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Surface acoustic wave atomization is a rapid means for generating micron and submicron aerosol
droplets. Little, however, is understood about the mechanisms by which these droplets form due to
the complex hydrodynamic processes that occur across widely varying length and time scales.
Through experiments, scaling theory, and simple numerical modeling, we elucidate the interfacial
destabilization mechanisms that lead to droplet formation. Using a millimeter-order fluid drop
exposed to surface acoustic waves as it sits atop a single-crystal lithium niobate piezoelectric
substrate, large aerosol droplets on the length scale of the parent drop dimension are ejected through
a whipping and pinch-off phenomenon, which occurs at the asymmetrically formed crest of the drop
due to leakage of acoustic radiation at the Rayleigh angle. Smaller micron order droplets, on the
other hand, are formed due to the axisymmetric breakup of cylindrical liquid jets that are ejected as
a consequence of interfacial destabilization. The 10 �m droplet dimension correlates with the jet
radius and the instability wavelength, both determined from a simple scaling argument involving a
viscous-capillary dominant force balance. The results are further supported by numerical solution of
the evolution equation governing the interfacial profile of a sessile drop along which an acoustic
pressure wave is imposed. Viscous and capillary forces dominate in the bulk of the parent drop, but
inertia is dominant in the ejected jets and within a thin boundary layer adjacent to the substrate
where surface and interfacial accelerations are large. With the specific exception of parent drops that
spread into thin films with thicknesses on the order of the boundary layer dimension prior to
atomization, the free surface of the drop is always observed to vibrate at the capillary-viscous
resonance frequency—even if the exciting frequency of the surface acoustic wave is several orders
of magnitude larger—contrary to common assumptions used in deriving subharmonic models
resulting in a Mathieu equation for the capillary wave motion, which has commonly led to erroneous
predictions of the droplet size. © 2008 American Institute of Physics. �DOI: 10.1063/1.2953537�

I. INTRODUCTION

The generation of micron and submicron aerosol drop-
lets is important to a wide range of industrial processes. Fuel
injection in internal combustion engines, ink-jet printing, ag-
ricultural sprays, mass spectrometry, pulmonary drug deliv-
ery, and DNA microarray printing1 all rely on dense, mono-
disperse, and specifically sized aerosols. With subsequent
evaporation, biodegradable polymeric micro- and nanopar-
ticles for targeted and controlled release drug delivery repre-
sent one of the many ways in which such aerosols may be
used to form novel products.2 Further, immunodiagnostics
and amplification of DNA hybridization biosensors—with
the recent emergence of novel ways to functionalize the sur-
faces of such particles—are two vital areas being explored
by many researchers. The atomization and subsequent in-
flight evaporation of solvent droplets in which polymeric ex-
cipients are dissolved is an attractive alternative to the slow
and cumbersome multistep conventional methods �e.g., spray
drying, nanoprecipitation, emulsion photocross-linking, etc.�
for synthesizing these micro- and nanoparticles.2,3

Current atomization methods include hydrodynamic

flow focusing,4 electrospraying,5,6 ultrasonic atomization,7–9

and vibration-induced atomization,10,11 among others. Re-
gardless of the method utilized, however, the principal chal-
lenge is to develop a technology that is rapid, precise, reli-
able, reproducible, robust, and controllable for generating
monodispersed distributions of liquid aerosol droplets and
particles at the micron and nanometer scales. The capillary
stress, which scales as � /R, where � is the liquid surface
tension and R is the characteristic drop dimension, becomes
large when R is at micron or submicron length scales; each
atomization method above therefore employs one form of
external forcing or another—viscous shear, electric field,
acoustic field, or inertial vibration in the above examples—to
overcome the capillary stabilization mechanism that resists
sufficient deformation of the liquid surface and subsequent
pinch-off of the liquid thread to permit the formation of an
aerosol droplet.

