers [5]. It also mirrors
the relationship between the counts of arc diagrams Gy, and non boundary-parallel arc diagrams Ng , in
[6]; we call the latter pruned arc diagrams.

We call a function f (1, ..., un) a quasi-polynomial if it is given by a family of polynomial functions,
depending on whether each of the integers yj, ..., yy is zero, odd, or even (and nonzero). In other words,
a quasi-polynomial can be viewed as a collection of 3" polynomials, depending on whether each y; is
zero, odd, or nonzero even. Our definition of a quasi-polynomial differs slightly from the standard
definition, in that 0 is treated as a separate case rather than an even number. More precisely, for each
partition X = X, Ll X, L Xg, there is a single polynomial f(Xe:Xo:Xo) (uy , px ) such that f(py, ..., pun) =
f(X"'XU'X@)(uXE,uXU) whenever y; = 0 for i € Xgp, p; is nonzero and even for i € X,, and y; is odd
fori € X,. (Here as above, forasetI C X, uy = {y; | i € I}.) A quasi-polynomial is odd if each
fXeXoXo) (., puy.) is an odd polynomial with respect to each p; € X, U X,.

Theorem 4. For (g,n) # (0,1) or (0,2), Qgn(p1, ..., tn) is an odd quasi-polynomial.

The pruned diagram count captures topological information of Sy ;. The highest degree coefficients of the
quasi-polynomial Qy , are determined by intersection numbers in the compactified moduli space M ;.

Theorem 5. For (g,n) # (0,1) or (0,2), Qér,{’x”’x@)(yl, .., n) has degree 6 — 6 + 3n. The coefficient
Cd,,....d, of the highest degree monomial ‘u%dlﬂ e y%d”ﬂ is independent of the partition (X,, X, ), and
1
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Here ¢; is the Chern class of the i-th tautological line bundle over the compactified moduli space M, of
genus g curves with n marked points.

2 Preliminaries

In this section we state some identities required in the sequel.

2.1 Combinatorial identities

The combinatorial identities required involve sums of binomial coefficients, multiplied by polynomials.
The sums have a polynomial structure, analogous to the sums in [6, defn. 5.5] and [20].



Proposition 6. For any integer & > 0 there are polynomials Py and Qy such that

a1 20 _ ()
)y lHl(n—i)_(2n—1)(2n—3)...(2n—2a—1)P”‘(”)

0<i<n even
2
2n ()

0<i<n odd o (” - i) T @n-1)(2n-3)... (2n—2a—1) Qul)-

In particular, when &« = 0,1 we have

Py(n) = %(n2 —n), Qo(n)= %nz, Py(n) = (n2 - 1)2112 and Qi(n) = %nz <2n2 —4n + 1) . (6)

In other words, we have identities
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2.2 Algebraic results and identities

We also need some results for summing polynomials over integers satisfying constraints on their sum
and parities. They can be proved as in [6] using generalisations of Ehrhart’s theorem as in [1], but we
give more elementary proofs in the appendix.

Proposition 7. For positive odd integers kq, ky
L
i1,ip>1, i1+ip=n

{i1,in} have fixed parities
is an odd polynomial of degree (k1 + ky + 1) in n. Furthermore the leading coefficient is independent of the choice
of parities.
In other words, in the sum above, we fix elements €1, e, € Z/2Z and the sum is over integers i, i such
thatiy,ip > 1,i1 +ip =nand iy =¢; mod 2, ip = € mod 2.

Proposition 7 can be directly generalized by induction to the following.

Proposition 8. For positive odd integers k1, ko, ..., ki

‘kl 'k2 'km
Z Lyl
i1,i,.,im>1, i1+ip+...+ip=n

{i1,i2,...,im } have fixed parities

is an odd polynomial of degree (311 ki +m — 1) in n. Furthermore the leading coefficient is independent of the
choice of parities. O

We will need the following particular cases, which can be proved by a straightforward induction, and
follow immediately from the discussion in the appendix.

Lemma 9. Let n > 0 be an integer.
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3 Basic results on polygon diagrams

3.1 Base case pruned enumerations

We start by working out Qg , for some small values of (g, n).

Proposition 10.

Qo1(p1) = dyy0
Qo (11, H2) = HyOpuy
21 paps,  pasp2, 3 > 0
Hik2, P, p2>0,u3 =0
1, H1 even, py = uz =0
0, uyodd, py = u3 =0

Qo3 (p1, w2, u3) =

Here ¢ is the Kronecker delta and 7 = n + d, ¢ is as in [6]: for a positive integer 77 = 1, and 0 = 1.

Proof. On the disc, every edge is boundary parallel. Therefore Qg1 (1) = 0 for all positive ;.

For (g,n) = (0,2), all non-boundary parallel edges must run between the two boundary components
Bj and By, and are all parallel to each other. A pruned polygon diagram must consist of a number of
pairwise parallel bigons running between F; and F,. Therefore Qo (1, p2) = 0if pg # pop. lf g = pp > 0,
consider the bigon containing the decorated marked point on F;. The location of its other vertex on B,
uniquely determines the pruned polygon diagram. Therefore Qo2 (1, 1) = p1, or Qop(p1, H1) = #q if
we include the trivial case Q((0,0) = 1.

For (g¢,n) = (0,3), we can embed the pair of pants in the plane, with its usual orientation, and denote
the three boundary components by F; = Fouter, F2 = Feft and F3 = Biignt, with pq, p2 and 3 marked
points respectively. Without loss of generality assume 1 > y2, y3. A non-boundary parallel edge can be
separating, with endpoints on the same boundary component and cutting the surface into two annuli, or
non-separating, with endpoints on different boundary components. See figure 2.

On a pair of pants there can be only one type of separating edge, and all separating edges must be
parallel to each other. Consider a polygon P in a pruned diagram. All its diagonals are also non-boundary
parallel, for a boundary-parallel diagonal implies boundary-parallel edges. Further, P cannot have more
than one vertex on more than one boundary component; if there were two boundary components F;, F;
each with at least two vertices then there would be separating diagonals from each of F;, F; to itself,
impossible since there can be only one type of separating edge. Moreover, P cannot have three vertices on
a single boundary component, since the three diagonals connecting them would have to be non-boundary
parallel, hence separating, hence parallel to each other, hence forming a bigon at most. Therefore a
polygon in a pruned diagram on a pair of pants is of one of the following types:

® a non-separating bigon from one boundary component to another,
m a separating bigon from one boundary component to itself,
» a triangle with a vertex on each boundary component,
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Figure 2: Boundary labels and possible non-boundary parallel edges on a pair of pants.

m a triangle with two vertices on a single boundary component, and the third vertex on a different
boundary component,

m a quadrilateral with two opposite vertices on a single boundary component, and one vertex on each
of the other two boundary components.

See figure 3. It’s easy to see that there can be at most one quadrilateral or two triangles in any pruned
diagram.

If up = p3 = 0, then all edges must be between Boyuter and itself and separating. A pruned polygon
diagram must consist of a number of pairwise parallel bigons. Hence Qg3(1,0,0) = 0if y; is odd. If
p1 > 0 is even, then the configuration of 5! separating bigons gives rise to 1 pruned polygon diagrams,
as the decorated marked point can be located at any one of the 1 positions. If y1; = 0 then there is only
the empty diagram, so in general there are i; diagrams.

If yp > 0 and u3 = 0, then since y; > uy, the possible polygons are

® a non-separating bigon between Fyyter and itself,
m a separating bigon between Foyter and Feg,
m a triangle with two vertices on Foyter and a vertex on Feg;.

Furthermore there can be at most one triangle. If 1y — y2 is even, then a pruned polygon diagram must
consist of py bigons from Foyter to Feg and @ bigons from Foyter to itself. If yy; — po is odd, then a
pruned polygon diagram must consist of a single triangle, > — 1 bigons from Foyter to Fe and W
bigon from Foyter to itself. Again each such configuration determines p; yp pruned diagrams accounting
for the locations of the two decorated marked points on Foyter and Feg.

If p11, po, w3 > 0, then because y; is maximal, any separating edge or separating diagonal in a quadrilateral
must be from Foyter to itself. Therefore the single quadrilateral (if it exists) must have a pair of opposite
vertices on Fouter and one vertex each on Fef and Figpi. There are two types of triangles with a separating
edge from Fouter to itself, depending on whether the last vertex is on Feg Or Figh. Call these left or right
triangles respectively. There are also two types of triangles with a vertex on each boundary component,
depending on whether the triangle’s boundary, inheriting an orientation from the surface, goes from
Fouter t0 Fegt OF Fright. Call these up or down triangles respectively. We then have the following cases.

(i) There is one quadrilateral. Then the pruned diagram must consist of this single quadrilateral, yip — 1
bigons between Foyter and Feg, and p3 — 1 bigons between Foyter and Fright. In this case we have
p1—p2—p3 =0.

(ii) There is a left and a right triangle. Then the pruned diagram must consist of these two triangles,

p2 — 1 bigons between Fouter and Fiegy, 13 — 1 bigons between Fouter and Fiigp, and %_”3_2
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Figure 3: The decomposition of a polygon diagram.




separating bigons between Fyuter and itself. In this case we have y; — 2 — p3 is positive and even.

