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Abstract

In capillary electrophoresis, effective optical signal quality improvement is obtained when high frequency (>100 Hz) external pulse fields
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odulate analyte velocities with synchronous lock-in detection. However, the pulse frequency is constrained under a critical va
ponding to the time required for the bulk viscous flow, which arises due to viscous momentum diffusion from the electro-osmo
he Debye layer, to reach steady-state. By solving the momentum diffusion equation for transient bulk flow in the micro-channel
hat this set-in time to steady-state and hence, the upper limit for the pulse frequency is dependent on the characteristic diffusion
nd therefore the channel geometry; for cylindrical capillaries, the set-in time is approximately one half of that for rectangular slot
rom our estimation of the set-in time and hence the upper frequency modulation limit, we propose that the half width of plana
oes not exceed 100�m and that the radii of cylindrical channels be limited to 140�m such that there is a finite working bandwidth ra
bove 100 Hz and below the upper limit in order for flicker noise to be effectively suppressed.
2004 Elsevier B.V. All rights reserved.
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. Introduction

There are several advantages for using electrical fields
ith periodic waveforms in capillary and microchip elec-

rophoretic separation. For example, biopolymer separa-
ion performance in gel electrophoresis and in micro-scale
atchet systems have been improved using pulse electric fields
Grossman, 1992; Slater et al., 1997).

External pulsed fields have also been used in analyte
elocity modulation methods to enhance electrophoretic
ignal qualities via a synchronous demodulation detection
cheme (Chen et al., 1989; Demana et al., 1992; Wang and
orris, 2000). The application of pulsed fields is particu-
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larly useful in suppressing optical interference arising f
fluorescent microchip substrates. Lock-in detection is ab
track a modulated electrophoretic signal regardless of b
ground noise intensity, when fluorescence detection is
in plastic micro-channel devices. The spatial motion of
alyte fluorophore is modulated with pulse fields when
analyte moves across the detection window while the mo
of fluorophores on the plastic substrates remains statio

To obtain lower noise intensity, modulation frequ
cies have to be within the range in which thermal n
dominates since integration averaging effectively smoo
out the thermal noise. In contrast, flicker noise is
eliminated with ensemble average methods. Modulation
quencies below 100 Hz or less, where flicker noise is si
icant, therefore results in little signal quality improveme
modulation at higher frequencies provides more signifi
improvement.
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Fig. 1. Schematic illustration of the transient viscous flow velocity profiles
from t0, at which electric field is activated, to reach steady-state attss where
the velocity profile is flat indicating that the entire bulk flow is electro-
osmotically driven.

The possible problem of differentiation resolution at the
input end of lock-in amplifier hardware becomes secondary
when a pre-amplifier is used to increase the signal by one or
more orders of magnitude prior to feeding the signal into the
lock-in circuit. Technically, the upper bound of modulation
frequencies should therefore, be a minor concern.

Signal enhanced data reported elsewhere (Wang and
Morris, 2000) contradicts the analysis that has been pre-
viously reported (Chen et al., 1989; Demana et al., 1992).
The recovered signals via a lock-in amplifier were found to
diminish as modulation frequencies increased beyond tens
of cycles per second. We attribute this phenomenon to vis-
cous diffusion limitations for momentum transfer from the
electro-osmotically driven Debye layer into the bulk of the
fluid (Wang, 2004). In such cases, the time required to reach
steady-state after the external field is activated, known as the
set-in time, becomes comparable to the duration over which
momentum propagates over half the channel width. It is only
when steady-state is achieved that the bulk of the fluid moves
electro-osmotically with uniform speed through the micro-
channel. The transient effects prior to steady-state are there-
fore attributed to viscous drag arising from electro-osmotic
slip in the Debye layer.Fig. 1 schematically illustrates the
transient evolution of viscous flow in a planar channel result-
ing in the final flat velocity profile at steady-state.
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2. Theoretical model

2.1. Formulation

The flow of the electrolyte in the micro-channel can be
described by the Navier–Stokes equation:

ρ

(
∂u
∂t

+ u · ∇u
)

= −∇p + µ∇2u + ρEE, (1)

whereρ is the fluid density,u the flow velocity,t the time,p the
pressure between two ends of the micro-channel,µ the fluid
viscosity,ρE the electrical polarization, andE the electrical
field vector applied across the micro-channel. We consider
an axisymmetric cylindrical conduit with radiusR in a cylin-
drical coordinate system parameterized byz, r (r ≤ R), and,
angleθ, respectively, as depicted inFig. 2. Thez-coordinate
is aligned along the axis of the conduit perpendicular to the
capillary cross-section.

Typically, the width of a rectangular slot or the diameter of
a capillary representing the characteristic length scale of the
micro-channel, approximately 100–200�m, is much greater
than the thickness of Debye layer for typical dilute elec-
trolyte concentrations (1–10 mM), which is approximately
10–100 nm. Outside the Debye layer, the fluid can be as-
sumed to be electroneutral. Since the channel width is much
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Transient effects of viscous flow due to electro-osm
lip in the Debye layer in narrow capillaries have been stu
Tikhomolova, 1993). By simplifying the two-dimensiona
avier–Stokes equation in the limit where the channe
ius is sufficiently large compared to the Debye layer th
ess such that the transient evolution of electro-osmotic
ithin the Debye layer can be neglected, analytical s

ions have been derived to describe the temporal vari
f the viscous flow velocity at each point along the capil
adius at a given cross section (Wang, 2004). Similar ap-
roximation techniques have been employed in other st
Ermakov et al., 1998; Patankar and Hu, 1998). These est
ations have been found to agree with experimental dat

erved in micro-conduits of rectangular cross-section (Wang
nd Morris, 2000).

In this paper, we extend the simplified model descr
bove to investigate the set-in time required to achieve st
tate bulk electro-osmotic flow in cylindrical geometries
ddition, scaling arguments are employed to estimate th

n time for other asymmetrical channels typical of mic
onduits fabricated on microfluidic chips using solvent e
ng processes.
reater than the Debye layer thickness, it is possible to
lect the effects of the Debye layer and hence assumeρEE ∼
in the bulk of the fluid. In addition, we also neglect the

stence of any externally imposed pressure gradients a
he channel (�p = 0).

We now proceed to simplify (1) by adopting the follow
ransformations:

z → uz

U
, ur → Lur

RU
, t → Ut

R
, (2)

nd

= r

R
, ζ = z

L
, τ = Ut

R
= t

(StR2)
, (3)

ith

z = (U − uz)

U
, (4)

hereL is the length of the channel,U is the steady-sta
ulk electro-osmotic flow velocity governed by Helmhol
moluchowski equation, and,St represents Stokes numb

Fig. 2. The cylindrical coordinate system used.
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ρ/µ. In the slender-body limit whereR « L, it then follows
that by employing the set of scalings given by (2) that (1)
reduces to

∂uz

∂t
=

(
1

St

) [
1

r

∂

∂r

(
r
∂uz

∂r

)]
. (5)

Adopting the transformation in (3) and (4), we arrive at

∂vz

∂τ
= 1

λ

∂

∂λ

(
λ

∂vz

∂λ

)
, (6)

where 0≤ vz ≤ 1, (6) is the usual diffusion equation that
governs the transient dynamics of the viscous dominated flow
in the bulk of the electrolyte arising due to electro-osmotic
flow in the Debye layer.

2.2. Analytical solution

Given the initial conditionuz = 0 or vz = 1 atτ = 0, the
symmetry boundary condition atλ = 0, which requiresvz to
be bounded, and the no-slip boundary conditionvz = 0 atλ =
1, the solution of (6) has the form

vz =
∞∑

n=1

Cn exp

(
−kn

St−1

R2 t

)
J0

(√
kn

r

R

)
, (7)
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whered is the channel half width and the coefficientsDn are
defined by

Dn = 2(−1)n

(n + 1/2)π
. (12)

For vx = 0.1 aty = 0, we obtain the set-in time to reach
steady-state bulk electro-osmotic flow in a rectangular slot
tss = 1.03Std2.