One subset of ultrasonic atomization techniques that is
relatively unknown is surface acoustic wave �SAW�
atomization.2,12 SAW atomization is fundamentally different
to high-power ultrasonic atomization techniques that use
Langevin transducers and single lead zirconium titanate ele-
ment thickness-mode piston atomizers.9 First, the frequency
of operation of ultrasonic atomizers �20 kHz to 3 MHz� is
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one to two orders of magnitude lower than that of SAW
atomizers �10–500 MHz�. Furthermore, the applied power
in SAW atomization is at least an order of magnitude
smaller, only in part due to the smaller working volume of
the atomizing fluid. Finally, the undulating motion of the
substrate in SAW atomization is more complex than the
simple reciprocating piston motion9 in ultrasonic atomization
techniques. SAW devices are fabricated with integrated cir-
cuit photolithographic methods and are, therefore, easily
miniaturized,13 enabling inexpensive mass production of por-
table drug delivery and point-of-care diagnostics as part of a
complete lab-on-a-chip system.

While SAWs have been used for over four decades in the
telecommunications industry for rf signal processing and
filtering,14 only recently have they been considered for drop
translation,15 microchannel pumping,16 drop manipulation,17

micromixing,18,19 and microparticle collection15,20 and
concentration,21 forming specific examples of the potential of
this technology, as do lab-on-a-chip devices for microarray
technology22 and rapid bioscaffold cell seeding.23

A SAW is a nanometer-order amplitude acoustic wave
that propagates along and near the surface of a single-crystal
piezoelectric substrate. The wave motion is rapidly
attenuated with increasing depth into the substrate and is
entirely absent four to five wavelengths into the substrate
from the propagation surface. In contrast, a SAW will propa-
gate over thousands of wavelengths of distance—several
centimeters—along the surface in a low loss piezoelectric
material such as lithium niobate �LiNbO3 or LN�. Until
White and Voltmer13 developed patterned metal interdigital
transducer �IDT� electrodes deposited directly onto the
piezoelectric substrate as depicted in Fig. 1�a�, generating
such waves was problematic. There are many kinds of
SAWs, though by far the most commonly used for actuation
is the Rayleigh wave,24 a transverse-axial elliptical electroa-
coustic wave as shown in Fig. 1�a�. The x-propagating Ray-
leigh wave speed on the unloaded 127.68° y-x cut LN sub-
strate cs is 3965 m /s. At high powers, the displacement
velocity of the surface as the SAW passes is on the order of
1 m /s regardless of the excitation frequency, i.e., the SAW
frequency. Thus, at excitation frequencies on the order of
10 MHz, we expect the displacement of the surface and the
amplitude of the acoustic wave to be only around 10 nm.
However, the acceleration of the surface is incredibly high, at
around 107 m /s2. Such huge surface accelerations are trans-
mitted into a liquid drop placed upon it, inducing strong
acoustic waves within the drop and capillary waves on the
drop free surface that are destabilized with sufficient acoustic
excitation. In this way a convenient and useful forcing
mechanism for rapid and high throughput atomization is
formed.

The diffraction of the SAW into the drop is defined by
the difference in wave propagation speeds in the two media;
compressional waves in water propagate at cw=1485 m /s,
much less than the SAW propagation speed cs. This differ-
ence causes the SAW to diffract into the water drop at the
Rayleigh angle17 �R=sin−1�cw /cs��22°. The acoustic radia-
tion leaked into the fluid drop gives rise to a longitudinal
pressure wave that, in turn, induces bulk recirculation in the

drop, known as acoustic streaming �Fig. 1�b��. It is this fluid-
structural coupling that allows the exploitation of the SAW
for the variety of microfluidic manipulations described
above.