(iii) There is an up and a down triangle. Then the pruned diagram must consist of these two trian-

ptpp—pz—2 tps—pa—
2 2

gles, 2 bigons between Fyyter and Fright and

potpz—p—2
2

bigons between Fouter and Feg,

bigons between Hef and Fgp:. In this case we have py — pp — pi3 is negative and even.
(Note that y1 + p2 — 3 and py + p3 — yp are both positive and even in this case.)

(iv) There is a single left (resp. right) triangle. Then the pruned diagram must consist of this triangle,
2 — 1 (resp. pz — 1) bigons between Fouter and Heft (resp. Frght), #3 (resp. pi2) bigons between
Fouter and Fright (resp. Feft), and ”17”2277”371 separating bigons between Foyter and itself. In this case
M1 — M2 — 3 is positive and odd.

(v) There is a single up (resp. down) triangle. Then the pruned diagram must consist of this trian-

gle, W”%”Tl bigons between Foyter and Feg, %7771271 bigons between Foyter and Fright and
H2+P‘32—V1—1

bigons between Hef; and Fyigh. In this case pi1 — pa — p3 is negative and odd. (Note that
M1 + u2 — pz and pq + pz — po are both positive and odd in this case.)

(vi) There are only non-separating bigons. Then the pruned diagram must consist of mﬂ;ﬂ bigons
between Fyyter and Fg, Y712 bioons between Fouter and Fyont, and 124571 bioons between

eft > g ght 2 &

Regt and Fignt. In this case py — pp — p3 is negative or zero, and even. (Note that y1 + o — p3 and
M1 + U3 — pp are both positive and even in this case.)

(vii) There are only bigons, some of which are separating. Then the pruned diagram must consist of 7
bigons between Fyyter and Feg, pt3 bigons between Foyter and Fright/ and W separating bigons
between Fouter and itself. In this case we have y; — pp — p3 is positive and even.

Observe that for each triple (u1, pp, 3), precisely two of these cases apply, depending on yj — pip — ys.
(Here we count the left and right versions of (iv) separately, and the up and down versions of (v)
separately.) We thus have two possible configurations of polygons, and each configuration corresponds
to p1pou3 pruned diagrams, accounting for the locations of the decorated marked points on the three
boundary components. Thus Qg 3 is as claimed. O

3.2 Cuff diagrams

Consider the annulus embedded in the plane with F; being the outer and F, the inner boundary. A cuff
diagram is a polygon diagram on an annulus with no edges between vertices on the inner boundary F,.
(These correspond to the local arc diagrams of [6].) Let L(b, a) be the number, up to equivalence, of cuff
diagrams with b vertices on the outer boundary F; and a vertices on the inner boundary F,.

Proposition 11.

x

(*), ab>0
), a=00b>0
, a=b=0

L(b,a) =

—_ NI

Proof. This argument follows [6], using ideas of Przytycki [21]. A partial arrow diagram on a circle is a
labeling of a subset of vertices on the boundary of the circle with the label “out”.

Assume a > 0. We claim there is a bijection between the set of equivalence classes cuff diagrams counted
by L(b,a), on the one hand, and on the other, the set of partial arrow diagrams on a circle with 2b vertices
and b — a “out” labels, together with a choice of decorated marked point on the inner circle. Clearly the
latter set has cardinality a( bz_b )

This bijection is constructed as follows. Starting from a cuff diagram D, observe that there are b — a edges
of D with both endpoints on the outer boundary F;. Orient these edges in an anticlockwise direction.
(Note this orientation may disagree with the orientation induced from polygon boundaries.) Label the
b vertices on F; from 1 to b starting from the decorated marked point. Taking a slightly smaller outer
circle F| close to Fj, the edges of D intersect F; in 2b vertices, say 1,1,2,2/,...,b,b'. Label each of these
2b vertices “out” if it is a starting point of one of the oriented edges. We then have b — a “out” labels, and
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Figure 4: Reconstructing a cuff diagram from a partial arrow diagram.

hence a partial arrow diagram of the required type. The decorated marked point on the inner circle is
given by the cuff diagram.

Conversely, starting from a partial arrow diagram, there is a unique way to reconstruct the edges of
the cuff diagram D so that they do not intersect. Regard the circle with 2b vertices of the partial arrow
diagram as the outer boundary F;, with the 2b vertices lying in pairs close to each marked point of the
original annulus, and with the pair close to marked point i labelled 7,i’. Since there are both labelled and
unlabelled vertices among the 2b vertices, there is an “out” vertex on F; followed by an unlabelled vertex
in a anticlockwise direction. The edge starting from this “out” vertex must end at that neighbouring
unlabelled vertex (otherwise edges ending at those two vertices would intersect). Next we remove those
two matched vertices and repeat the argument. Eventually all b — a “out” vertices are matched with
unlabelled vertices by b — a oriented edges. The remaining 24 unlabelled vertices are joined to 2a vertices
on the inner circle F,. These 2a edges divide the annulus into 2a sectors, which are further subdivided
into a number of disc regions by the oriented edges. Since 24 is even, the disc regions can be alternately
coloured black and white. Each pair of vertices on F; is then pinched into the original marked point; the
colouring can be chosen so that the pinched vertices are corners of black polygons near F;. The vertices
of F, can then be pinched in pairs in a unique way to produce a polygon diagram D, where the polygons
are the black regions. This D has b vertices on F; and a vertices on F,. Finally, each vertex on F, belongs
to a separate polygon with all other vertices on the outer circle. Placing the decorated marked point on F,
at each vertex gives a distinct cuff diagram of the required type. See figure 4.

If a = 0 then the bijection fails. From the cuff diagram we can still construct a partial arrow diagram. But
when the cuff diagram is being reconstructed from a partial arrow diagram, there is a single non-disc
region, so not every partial arrow diagram gives rise to a cuff diagram. Call a partial arrow diagram
compatible if it yields a cuff diagram. Since each edge is now separating, the regions divided by the edges
can still be alternately coloured black and white. All regions are discs except one which is an annulus.
Again choose the colouring so that the pairs of vertices labelled 7, i’ on F; are pinched into corners of black
regions. The partial arrow diagram is then compatible if and only if the annulus region is white. However,
when the partial arrow diagram is not compatible, pinching instead the corners of white regions will then
result in a cuff diagram. In other words, if we rotate all the “out” labels by one spot counterclockwise,
the new partial arrow diagram will be compatible. Conversely, if a partial arrow diagram is compatible,
then rotating its labels one spot clockwise will result in an incompatible partial arrow diagram. Hence
there is a bijection between compatible and incompatible partial arrow diagrams, and the number of cuff

diagram is exactly half of the number of partial arrow diagrams, or %(be).

When a = b = 0, there is the unique empty cuff diagram. O

10



3.3 Annulus enumeration

Proposition 12.

2u1 =1y (2up =1y ( 2papt2
Poa(p1, p2) = {( n ) <”1+”2 +1)’ Hp2 > 0

2u1—1 _
) P2 =0

Proof. If yy = 0 then a polygon diagram is just a cuff diagram, hence by proposition 11

172 211 — 1
rtn-tim- 1) - (%),

Note that taking (_01) =1, this works even when y; = 0.

If 41, p2 > 0, then as we saw in the introduction, from [16] the number of connected polygon diagrams
(i.e. with at least one edge from F; to F) is

<2ﬂ1 - 1) <2V2 - 1> 2412
M1 Ha ) 1+ p2
If there are no edges between the two boundaries, then the polygon diagram is a union of two cuff
2p1 — 1) (2#2 - 1) 2papy 1 (2;41) 1 (2#2)
P, , = B A S W Lz
0,2(p1, 1i2) ( " 1 ot 2\ ) 2\

_ (2141 - 1) (2712 - 1> ( 2 1)
M1 H2 M1+ p2

as required. O

diagrams, hence

3.4 Decomposition of polygon diagrams

Suppose S is not a disc or an annulus. Then any polygon diagram on S can be decomposed into a
pruned polygon diagram on S together with n cuff diagrams, one for each boundary component of S.
Take an annular collar of each boundary component of S, and isotope all boundary parallel edges to
be inside the union of these annuli. The inner circle of each annulus intersects the polygons in v; > 0
arcs. Pinch each arc into a vertex, choose one vertex on each inner circle with v; > 0 as a decorated
marked point, and cut along each inner circle. This produces a cuff diagram on each annular collar and a
pruned polygon diagram on the shrunken surface. This decomposition is essentially unique except for
the choice of decorated marked points on the inner circles, i.e., a single polygon diagram will give rise to
[T, v; distinct decompositions. See figure 5. Conversely, starting from such a decomposition, we can
reconstruct the unique polygon diagram by attaching the cuff diagrams to the pruned polygon diagram
by identifying the corresponding decorated marked points along the gluing circles, and unpinching all
the vertices on the gluing circles into arcs. Therefore we have the relationship between Py, and Qg ,
corresponding to the “local decomposition” of arc diagrams in [6].

Proposition 13. For (g,n) # (0,1) or (0,2),

n1
Pgln(,’lxll,...,“l/ln) = Z (Qg,n(vll---;VH)HVL(ﬂi/Vi)> (10)

0<v;<p; i=1"1

O

It turns out that dividing by a power of 2 for each of the y; that is zero, we obtain a nicer form of this
result, eliminating the piecewise nature of L(y;, v;). The number of y; that are zero is given by Y ; 6, o.
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Figure 5: The decomposition of a polygon diagram.