We now proceed to discuss briefly the accuracy of the
leading order approximation. The squares of first five roots
of J0

(√
kn

) = 0 are as follows: 5.78, 30.5, 74.9, 139 and
223, which give the values fork1, k2, k3, k4 andk5 in (7),
respectively. Using (8), we obtain the following values for
C1, C2, C3, C4, andC5: 1.60,−1.26,−0.031,−0.00097 and
−0.000074. Atr = 0, the fifth order approximation of (7) is
vz ∼ ∑5

n=1Cn exp(−knτ). Forτ = 0.5, we find that, with the
exception of the first term which has a value of about 0.09,
the next four higher order terms all have values less than
10−6 and hence have negligible contribution to the sum. It
is therefore, possible to conclude that the first order approx-
imation used previously is sufficiently accurate to estimate
the set-in time to achieve steady-state bulk electro-osmotic
flow. Similarly, from (11) aty = 0 andτ = 1 whilst the first
term has a value of approximately 0.10, the next four higher
order terms carry values which are less than 10−19 and hence
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t is possible to obtain an accurate estimate ofvx to leading
rder.

.3. Estimation of the set-in time to achieve steady-stat
ulk electro-osmotic flow

The movement of weakly adsorbed ions within the De
ayer provides momentum that drags the bulk fluid in
hannel in order to generate the viscous flow. This mome

s created at the edges in the Debye layer and propa
oward the center of the channel over a characteristic tim
iscous diffusion that is inversely proportional to the fl
iscosity. For highly viscous fluids, the momentum tran
s therefore large giving rise to a shorter characteristic t
n other words, the momentum diffusion is faster in m
iscous media. In addition, since momentum is proporti
o liquid density, the diffusion speed is slower for more de
uids.

We estimate that it takes tens to hundreds of milli
nds (∼ρR2/µ) to achieve steady-state bulk electro-osm
ow in sub-millimeter channels or capillaries. When a p
dic waveform is used to generate modulated electro-osm
rag viscous flows, the waveform period should therefor

onger than this characteristic time scale so that the mo
um created in the Debye layer has sufficient enough
o propagate to the center of the channel. In comparin
xperimental data reported previously with our theore
nalysis, it is possible to conclude that analyte velocit
icro-channels therefore cannot be modulated at freq

ies beyond the critical value predicted by our theore
nalysis.
where J0
(√

knλ
) = 1 + ∑

n=1

(−1)nknλ2n

22n(n!)2 is the Besse

function of the first kind and

Cn =
∫ R

0 rJ0
(√

kn
r
R

)
dr∫ R

0 rJ0
2
(√

kn
r
R

)
dr

. (8)

We note that (7) is similar to the solution for the dimensionl
temperature in the problem of a heated infinite solid cylin
in which the heat diffusion equation is solved. To lead
order (n = 1),

vz = 1.6 exp

(
−5.78

St−1

R2 t

)
J0

(√
5.78

r

R

)
. (9)

At r = 0,J0(0) = 1 and hence,

vz(r = 0) = 1.6 exp(−5.78τ). (10)

At the center of the capillaryλ = 0, we assumeuz = 0.9U
as the criterion for steady-state bulk electro-osmotic flow
then follows from (4) thatvz= 0.1 whenuz= 0.9U. In (10), we
note thatvz = 0.1 whenτ = 0.480 from which we deduce th
tss, the set-in time to reach steady-state bulk electro-osm
flow in the capillary, is therefore approximatelyStR2/2. A
similar solution to (7) was obtained for a rectangular s
using two-dimensional Cartesian coordinates (Wang, 2004):

vx =
∞∑

n=0

Dn exp

[
−

(
n + 1

2

)2

π2St−1

d2 t

]

× cos

(
n + 1

2

) (πy

d

)
, (11)
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From (7) and (11), it is possible to estimate the time re-
quired to achieve steady-state bulk electro-osmotic flowtss
in a cylindrical capillary as well as that for a rectangular slot
channel:

tss = 0.48
ρR2

µ
, (13)

for cylindrical capillaries, and

tss = 1.03
ρd2

µ
, (14)

for rectangular slots. We therefore note thattssfor a cylindri-
cal channel is one-half of that for the rectangular slot channel.