Defining

1 1
/ /
Pg,n(m,-.-,}in) = mpg,n(ﬂlwwﬂn) and Qg,n(Vlf--an) = ng,n(Vlw--/Vn)/

and applying proposition 11, equation (10) becomes

Pé,n(m,...,yn): ) <Qérn(v1,...,yn) (yizfiV))' (11)

OSU,'S}J,' i=1

3.5 Pants enumeration

Proposition 14.

21 — 1) <2V2 — 1) <2;43 - 1) 3} — i
Pos(p, pa, p3) = 2 LT 1
0,3(;’[1 U2 ‘113) < ],ll 1o VS H1H2H3 ;;’ll‘u] 1221 2‘141 —1

Proof. Tt is easier to work with P’ and Q’. We split the sum from (11)

/ / 3 2,“1‘
Pos(p v is) = ), Qo,3(V11V21V3)H< )

0<vi<p, i=1 \Hi T Vi

into separate sums depending on how many of the v; are positive. Using proposition 10, the sum over v;
all being positive is given by

3 24 3 24 3 Hi 2u:
/ Hi Hi Hi
Y Gt [1(,7) = © ]l () =20100 ()
0<v<p; i=1 \MHi — Vi 0<v<p; i=1 \Hi — Vi i=1 1 \Hi Vi
all v; positive all y; positive

Proposition 6 then gives this expression as

3 (2M) 3 (M) 92y () Py (M)
Hi . Y pi Pi — Wi \m/) N/ Npy/

Similarly, when v; = 0 and 1», v3 are positive we obtain

S0 2ui 24 1 S0 2u;
Q03(v1,v2,v3) ( : ) —( ) =113 ( ' )
OS;SIM < 03 E Hi— Vi H1 OS;SIM 2 g Hi— Vi
1/1:0,1/2,1/3>0 1/2,1/3>0
G am an
2 T2 T )
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The sum over two v; being positive is given by repeating the above calculation with for v, = 0 and v3 = 0.
Continuing, when v; = v, = 0 and v3 > 0 we obtain

3 2u; 2111 2un 1 2u3
Qo (vi,v2,v3) ( Z )) =< ) : ( ) : U3( )
05%%_ ( 03 g Hi— Vi 251 U2 0<V3§p§1/3 even & Uz — V3

11 =1p=0,u3>0
2 2 2
_G) Ge) G (B
2 2 2 \ows-1)-

The sum over one v; being positive is given by repeating the above calculation interchanging the roles of
v1, V2, v3. Finally when all v; are zero we have

S 2u (2;4”11) (%f;) (z,fl;)
)3 <Q03 vy, V2, V3 E( 1/))2 5Ty "9

0<v;<p;
1 :1/2:1/3:0

Note that with our convention of (_01) =1, (2;‘}' ) = 200 (2”;‘,_1). Summing the above terms, Py3 =

n
2Xi=1%0 P! s given as claimed. O

4 Recursions

In this section we will prove recursion relations for both the polygon diagram counts P, and the pruned
polygon diagrams counts Qg ;. The recursion for P , is similar to that obeyed by the arc diagram counts
Gg,n in [6]. The recursion for Qg ,, appears messy at first sight, but if we only consider the dominant
part, it actually differs very little from the recursion of non-boundary-parallel arc diagram count Ng ,; in
[6]. The top degree component of Ng , in turn agrees with the lattice count polynomials of Norbury, the
volume polynomial of Kontsevich, and the Weil-Petersson volume polynomials of Mirzakhani.

We orient each boundary component F; as the boundary of S. This induces a cyclic order on the y;
vertices on F;, and we denote by ¢(v) the next vertex to v along F;. If y; > 2 then o0(v) # v. For any
polygon diagram D, orient the edges of D by choosing the orientation on each polygon to agree with the
orientation on S.

4.1 Polygon counts

We now prove theorem 3, the recursion on Py ,;, which states that for ¢ > 0 and p1 > 0, equation (5) holds:

n
Pou(p1, - tn) = Pon(r — L xy q1y) + Y #kPon—1 (1 + ik — 1 pix 143)
=2

+ Y | Pevanildmxap) + Y, Peysa(mn) P, jpea (o) |-
i+j=p —1 g1+82=¢
>0 =x\{1}

Proof of theorem 3. Consider the decorated marked point m; on the boundary component F;. Suppose it
is a vertex of the polygon K of the diagram D. Let 7y be the outgoing edge from m;. If the other endpoint
of 7 is also my, then K is a 1-gon, and we obtain a new polygon diagram D’ by removing K entirely
(including m;), and then if y1; > 2, selecting the new decorated marked point on F; to be o(m1) (if p1 =1
then there will be no vertices on F; in D’, so we do not need a decorated marked point). Conversely,
starting with a polygon diagram D’ on S, , with (y1 — 1, iy, ..., fin) boundary vertices, we can insert
a 1-gon on F just before the decorated marked point m] (if there are no vertices on F;, simply insert a
1-gon), and then move the decorated marked point to the vertex of the new 1-gon. These two operations
are inverses of each other. This bijection gives the term Pg (41 — 1, px\ (13) in (5).
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If the other endpoint v of v is different from m;, there are several cases.

(A) v has both endpoints on F; and is non-separating.
We cut § = Sg , along 7y into S’ = Séfl,nﬂ, by removing a regular strip ¢ x (0,€) from S, where
v =1 x {0} and {m;} x [0,€] C F; is a small sub-interval of [m1,0(m1)). Then F; splits into two
arcs, which together with  and a parallel copy v x {e}, form two boundary components Fj and
F{ on S, with 7 part of F[. If c(m;) = v on F;, then F} contains no vertices. We obtain a polygon
diagram D’ on S’ by collapsing -y into a single vertex m} which is the decorated marked point on
F{, and setting ¢(m;) as the decorated marked point on F}, (if there is at least one vertex on Fj). The
new diagram D" has i > 0 vertices on Fj and j > 1 vertices on F] with i 4 j = y; — 1. Conversely
starting with such a polygon diagram D’ on Sq_1 ;11 with (i, j, pia, . . ., in) boundary vertices, we can
reconstruct D. First expand the decorated marked point m} on F| into an interval. Then glue a strip
joining this interval on F; to an interval just before the decorated marked point on Fj. (If i = 0, we
can glue to any interval on on F;.) This bijection gives the term ¥ j—, -1, j>0 Pe—1,n+1(%, j, 4x\ {1})
in (5).

(B) 7y has both endpoints on F; and is separating,.
This is almost the same as the previous case. As before, we cut S, , along v into two surfaces Si
and S} with polygon diagrams D} and D}, such that the new vertex m) obtained from collapsing 7y
is on ). The polygon diagram D can be uniquely reconstructed from such a pair (D}, D}). This
bijection gives the term ¥ j—;, 1, j50 g, +g,—g, 1j=x\{1} Pey,|1]+1(E 141) Po, 7410, 1) of (5).

(O) v has endpoints m; on F; and v on F, k > 1.
In this case 7 is necessarily non-separating. Cutting S; , along < and collapsing -y following a
similar procedure results in a polygon diagram D’ on a surface S(/g,n—l with p1 + py — 1 vertices on
its new boundary component F{, and the collapsed vertex m/ as the decorated marked point on
F{. However this is not a bijection since the information about original location of the decorated
marked point on F; (relative to v) is forgotten in D’. In fact the map D — D’ is py-to-1. The
decorated marked point m; can be placed in any of the py locations (relative to v). All y such
polygon diagrams will give rise to the same D’ after cutting along . Taking the multiplicity p into
account gives the term Y, Py n—1(p1 + px — 1, pxy f1,5)) of (5).

O

4.2 Pruned polygon counts

The recursion for pruned polygon diagrams follows from a similar analysis. It is more tedious due to the
fact that after cutting along an edge 7y, some other edges may become boundary parallel, so more care is
required.

We previously referred to 77 as i = n if n is a positive integer, and 0 = 1, following [6]. We now introduce
another notation of a similar nature.

Definition 15. For an integer y, let ji = p if p is a positive even integer, and 0 otherwise.

Theorem 16. For (g,n) # (0,1),(0,2), (0,3), the number of pruned polygon diagrams satisfies the following
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recursion:

Qen(p1, - pin) = ), ngfl,nJrl(i/]‘/HX\{l})'i‘%ngl,nJrl(O/O/HX\{l})

Hjm=p
i>1,j,m>0
+ ) Yo muQeua(pxiur)+ Y Qen— 10 mx 1) + #1#kQgn-1(0, 1x f161)
>0 \ im=pq+py i+x=p1— g
2<k<n \ i>1m>0 i>1,0>0

+ Y Y mQgu-1(i x\ 1) + F1Qgn—1(0, x\ (16
we=0 | i+m=p
2<k<n \i>1,m>0

. . 1
+ ) Yo mQq 1 (1) Qqy g1 o ey) + %le,\l\-i-l(ol k1) Qg 71+1(0, 1y) (12)
811+82=¢ i+j+m=py
I=x\{1}  \iZ1jm>0

No discs or annuli

Here “no discs or annuli” means (g1, |I| + 1) and (g2, |J| + 1) cannot be (0, 1) or (0,2). The tilde summa-
tion i is defined to be

—_—

Yo v Qeua(pxin) = Y, ¥Qeua(bpxir)— Y, ¥Qgu-1(i kx\ (1)
i+x=p— i ix=pq — g I+x=pg—1
i>1,x>0 i>1,x>0 i21,x20

Note that when p; > i the second sum vanishes, otherwise the first sum vanishes.

Proof. Suppose D is a pruned polygon diagram on S. Let 7y be the outgoing edge at the decorated
marked point m; on Fj. Since there is no 1-gon in D (they are boundary parallel), the other endpoint
v of 1 is distinct from m;. As in [6], there are three cases for : (A) it has both endpoints on F; and is
non-separating; (B) it has endpoints on F; and some other F, or has both endpoints on F; and cuts off an
annulus parallel to F; or (C) it has both ends on Fj, is separating, and does not cut off an annulus. Each
of these cases, especially case (B), has numerous sub-cases, which we now consider in detail.

(A) 7 has both endpoints on F; and is non-separating.

If an edge becomes boundary parallel after cutting S along <, then it must be parallel to v on S
(relative to endpoints) to begin with. Given two edges $1 and 55, both parallel to v, let I be a strip
bounded by 1, B> and portions of F;. This strip I is unique, because after we cut open along I,
and p’ belong to different boundary components, so they cannot bound any other strips. There
is a unique minimal strip A : [0,1]2 — S containing all edges parallel to 7, given by the union of
connecting strips between all pairs of edges parallel to . The left (resp. right) boundary of A is
an edge v, (resp. yr) joining two vertices p; and g, (resp. pr and gr), and the bottom (resp. top)
boundary of A is an interval on F; from py to pr (resp. gr to q1). Note that A may be degenerate,
i.e. 71 and g may have one or both of their endpoints in common, or they are the same edge 7.
Observe that all the edges in A, with the possible exception of y; and g, form a block of consecutive
parallel bigons inside A. Let there be m > 1 polygons with at least one edge parallel to . See figure
6. There are four cases.

(1) All m such polygons are bigons. In this case the y; vertices along F; are divided into 4 cyclic
blocks of consecutive vertices: there is a block of m vertices (p1, ..., pm) followed by j > 0
vertices, followed by another block of m consecutive vertices (g, . .., q1), followed by i > 0
vertices, such that there is a bigon between each pair of vertices {p;, g;}, and m; € {p1,...,pm}-
Remove all m bigons from the pruned polygon diagram D and cut S along v. If j > 0 then
let o(pm) be the decorated marked point on the new boundary component Fj. If i > 0 then
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Figure 6: Possible configurations of polygons in case (A).

let o(g1) be the decorated marked point on that new boundary component Fj. This produces
a pruned polygon diagram D’ on Sé—l,}’l 41 With (i, ], p2, ..., un) boundary vertices. The map
D — D' is m-to-1, since m; can be any one of {p1, ..., pm} and still produce the same pruned
polygon diagram D’. Conversely D can be reconstructed for D’ up to the possible location of
m; as one of {p1,..., pm}. Therefore we have the following contribution to (12):

Yo mQginii(infbx\(1y)- (13)
i+j+2m=pq
m>1,i,j>0

71 is part of a polygon K which is not a bigon, all other polygons are bigons. If 7 # g then
K and A lie on the opposite sides of 7}, (otherwise K C A, so must be a bigon), and there are
m — 1 bigons in A. Remove all bigons, cut S along 7, collapse ;. to a single vertex m{, which
we take to be the decorated marked point on the new boundary component F}, and let o(pRr)
be the decorated marked point on F]. This produces a pruned polygon diagram D’. Similar to
the previous case, the map D — D’ is m-to-1, as m; can any one of the m vertices between p|.
and pgr. Therefore we have the following contribution to (12):

Yo mQeiani(it+ L pxy) = Y. mQeruwalipxy)  (14)
i+j+2m=m ij+2m—1=p
m>1,i,j>0 im>1,>0

Note that this formula includes the contribution from the special case y; = yg = v, where
m=1.

R is part of a polygon K which is not a bigon, and all other polygons are bigons. This is
almost identical to the previous case, except now y cannot be the edge yr. (If we had v = yr
then, since v is the outgoing edge from mj, the polygon containing  would have to be on the
same side of 7y as A.) The map D +— D’ isnow (m — 1)-to-1, as m; cannot be pg. Therefore we
have the following contribution to (12):

Y, m=1)Qg iun(j+Luxpy) = Y,  (m=1)Q¢ 1u1(ij,px\13)- (15)
i+j+2m=py iHjr2m—1=p
le,i,jZO j,le,iZO

Note that this formula correctly excludes the special case v = ygr = 7, where (m —1) =0
and the formula vanishes.

71 and yr are each part of some polygon which is not a bigon, all other polygons are bigons.
We allow <1, and g to be different edges of the same polygon. We obtain a pruned polygon
diagram D’ by removing the (m — 2) bigons and collapsing 7y, and ‘yg to decorated marked
points m{, and m/. For the same reason as the previous case, y cannot be the edge g, so the
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map D — D’ is only (m — 1)-to-1. Therefore the contribution to (12) is

Y, m=-1)Q iun(i+1Lj+Lpxpy)= Y, mQe1un(ijmxpy) (16)
i+j+2m=py i+j+2m=p
m>1,i,j>0 i,j>1,m>0

Now we compute the total contribution from cases (A)(1)—(4). We drop the subscripts g — 1,17+ 1
from Qg-1,n+1 and X\ {1} from px\ 41} for convenience. Summing expressions (13) and (16) and
separating the terms according to where i, j are zero or nonzero, we obtain

Y o+ )Y mQ(i, j, 1)

i+j42m=p;  i+j+2m=p,

m>1,i,j>0 i,j>1,m>0
. . . i
= Y, 2mQ(ijm)+ Yy, mQOjp)+ ), mQ(z,o,u>+%Q(o,o,u)
i+j+2m=pq j+2m=p i+2m=pq
i,jm=>1 jm>1 im>1
.. 11
= ) 2mQ(z,],u)+%Q(O,0,u) (17)
l+]+2m:‘ll]
i,m>1,j>0

Similarly for expressions (14) and (15),

Y. mQGjiw+ ), (m—=1)Q(jn)

i+j4+2m—1=p i+j4+2m—1=p
im>1,j>0 jm>1,i>0
— Y em-1Qiim+ Y mQiom+ Y (m-1)Q0
i+j4+2m—1=p i+2m—1=p j+2m—1=p
ijm>1 i,m>1 jm>1
= ) (m-1QGj k) (18)
i+j4+2m—1=p
i,m>1,j>0

Adding (17) and (18) we have the first line of (12).

(B) v has endpoints on F; and F, or has both endpoints on F; and cuts off an annulus parallel to F.
Here k # 1. Note that since (g,n) # (0,3), if 7y cuts off an annulus parallel to Fy, the remaining
surface is not an annulus. Hence different values of k give different pruned polygon diagrams.
There is no double counting when we sum over k.

To standardise the possibilities for v, we define a path « from F; to F; as follows; & denotes « with
reversed orientation. If v has endpoints on F; and F, then let « = <. In this case, the edges that
become parallel after S is cut along < are precisely three types of curves: those parallel to the
concatenated paths &, aFx&, and &Fja. On the other hand, if  has both endpoints on F; and cuts off
an annulus parallel to Fy, then let a be a curve inside that annulus, connecting F; to Fi. In this case,
the curves that become boundary parallel after S is cut along v must be parallel to <. See figure 7.
Since S is not an annulus, there is a unique minimal strip A! containing all edges parallel to ,
bounded by edges 7} (resp. 7k) joining two vertices p} € F; and q} € F; (resp. pk and gk).
The top (resp. bottom) boundary of A! is an interval on F; (resp. Fy) from p} to pk (resp. gk to
q}). Similarly there are unique minimal strips A% and A3 containing all edges of the second and
third type respectively, with analogous notations. Note that edges of the second and third types
cannot appear simultaneously, so A2 and A3 cannot both be non-empty. All three strips A’ may be
degenerate. See figure 8.

Call a polygon partially boundary parallel if at least one of its edges is of the three types «, a F&, & Fj .
Call a polygon totally boundary parallel if all of its edges are of these three types, and mixed if it is
partially boundary parallel but not totally boundary parallel. A totally boundary parallel polygon is
either a bigon, or a triangle with two edges parallel to « and the third edge parallel to a F.& or aFja.
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Figure 7: The paths « and related paths in case (B).

Figure 8: The configurations of the strips Al In this figure Al A2 are nonempty.
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Figure 9: Configuration of polygons in case (B)(1)(b).

Furthermore there can be at most one totally boundary parallel triangle. Let there be m partially
boundary parallel polygons. Note m > 1, since 7 lies in a partially boundary parallel polygon.
Assume pj > 0. We split into the following sub-cases: all m partially boundary parallel polygons

are bigons; m — 1 bigons and one totally boundary parallel triangle; there is a total boundary parallel
triangle and a mixed polygon; there is a mixed polygon but no totally boundary parallel triangle.
(1) All m partially boundary parallel polygons are bigons. We then split further into sub-cases

accordingly as there are bigons parallel to aF.& or &F;«, or not.