3. Results and discussion

3.1. Typical set-in times and upper modulation
frequency limits

From (14), we estimate the upper limit for the modulation
frequencyµ/(ρd2) to be approximately 100 Hz for a rectangu-
lar slot channel with half width 100�m fabricated on plastic
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3.2. Extension to asymmetrical channel geometries

Similar to mass diffusion, momentum diffusion in viscous
media is isotropic. Since, there is no orientation preference,
viscous diffusivity increases with the degrees of freedom for
momentum propagation. In our analysis, the magnitude of
viscous diffusion is approximately twice in two-dimensional
geometries to that for one-dimensional channels. This two-
fold enhancement should be valid for all two-dimensional
cases. In all micro-channels fabricated on chip substrates,
both symmetrical and asymmetrical, momentum propagation
has two degrees of freedom. It thus follows that the steady-
state electro-osmotic set-in timetss= 0.5ρl2/µ, wherel is the
characteristic length of the channel, is approximately equal to
that in (13). The argument above agrees with the estimation
of the characteristic frequency in a two-dimensional mixing
chamber driven by electrokinetics at moderate field strengths
of 100 V/cm (Sundaram and Tafti, 2004).

3.3. Maximum suggested channel dimensions to
suppress flicker noise

In order to maintain a finite modulation frequency band-
width for flicker noise suppression, the upper frequency
modulation limit, constrained by a set-in time, which char-
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ubstrates. Given that aqueous solutions are most comm
sed in micro-fluidic applications, we typically assume
uid medium of water with densityρ = 1 g/cm3 and vis-
osityµ = 0.01 dyne s/cm2 is assumed as the fluid mediu
Wang, 2004). Clearly, this upper limit is close to the low
requency limit of approximately 100 Hz required to supp
ignificant flicker noise. This agrees with the narrow wo
ng bandwidth range for the modulation frequency in ex
ments where relatively large rectangular channels with
idths above 100�m have been employed. If the channel h
idth were to be reduced by half to 50�m, the upper limit in
reases to 400 Hz, therefore indicating the strong depen
f the channel dimensions on the working bandwidth ra
nd suggesting the advantage of using smaller channels
ill be discussed further below.
Capillary electrophoresis, on the other hand, emp

ylindrical conduits with internal diameters, which are
han 100�m. From (13), we estimate the upper limit for
requency to be approximately 800 Hz for a 50�m channe
adius. However, as modulation frequencies above 50
ave not been used (Chen et al., 1989; Demana et al., 199),

requency dependence on the demodulated signal inten
as, therefore not been observed, as expected. The ob

ion of frequency dependence would be anticipated if an
er frequency limit lower than 500 Hz is predicted, as wo
e the case if (14) for rectangular geometries were t
rongly extrapolated to cylindrical geometries. The prior
ussion therefore suggests the importance of channel d
ions and geometry on the frequency bandwidth limitat
nd provides a reasonable explanation for the experim
bservations.
-

cterizes the diffusion limitation within the system, m
xceed the lower frequency limit of 100 Hz, below wh
icker noise is significant. Since, the set-in time scales a
quare of the characteristic channel length scalel, there is
critical maximum channel dimension such that the u

requency limit is above 100 Hz. In other words, the ch
el dimension has to be sufficiently small such that s

ime does not exceed 0.01 s. Assuming water as the w
ng fluid, which is typical of the aqueous solutions co

only used, we estimate that the half width of planar c
els should not exceed 100�m whereas the radii of cylin
rical capillaries should be limited to 140�m, in order for
icker noise suppression by analyte velocity modulation t
ffective.
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