(@)

(b)

There are no bigons parallel to aFx& or &Fja. Then there are m consecutive bigons between
Fi and F;. Removing all m bigons and cutting S along -y gives a pruned polygon diagram
D' with i = py + py — 2m vertices on the new boundary component F|. When i > 0, the
decorated marked point on F] is set to be o (pk) if 1 > m, and o(q} ) if 41 = m. The map
D — D' is mpy-to-1, since m; can be any of m vertices of the bigons on F;, and my can be
any of the yy vertices on Fy. Therefore we have the contribution

Y. mpg Qg n—1(i, Bx\ {1,6})- (19)

i+2m=p1 +pg
1<m<min(p1,py),i>0

There are x > 1 bigons parallel to aF &. See figure 9. Since aF& cuts off an annulus
parallel to F, the py vertices on F; belong to yj bigons between F; and F;. Removing
all m = x + py bigons and cutting along 7 gives a pruned polygon diagram D’ with
i = 3 —m — x vertices on the new boundary component F;. The decorated marked point
on F| is set to be (g} ) if i > 0. The map D + D’ is (2x + py) px-to-1, since my can be any
of the (2x + i) vertices of the bigons on F;. Therefore we have the contribution

Yo ) mQgn1(i x 1 i)-
i+2x=p1 —pg
x>1,i>0

Splitting the sum in by writing 2x + yy as (x + yy) + x and setting m = x + p, we note
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that i 4+ 2x = pq — py becomes i 4 2m = yj + py and obtain

Y muQeua(imxy) + Y, Xk Qgu-1(i mx\(1ey)- (20)
i+2m=p1 4y i+2x=p1— g
m>u+1,i>0 x>1,i>0
(c) There are x > 1 bigons parallel to & Fja. This is same as the previous case with F; and Fi
interchanged. The map D ~— D’ is pjpy-to-1, since the bigons now have i vertices on Fj.
Therefore we have the contribution:

Yoo mmQen—1(i pxy (1))
i+2X:]/lk7‘Ll]
x>1,i>0
Writing p1 as (x + p1) — x and setting m = x + y1, we note that i + 2x = py — y3 becomes
i +2m = pq + pyi, and obtain

Yo mmQen1lomxgie) — Y XHkQen—1(i x\ f14})- (21)
i+2m=p1+px i+2x=p—pq
m>pp+1,i>0 x>1,i>0

Observe that the index set {i +2m = py + puy,m > 1,i > 0} is the disjoint union of index
sets {i +2m = py + g, 1 < m < min(pq, pg),i > 0}, {i +2m = g + pg,m > pp +1,i > 0},
and {i+2m = pq + pp,m > pui+1,i > 0}F. (I m > py + 1 then g + py = i+ 2m > 2u +2,
hence 1 > py + 2; similarly if m > pq + 1 then pp > pq + 2. So the second and third sets are
disjoint.)

Dropping the subscript g,n — 1 from Q and X \ {1, k} from p for convenience, we find the
sum of (19), (20), (21) is

Y QU+ Y xmQimw - Y awQlp). (22
i+2m=p1+pg i+2x=p11— g i+2x=pp—p1
m>1,i>0 x>1,i>0 x>1,i>0
(2) There is one totally boundary parallel triangle and m — 1 bigons.
y yP & )

(a) The triangle has two edges parallel to &« and the third edge parallel to aFx. See figure
10. The configuration of bigons and triangle is very similar to that of case (B)(1)(b), the
only difference is the innermost bigon parallel to a F,& now becomes the totally boundary
parallel triangle. There are x — 1 bigons parallel to aF&, 1 totally boundary parallel
triangle, and . — 1 bigons parallel to a. An analogous calculation shows we have the
contribution

Y. muQgn—1(i, x\ 1)) + Yo Qe 1 px 1) (23)
i+2m+-1=pq + i i+2x—1=pq —py
m>py,i>0 x>1,i>0

(b) The triangle has two edges parallel to « and the third edge parallel to aFja. This is very
similar to case (B)(1)(c). An analogous calculation shows we have the contribution

Y Mg Qg n—1 (1, Bx\ {14)) — Y (= DmQen 1) (24)
i+2m+1=pqy 4+ g i+2x—1=p—pq
m2>py,i>0 x>1,i>0

(3) There are some mixed polygons and a totally boundary parallel triangle. The edge of the
triangle not parallel to « is then parallel to either a Fy& or &F;«; we consider the two possibilities
separately.

(@) The third edge of the triangle is parallel to aFia. If we view Fy as on the “inside” of an
edge parallel to aF#, it is easy to see that only the “outermost” edge , 72 on the minimal
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Figure 10: Configuration of polygons in case (B)(2)(a).
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strip A2, can be an edge of a mixed polygon. Hence there is only one mixed polygon, an
it is on the outside of 42. On the inside of 72 we have exactly the same configuration
of totally boundary parallel polygons as Case (B)(2)(a) and figure 10. There are yj — 1
bigons parallel to a. Let there be x — 1 bigons parallel to aFi.&, and i vertices on F; outside
v3. Then py = i+2x+ py + 1 and m = x + p;. We obtain a pruned polygon diagram
D’ by removing all totally boundary parallel bigons and triangle, cutting S along 72 and
collapsing 7# into a new vertex on the new boundary component F| of S’, which we set to
be the decorated marked point m. Consider the possible locations of my. It can be a vertex
on Fj of any of the [(x — 1) + (uy — 1)] bigons, of which there are 2(x — 1) + (p; — 1).
It can be either of the two vertices of the triangle on F;. Or it could be the vertex p?,
but not 43, once again due to 7 being an outgoing edge from m;. (If 47 is my, then 7 is
v3. If 9% is outgoing, then the polygon containing 77 is on the inside of 4?, making it
totally boundary parallel, a contradiction.) Hence the multiplicity of the map D — D’ is
(2(x = 1) + (ux — 1) + 2+ 1)pg = (2x + pg) pg- An analogous calculation shows we have
the contribution

) mpgQgn-1(i+1, px\ (1)) + Y Xk Qgn-1(i+1, px\ (143)- (25)
i+2m+1=pq+py i+2x+1=p1 — iy
m>p+1,i>0 x>1,i>0

(b) The third edge of the triangle is parallel to &F; «. This is the same as the previous case with
F; and Fy interchanged. The map D — D’ is pjp-to-1. An analogous calculation shows
we have the contribution.

Y mpugQgn-1(+1, px\ 1)) — ) Xk Qgn-1(i+1, px\ (1)) (26)
i+2m+1=p1+py i+2x+1=p—pm
m>pu1+1,i>0 x>1,i>0

(4) There are some mixed polygons but no totally boundary parallel triangle. We now split into
cases accordingly as there are edges parallel to aFi& or &F,« or not. There cannot be edges
parallel to both, so we have 3 sub-cases.

(a) There are no edges parallel to aF& or &F;«. Consider the minimal strip A! containing all
edges parallel to . We now consider the leftmost and rightmost edges of this strip 71
and 7k, and to what extent they coincide. They may (i) be the same edge; or (ii) they may
share both endpoints but be distinct edges; or they may share a vertex on (iii) F; or (iv) F;
only; or they may be disjoint. When they are disjoint, (v) 71 or (vi) 7k or (vii) both may
belong to mixed polygons. This leads to the 7 sub-cases below.

(1) ’yi = 'hlz = 7. Then there are no other edges parallel to v and thus no bigons.
Since 1 is an outgoing edge by assumption, it bounds a mixed polygon to the left.
This configuration will be covered in Case (B)(4)(a)(v) and we do not include the
contribution here.

(ii) 71 and 'y}{ are distinct edges with the same endpoints. Then 7} and ’y}{ bound the
bigon A! and there are no other edges parallel to 7. This means there are no mixed
polygons, contrary to assumption. Therefore the contribution vanishes in this case.

(iii) ’y% and 'Y}z share a common vertex g' on F; but not on F;. See figure 11. Consider the
boundary of Al on F, [gk, 41]. This interval could either be a single point ¢!, or the
entire boundary F. If it is a single point, then the polygon containing -y} and % has to
be inside A!, so the diagonal joining p} and p} is boundary parallel, contradicting the
assumption of a pruned diagram. In the case [g%, 4] is all of F, 71 and 7% belong to a
single “outermost” mixed polygon, and there are m — 1 bigons between F; and F;. Let
i > 0 be the number of remaining vertices on F; outside A'. Then i + pj + 1 = p; and
we also have m = ;. We obtain a pruned polygon diagram by removing all m — 1
bigons, cutting along the concatenated edge ! 7k and collapsing -y} 7% into a new
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(iv)

v)

(vi)

Figure 11: Configuration of polygons in case (B)(4)(a)(iii).

vertex. The multiplicity of the map D + D’ is mjiy, as my can be a vertex of the m — 1
bigons or p}. Therefore we have the contribution

). mpugQgn-1(+1, px\ [14))- 27)
i+2m—+1=p1+py
m=py,i>0

v} and 7k share a common vertex p! on F; but not on F;. This is the same as the
previous case with F; and F; interchanged. The map D ~ D’ is pqui-to-1. An
analogous calculation shows we have the contribution

Y mpkQgn-1(+1, kx\ (1,4))- (28)
i2m g T=p g
m=p1,i>0

71 and 7% do not share any vertex, and 7} belongs to a mixed polygon but 7% does
not. There are m — 1 > 1 bigons parallel to a. Let i = p; + py — 2m be the total number
of remaining vertices on F; and F; outside A'. We obtain a pruned polygon diagram
D’ by removing all m — 1 bigons, cutting along 7} and collapsing ! into a new vertex.
The map D — D’ is mpy-to-1. Note that if we allow m = 1, this exactly covers the
configuration in case (B)(4)(a)(i). Therefore we have the contribution

). mpgQgn-1(+1, px\ [14))- (29)
i+2m=p1+px
1<m<min(p1,px),i>0

v} and 7k do not share any vertex, and % belongs to a mixed polygon but 1 does
not. This is almost exactly the same as the previous case, except v bounds a mixed
polygon to the right, so it cannot be 7. It follows that m; cannot be p% and the map
D +— D'is (m — 1) pg-to-1. Therefore we have the contribution:

(m =D Qen-1(i+1, px\ (1,6) (30)
i+2m=p1+p

1<m<min(p1,py),i>0
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Note that we allow m = 1 in the summation index because the summand vanishes for
m = 1 anyway.

(vii) 7} and vk do not share any vertex, and both belong to mixed polygons (possibly the
same one). Since there could be 1 or 2 mixed polygons, we instead define m > 2 to
be 2 plus the number of bigons in Al. We obtain a pruned polygon diagram D’ by
removing all m — 2 bigons, cutting the strip A! from S along 1 and %, and collapsing
71 and 7k into two new vertices. Set the decorated marked point to be the new vertex
from collapsing y}. Again since 7y cannot be %, the map D — D’ is (m — 1)p-to-1.
Therefore we have the contribution (again we trivially include m = 1 in the summation
index)

(m — D)k Qqn—1(i +2, px\ (1,61)- 31)
i+2m=pq+p

1<m<min(p1,p),i>0

(b) There are some edges parallel to aFy&. This is the same configuration as case (B)(3)(a), just
without the single totally boundary parallel triangle. An analogous calculation shows we
have the contribution

Yo muQen1(i+ 1, px q1xy) + Yo xmQen1(i+ 1 mx ipy)- (32)
i-F2m=pq+ i i4+2x4+2=p1 — g
m>p+1,i>0 x>0,i>0

(c) There are some edges parallel to @Fj«. This is the same configuration as case (B)(3)(b), just
without the single totally boundary parallel triangle. An analogous calculation shows we
have the contribution

Yo muQen1(i+ 1 px 1) — Y (A DmQgu 1+ 1 px f1p)-
i+2m=p1+py i+2x+2=pp—pq
m>up+1,i>0 x>0,i>0
(33)

We have exhausted all possibilities in case (B). The total contribution is the sum of all the expressions
(22)-(33), which we now sum. We drop subscripts ¢,n — 1 from Q and X \ {1,k} from p for
convenience.

We first calculate the sum of terms with summation over m. The m-summation terms in (25) and
(27), (26) and (28) combine to give

Z m‘qu(l +1, /J’) + Z m}’le(l +1, /J’)

i+2m+1=pqy 4y i+2m4-1=pq +p
m>pg,i>0 m=p,i>0
= ), mmQGuw+ ), muQ ). (34)
i+2m:y1+yk i+2m:;41 + 1k
m>py,i>1 m>py,i>1

We rewrite the m-summation term in (31), using the substitution (m’,i") = (m — 1,i+ 2), and then
adding a vacuous summation index i = 1, since 1 + 2m = piq + p and m < min(pq, pt) — 1 cannot
hold simultaneously. We obtain

Y. mueQ(i, ). (35)

+2m=p1+py
0<m<min(pq,px)—1,i>1

Since the index set {i +2m = pj + pg,m > 0,i > 1} is the disjoint union of index sets {i + 2m =
1+ pe, 0 < m < min(pq, pg) — 1,0 > 1}, {i +2m = pg + p,m > pg,i > 1}, and {i +2m =
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p1+ pg,m > pg,i > 1}, (34) and (35) sum to

Y. mumQUi,p)= Y. mumQi,p), (36)

i+2m=p1+ i+2m=pq+pg
m>0,i>1 m>1,i>1
which is the sum of all m-summation terms in (25), (26), (27), (28) and (31).
The m-summation terms in (22) and (36) combine to give

Y o+ X |muQGu= ) 2muQlu+ ) mmQln)
2m=p -t H2m=p+py i+2m=py +pg i+2m=py+pg
m>1,i>0 m>1,i>1 m>1,i>1 m>1,i=0

= T 2w+ BT 000, @

+2m=p1 +p
m>0,i>1

where we use the ji notation of definition 15 in the final term. This is the sum of all m-summation
terms in (22), (25), (26), (27), (28), (31).

We next rewrite the m-summation terms from (29) and (30) with the substitution (m’,i') = (m —
1,i4 1) to obtain

y mueQ(i +1, p) + ) (m =D Qi +1, 1)

i+2m=pq+px i+2m=p1+uy
1<m<min(py,py),i>0 1<m<min(py,p),i>0
= ) (2m + 1) peQ(i, ), (38)

i+2m4-1=pq +p
0<m<min(py,p)—1,i>1

and similarly with (32), and (33) to obtain

Y, mmQU+Lp)+ ), muQi+1,p)

i+2m=py+py i+2m=py+py
m>pp+1,i>0 m>p1+1,i>0
= Lot ) (m +1) QUi o). (39)
i2m+1=py+p  iH2mA1=pg+py
m>pu,i>1 m>pq,i>1

Now combining the m-summation terms in (23), (24), (38), (39) we obtain

Y. muQi,p) + ). mueQ(i, p) + Y (2m + 1) Q(i, )
i+2m4-1=p 4+ i+2m—4-1=pq +pik i+2m+-1=pq 4+
m>py,i>0 m>pq,i>0 0<m<min(py,p)—1,i>1

+ Y, + X (m+1)meQ(i, )
i+2m+1=p1+py i+2m+1=p1+py
m>pg,i>1 m>pq,i>1

- ). (2m+ 1) Q(i, ) + Y o+ Y mueQ(0, p)

i+2m+1=pq +py 2m+1=py+pux  2m+1=p+pg
m>0,i>1 m=py m>pu
. 14+ pur—1
= Y @me Qi+ B 00w, (0)
i+2m+1=pq +py
m>0,i>1

This is the sum of all m-summation terms in (23), (24), (29), (30), (32), and (33).
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Adding (37) and (40), we have the total of all m-summation terms:

e~ e~

. + F -1
Y mul )+ P 00, ) + BT 00,4 )
ilezmjouk

Now we sum the terms with summation over x. These arise in expressions (22), (23), (24), (25), (26),
(32) and (33). The total is

Yoo xmQlm) - Y xmQU, )+ Y QUi p)

i+2x=p1— g i+2x=p—1 i+2x—1=pq —py
x>1,i>0 x>1,i>0 x>1,i>0
- ), (-DmQGuw+ )Y, xwmQi+Lu) - Y, xmQi+1p)
i+2x—1=p—p i+2x+1=p1 — i i+2x+1=pp—q
x>1,i>0 x>1,i>0 x>1,i>0
+ Y awQli+Lw - ) (+DmQi+1p)
i+2x+2=p1 — iy i+2x+2=pp—pq
x>0,i>0 x>0,i>0
= Y aQUp - )}, xmQluw+ ) (x+1)mQ n)
H2x=p1—pk +2x=Hr—H1 i+2x+1=p1 —pg
x>0,i>0 x>0,i>0 x>0,i>0
- ) wwQUm+ Y xmQlm)— Y, xmQ( )
i 2x+H1=py— iy i+2x=p1—pg H2x=p—
x>0,i>0 x>0,i>1 x>0,i>1
+ Y Qe - Y, (x+1)mQiw)
i+2x+1=p1 —py i+2x+1=p—1
x>0,i>1 x>0,i>1

= )y 2xka(i,u)+W12ik)qu(0,u)

i+2x=p1— g
x>0,i>1
' j’\_/+ 1
+ Yy (2x + 1) Qi ) + wﬂkQ(O/H)
i+2x+1=p1 —px
x>0,i>1
+2x=p—
x>0,i>1

- T @ mQem - Y00,

i+2x+1=p—pq
x>0,i>1
= Y Q- ) Qi n
Hx=p —pg Hx=pr—p
x20,i21 x20,i>1
~ —~— —
+<<mzuk>+<m 1) () et )) 1000, ) w)

It is not hard to verify that for pq, uy > 1,

1 T T o 1
m:(ﬂl+ﬂk)+(ﬂl+ﬂk )+(ﬂ1 Vk)+(ﬂl w1l (w—m)  (e—m—1)

2 2 2 2 2 2

Hence combining (41) and (42) we have the second line of (12).

If yx = 0, then there are only two possible configuration of partially boundary parallel polygons.
Either they form m bigons parallel to aF&, or they form m — 1 bigons and the outermost edge is
parallel to aFi& belongs to a mixed polygon. These two configurations respectively contribute the
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two terms of

Yo 2mQeu1(hpxp) + Y, (2m—1)Qgn1(i+1, iy f143)-

i+2m=p i+2m=pq
i>0,m>1 i>0,m>1

Adding a zero term to the first sum and reparametrising the second, this expression becomes

Y. 2mQeua(imxp)+ Y, (@m+1)Qgu1(i mx\ (1)
i+2m=pq i+2m+1=p
i>0,m>0 i>1,m>0
= ), mQgu (i bx\(10y) + #1Qgn—1(0, 1\ 1,47)

i+m=py
i>1,m>0

This gives the third line of (12).

(O) v has both ends on Sy, is separating, and does not cut off an annulus.
The configurations in this case are almost identical to those in case (A), where 7y is non-separating.
The calculation is formally identical, we simply substitute Q, 741(2, p1)Qy, jj+1(0, py) in place
of Qg—1,n+1(A, U, i f1y) everywhere. We obtain the last line of (12).

O

4.3 Counts for punctured tori

With the recursion (12) of theorem 16 in hand, we now obtain the count of pruned polygon diagrams on
punctured tori, using the established count for annuli in proposition 10. Then, using proposition 13, we
obtain the count of general polygon diagrams.

Proposition 17.
Gl 0 odd
o H=>0o

348
Qi) = M;TM, 1 > 0 even

1, }1120

Proof. For (g,n) = (1,1) the recursion (12) reduces to

Quilu) = ), on,z(i,]')Jr%Qo,z(O,O)
i+j+m=p,
i>1,j,m>0

By Proposition 10, Qo2(i, j) = i6;;. If py > 0is odd, then we have

.1 1 1
Quim)= ¥ mi=t ¥ mu-m=" T w-l v o
2i+m=p 0<m<p -2 0<m<p1 -2 0<m<p—2
im>1 m odd m odd m odd

Lemma 9 gives the two sums immediately, and we obtain

Qll(m):ﬂ(ﬂl—l)Z (#1—2) (2 — D _ P‘?—m‘

1
2 4 2 6 24

If 41 > 01is even, then similarly we have

. 1 1 1 1

Qul= T mi+B ol E wgeeme BB E wl §oatel
2i+m=p4 0<m<pq—2 0<m<py—2 0<m<py—2
im>1 m even m even meven
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and lemma 9 then yields

-2 1(u;—2 -1 35+8
Qu(m):&(m )m_i(m Y =D _ prt8m

2 4 6 2 24
O
Proposition 18.
2u—1\ 1 p®+3u*+20p 12
Pri(i) = H H H H
U 2u—1 12
Proof. By Proposition 13, for 1 > 0, and then by proposition 17,
_ 2 21
Pia(u)= ), Quw)( )+ Y Qum)|
vy <pq,v1 odd H1—n v1<p1,v1 even HF1i—0
. 1/% — 2;11 1/:13 + 81p 2‘111
- L 24 Ay 24
v1<p1,v; odd H1—0 vy <pi1,v1 even H1—n
Using the combinatorial identities (7)—(9), this simplifies to (%) 2}{17 ! ;l3+3y21+220V’12, O

H

We have now proved proposition 1, with equations (1)—(4) proved in the introduction and propositions
12,14, and 18 respectively.

5 Polynomiality

We now prove theorem 4, that Qg » (1, ..., n) is an odd quasi-polynomial for (g, 1) # (0,1),(0,2). The
proof follows in the same fashion as proposition 17.

Proof of theorem 4. We use induction on the negative Euler characteristic —x = 2¢g — 2+ n. When2g —2 +
n=-1,(g,n) = (0,3) or (1,1), theorem holds by propositions 10 and 17. Fix the parities/vanishings
of (y1,...,un). We split the right hand side of the recursion equation (12) for Qg , into 9 partial sums
depending on the parities/vanishings of (i, j). We will show that each partial sum is a polynomial. Within
each partial sum, since the parities/vanishings of (i,j, i1, ..., 4n) are fixed, Qg¢-1,n+1, Qgn-1, Qg1,\1\+1
and Q,, 7j+1 are polynomials by the induction assumption. Split each polynomial into monomials
in (i,j,p1,...,n). To show odd quasi-polynomiality it is sufficient to show that for (i, j) with fixed
parities/vanishings, and for odd positive integers K and L, the following statements hold. (The degrees
K and L remain odd by assumption.)

L A(m1) = Litjrm=m miXj is an odd polynomial in y1,
i>1,j,m>0

2. By, pg) = <2i+m—m+ﬂk mp® 4+ Yiix—y, ykxykiK> is an odd polynomial in y1 and py,
i>1,m>0 i>1,x>0

3. C(i1) = Litm—p, miis an odd polynomial in ;.
i>1,m>0

For the first statement, we have

Am)= Y, mift= Y mft= Y  mift+ Y mift
i+j+m=p i+j+m=p i+j+m=p i+j+m=p
i>1,j,m>0 i,jm>1 i,jm>1,m even i,jm>1,m odd

Since (i, j) have fixed parities and K, L are odd, it follows from proposition 8 that A (1) an odd polynomial
in p11. A similar argument show C(y1) is an odd polynomial in . As for B(1, ji2), another application
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of proposition 8 that for some odd polynomial P(x), polynomial P(x),

—_—— P P _ , 2
B = Y mu 4 Y apd _{Vk (1 + o) + mP(p1 — px), w1 > px
i = P (1 + pie) — P (e — 1), 1 < pix
i>1,m>0 i>1,x>0

= pr[P(p1 + px) + P(p1 — )]

That P is odd then implies that B(pu1, yy) is odd with respect to both pq and p. O

If we keep track of the degrees of the polynomials in Proposition 8, we see from the recursion (12) only
the top degree terms in Qg 1, Qg, j1j+1 and Qg, |j+1 can contribute to the top degree component of

Qéj’xmx@). Going through each term on the right hand side of (12), it is easy to verify by induction that
m the degree of Qg,%’x"’@) is 6g — 6 + 3n (i.e. when Xy = @ and all variables g, ..., y, are nonzero),
m the degree of Qéj’xmx@) is at most 6g — 6 + 3n — | Xp| if X is non-empty,

Furthermore, since the leading coefficient of the resultant odd polynomial in Proposition 8 is indepen-
dent of parities, it again follows by induction that for y1,..., 4, > 1, the top degree component of
Qgn(f1,-- -, 1n) is independent of the choice of parities of the ;’s.

Let [Qgu(p1, -, pn)]'P denote this common top degree component of the quasi-polynomial Qg ,,. Then
for positive y;’s the recursion (12) truncates to

top
[Qen(p1,-- -, 1n)]"P = . Z m[Qg1,n11(E j, xy 13)]'F
i+j+m=p
i,jm>1
r top
+1 X Yoo mu Q1 () P+ Y X[ Qen1 (i kx 1)) P
2<j<n | i+m=pq+py i+x=p1—pg
L im>1 ix>1
r top
+ )3 Yo m[Qq i1 ()] P[Qq, 11U 12y)]'P (43)
81+82=¢ i+j+m=p
IUj={2,...n} i,jm>1
LNo discs or annuli

We now compare the pruned polygon diagram counts Qg , to the non-boundary-parallel (i.e. pruned) arc
diagram counts Ny , of [6]. We observe from the following two theorems that N, , satisfies some initial
conditions and recursion similar to those of Qg .

Proposition 19 ([6] prop. 1.5).

14200 u1 > 0 even
Wipapz, M1+ po + ps even -
Noa(p1, pa, fia) = and  Nip(w1) =40, 1 > 0odd
0, M1+ po2 + pz odd X )
7 ]/11 = U.
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Proposition 20 ([6] prop. 6.1). For (g,n) # (0,1),(0,2), (0,3) and integers yu1 > 0, pa, ..., tn >0,

m ..
Ng,n(,ulw . '/,un) = Z > Ng—l,n-H (l/]/ N’X\{l})
1,j,m>0
i+j+m=p,
m even
m . —_ m i
+ ) Y. 5 Mk Nen—1(i (1) + Y. 5 Mk Nen—1(i i\ (141)
He>0 i,m>0 im>0
2<j<n \ i+m=pq+px im=p —py
m even m even
m .
+ Z Z 03 Ng,n—l(ll HX\{l,k})
]/lk:() z,mZO
2<j<n \ i+m=p
m even
m . .
+ ) Y. 5 Neynsa(iomn) N (o)

81+82=8 i,j,m>0
IU]={2,..n} it+j+m=p
No discs or annuli M even

Using the same argument as for Qg », the first and third authors with Koyama showed that Ny, is an
odd quasi-polynomial such that

= if ' | pjis odd, then Ng,n(m,. o fn) =0,

X, X0,D) (
n

m if } ' ; y; is even, then the degree of Né, Hi,...,Mn) is 6 — 6 + 3n (i.e. when all y; are

nonzero),
(XS/XO/XO)

= the degree of Ny, is at most 6g — 6 + 3n — | Xp| if X is non-empty.

Furthermore the leading coefficients of Ny, encode the intersection numbers on the compactified moduli
space Mg .

Theorem 21 ([6] thm. 1.9). For (g,n) # (0,1) or (0,2), and py,...,un > 1 such that Y y; is even, the

polynomial Ng(/),(f’x"’@) (M1, .-, pn) has degree 6g — 6 + 3n. The coefficient cg, . 4, of the highest degree monomial
y%dlﬂ oo 120 s independent of the partition (X,, X,), and

1 d
c — 1.,.. n,
dy e dn 25g—6+2nd1! . dnl ﬂg,n l’bl 17[]”

By comparing the recursions on top-degree terms, we show they are equal up to a constant factor.

Proposition 22. For (g,n) # (0,1) or (0,2), and yy, ..., un > 1 such that }_ y; is even,

[Qg,n(Vlr- .- rl/‘n)]mp = 24g+2n75[Ng,n(V1r- . -rﬂn)]mp-
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Proof. The top degree component of N , satisfies the recursion

top
m . .
[Ngon (o) =1 30 5 INg—a e (i by (1)) P
ijm>1
i+ m=p
meven
[ top
| T T Nalmam) ™+ L2 e Nowr (e )]
7 L2 Mr [Ngn—1(1, Bx\ {1} 2 M [Ngn—1(1 Hx\ {1k}
im> im>
Znggn i+m=p1+py im=p— g
o meven meven
[ top
m ) '
+ . g . "2>1 5 Ngy 1 n)]P [N 1o )P (44)
11T82= i,jm>
IU]:{Z,...,H} l'+]'+m:‘ul
LNo discs or annuli 7 even

Since both [Ny (pi1, ..., in)]*P and [Qg n(pi1, - - -, in)]™P are independent of parities, we may assume

all Ui to be even, so that none of Ng—l,n+l (i, j, NX\{l})r Ng,n—l (i, /'I’X\{l,k})r Ng1,\l\+1(i’ /,L[), Ngz,UHl (], N])
vanish due to parity issues.

Compare the right hands sides of equations (43) and (44). They are identical except for factors of 2, and
that Ng , sums over even m, while Q. , sums over both even and odd m. Proposition 8 implies that for
Qg,n, the top degree component of the sum over even m in (43) is the same as that over odd m. This
introduces another factor of 2. Comparing the base cases (proposition 19 for Ng ,, propositions 10 and 17
for Qg ) and recursions on top degree terms ((44) for N , and 43 for Qg ), we obtain by induction the
desired result. O

We now prove the remaining theorems from the introduction.
Proof of theorem 5. This follows immediately from theorem 21 and proposition 22. O

Proof of theorem 2. This follows the same argument as proposition 14. Recall

1
/ P
Qunprr-spin) 1= s iy Qe (s in).

Since Qg n is a quasi-polynomial, so is Q’g/n. Separating Q’g/n into monomials we see that the right hand
side of equation (11)

/ / ! 2i
Pou(pi oo pin) = ), <Q(1/1,...,1/n)' (yif%))

0<v;<p;

is a sum of terms of the form

oz, G Iz e G |G

iex, \ o<vi<y; Hi— Vi ieX, | 0<vi<u; ieXy \ Mi
v; even v; odd
where n; < 3¢ — 3 + n as the degree of degree of Qg;“’x"’x()) is at most 6g — 6 + 3n — | X;|. By Proposition
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6, each

Z UZni-‘rl ( 2,”1' )
i R
1<y <y, i Vi
v; fixed parity

is of the form
&)
e gy P (1)
(2u;i —1)(2u; —3)...(2n —2n; — 1)

for polynomials P,,. Hence taking a common denominator,

2 .
" Ce)

Pé,n(l"lf“-/,un) = (II[ (2}11' —1)(2}11‘—3>~--(2n_2(3g_3+7’1) _1)> Fg,n(,ulr-“f]’ln)

for some polynomial F, ,,. Since (2%) = 2%4:0(2#i—1) P has the required form. O
poly & Hi Hi & q

A nice way to express the relationship (11) is to package P, and Qg into generating differentials. For
g>0andn > 1let

—i—1 —pp—1
cugrn(xl,...,xn) = Y Pou(pi.e )X Mo, T dey - - dy,
U1 shn =0
wgn(zlz'--lzn) = ) Qgn(¥1,- --,Vn)le/lfl oozl dzy o dzy,
V1V 20

Following [6] and [8], for any quasi-polynomial f,

(/Jf(Zl,...,Zn) = 2 f(V],...,Un)21{1_1~--z:fl”71 dzq -+ -dzy
V1,0V >0

is a meromorphic differential, hence wgn is a meromorphic differential. Using techniques from that
previous work, one can show the following.

Proposition 23. wgn is the pullback ofwgn under the map x; = (2 O

Zi

A Proofs of combinatorial identities
We now give elementary proofs of the statements from section 2
Recall proposition 6 states that there are polynomials P,, Q, such that
2
Z 2+l 2n —_ ( r:l) P,X(I’l)
n—i 2n—-1)2n—3)...2n — 20 — 1)

0<i<n even
2
(%)

D 2n \
yo H(n—i) B RN T T A

0<i<n odd

Proof of proposition 6. For « = 0, we have

i( 2n ) _ (2n1)[(2n1)(2n2i1)]< 2n )

n—i 2(2n—1) n—i
_ [((Zn—l)—(n—i—l))((Zn—l)—(n—i))—(n—i)(n—i—l)]<2n )
2(2n—1) n—i

- 2(2711_1) [(n—i+2)(n—i+1)(n_2:1+2) —(n—i)(n—i—1)<n2fi)}
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Therefore both sums telescope and
Ogigneveni<n211 i> - 2(2111— 1) (n+2)(n+1) (ffz) - .211((27;11_—11)) <2nn)
0<i<Zn:oddi<n211 i> N 2(2111_1)(;1 +1in) (”2: 1) - 2(222—1) (zﬂn>
It follows that Py(n) = ”ZT’”, Qo(n) = ”72 For « > 0, we have
2a+3 (nzf i) _ 2t (nzil i) (i) (n — i) (nzf i)

_ n2i2a+l( 2n ) —2n(2n — 1)i2a+1< 2n—2 )
n—i (n—1)—i

By induction

s 21\ _ )
L 12+3(n—i)_n2(2n—1)(2n—3)...(2n—20¢—1)P'X(n)

0<i<n even
G
— 2 - ey Y

It follows that

Pyiq(n) = n?[(2n — 20 — 3)Py(n) — (2n — 1) Py(n — 1)) (45)
and similarly

th+1(n) = nz[(Zn — 20— 3)Qa(”) - (27’1 - 1>th(n - 1)] (46)
are polynomials in #. O

Using Py, Qo calculated above and the recursions (45) and (46), we immediately obtain the identities of
equations (6)—(9).

Recall proposition 7 states that for positive odd k1, k» and fixed parities of i, i3, the sum of i]fl igz over
i1,ip > 1such thatij + i, is an odd polynomial of degree kq + k; + 1, with leading coefficient independent
of choice of parities.

Proof of proposition 7. Let Sg(n), Sf(n), Sp be the k-th power sum, the even and odd k-th power sums:

sm= Y &  sm= Y & sm= Yy i

1<i<n 1<i<n, i even 1<i<n, iodd

Let B; the i-th Bernoulli number. A well known argument gives Faulhaber’s formula

1 S AP | k+1\ , per
Se(n) = —— <1>l< : )B'“ =t )BT (47)
k+10§¥ék i ' k+1092k i !
and a similar generating functions argument shows that
1 (k+1 _ o
Se(n) =n* + ——— 21< . )B»n’“rl ! if nis even, (48)
k() 2(k+1)0§§k i)
1 k41 )
So(n) = nfF 4+ —— 21< . )B- nf 1= ), if n is odd. (49)
k( ) 2(k+1) Ogék i l( )

Since the odd Bernoulli numbers are zero except By = — %, Equations (47), (48), and (49) imply that S} (n)

33



and S9(n) are even or odd polynomials depending on the parity of (k + 1), with the possible exception
of the constant term and n* term. The coefficient of n* in S¢(n) is § if n is even and 0 otherwise. The
coefficient of ¥ in Sp(n) is 1 if nis odd and 0 otherwise. If n is even, then the constant terms in Sp(n)
and Sp(n) are both 0. If 7 is odd, then the constant terms in S§ () and S¢(n) are

k+1
+Cp ==+ k+1 Zzl< )

O<1<k

Observe that C; /k! is the coefficient of x¥ in (62;1) (2—") = ex+1 Since T =1, C, =0 for

-1 Y4+1 *ZX+1

positive even k.

If the fixed parity of 7; is odd, then

ko Ky P Vko kp—j ky
)3 i =), i(n—i)?= ) (-1 n Sk1+k2 i(n).

i1,ip>1, iy+ip=n 1<i<n, 0<j<ky j
{i1,i2} have fixed parities ip odd

Since (k1 + kz + 1) is odd, each term (—1)k2~ ](ka)n]S,‘(’ o

for the constant and n¥1tk2=/ term in S ].(n). The coefficient of nf1tk2=7 is % if n is odd and

:(n) is almost an odd polynomial except

0 is 1 is even. Hence the overall contribution to Y (—1)k2~ ](kz)n] S? .(n) is 0 in both cases, as

k1+ky—j

ZOSjSkz(_l)j(];‘z) = 0. The constant term in Sp () is O unless (k1 +k — j) is odd, i.e., j is odd, so it
contributes an odd degree term (—1)2 ]( ?)Chy+ky ]n] to Y (—1)k ](kz)n/ S84k ]( ). Therefore overall
(-1)k- J(kz)nfsgﬁk ]( n) is an odd polynom1al of n.

Similarly if i1 is even, then

kycky ik Ve ko—j k2 nse

Z by = Z h (1/1 _11) = Z ( 1) Sk1+k2,]'(7’l)
i1,ip>1, i1+ip=n 1<ig <n, 0<j<ky

{i1,i2} have fixed parities i] even

is also an odd polynomial of 7.

Finally, it follows easily from induction that

0<zz<n(x_i)ll<?> - x(x+1)1'1'!-(x+n)'

Hence by Equations (47), (48) and (49), the leading coefficient of }©  ; i,>1, i;+i,=n 1']1(1 i12<2, regardless

{i1,i2} have fixed parities

of the choice of parities, is,

(1)l (kz) ( <k1 +ho + 1))—1
~( ) =(2(k+1 > 0.
os%kzz(k1+k2+1_]) j (k2 +1) ko +1

Therefore the odd polynomial has degree (k1 + k» + 1), and the leading coefficient is independent of the

choice of parities. O

Lemma 9 simply gives explicit expressions for 5 (1), S§(n), S (n) and S§(n), which follow immediately
from (47) and (48).
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