Our motivation in this paper is the ability to harness this
fluid-structural coupling for rapid liquid atomization. While
SAW atomization has been demonstrated as a tool for gen-
erating micron and submicron aerosol droplets, little is
known about the mechanism responsible for droplet genera-
tion. Though free surface breakup mechanisms for low-
frequency �1 kHz order� vibration-induced atomization
based on the parametric excitation of Faraday waves are
present in the literature,11,25 there is no particular reason to
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FIG. 1. �Color online� SAW propagation along a piezoelectric substrate. �a�
Configuration of the SAW device and the IDT electrode deposited on the
piezoelectric substrate to generate the SAW. �b� Interaction of the SAW with
a fluid drop causes the drop to deform into an asymmetric conical shape
leaning roughly at an angle corresponding to the Rayleigh angle �R; the free
surface of the drop undulates with a wideband frequency response roughly
indicated here with a single wavelength capillary wave. The SAW itself is a
retrograde traveling wave: a point on the surface travels in an ellipse in a
counterclockwise fashion if the wave moves from left to right. The SAW is
largest in amplitude on the surface, decaying exponentially to almost negli-
gible levels within four to five wavelengths below the surface. The acoustic
irradiation causes drop deformation through first-order effects on the time
scale of the acoustic wave and bulk fluid recirculation on a hydrodynamic
time scale, known as acoustic streaming, through second-order time-
averaged effects. The SAW amplitude is reduced by the interaction with the
drop due to the effects of viscous dissipation. �c� Schematic representation
of the elliptical trajectory of the particle elements on the surface as the SAW
Rayleigh wave traverses the surface. Atomization occurs from the free sur-
face of the irradiated drop.
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believe that these mechanisms apply to the 10 MHz order
SAW atomization process described here. The few SAW and
high-frequency ��1 MHz� bulk ultrasonic atomization stud-
ies available simply employ a modification of Kelvin’s equa-
tion for the wavelength � of the capillary waves induced by
periodic vertical forcing,

� � �2��

�fc
2 �1/3

, �1�

in which � and � are the interfacial tension and density of the
fluid, respectively, and fc is the frequency of the free surface
capillary waves.26 The frequency of the capillary wave, fc, is
not easy to determine experimentally and the typical ap-
proach has been to determine how the capillary wave fre-
quency is related to the external excitation frequency, f .

Traditionally the excitation has been pistonlike, in phase
across the width of the fluid and perpendicular to the free
surface in a manner identical to that used to study Rayleigh–
Taylor surface instabilities.27 Using this arrangement, many
researchers over the years have studied the formation of
waves that dominate the surface motion at a subharmonic
frequency that is half the excitation frequency, f , and an
elegant theory has been constructed around these Faraday
waves28 with Mathieu’s equation used to describe the selec-
tion phenomena29 and the Hopf bifurcations that appear upon
sufficient excitation; Miles and Henderson provided a thor-
ough examination of this area.30 Based on the ample evi-
dence from experiments using frequencies far below that
used in our study and the closely correlated theories associ-
ated with them, many researchers have presumed fc� f /2 in
determining the capillary wavelength:7,9,31–33

� = 	�8��

�f2 �1/3

. �2�

The only difference between Eqs. �1� and �2� is this implicit
assumption that the frequency of the capillary waves on the
free surface of the liquid drop is one-half the excitation fre-
quency, i.e., fc= f /2. The coefficient 	 has been set to a va-
riety of values in the literature as discussed a bit later but for
an order-of-magnitude analysis may be treated as 	�1.

Curiously, there is a large volume of literature that ad-
heres to this equation while a thoughtful consideration of
forces on the capillary waves suggests either

fc �
�

�R
�3�

as the capillary resonance frequency due to internal viscous
damping of the drop6 or

fc � � �

�R3�1/2
�4�

as the capillary resonance frequency due to inertial forcing of
the drop.6,34 For a water droplet with viscosity �
�10−3 kg /m s and surface tension ��10−2 N /m having a
characteristic length scale R�10−2–10−3 m, the viscous-
capillary resonant frequency from Eq. �3� is fc�1–10 kHz.
With a density of ��103 kg /m3, the capillary-inertia reso-
nant frequency from Eq. �4� is fc�10−2–10−1 kHz. Both of

these frequencies are based on the physical behavior of the
free surface of the drop, yet neither corresponds to the sub-
harmonic relation fc= f /2. At lower frequencies of excita-
tion, from 20 kHz to 1 MHz, the discrepancy is modest.
However, at the frequencies used in SAW atomization, the
assumption fc= f /2 �Ref. 31� gives capillary wave frequen-
cies two orders of magnitude higher than what is physically
possible. Later, we provide clear experimental evidence dem-
onstrating that there are capillary waves at the frequencies
given by Eqs. �3� and �4� but no capillary wave at the sub-
harmonic frequency fc= f /2. It would be remarkable indeed
if, regardless of the choice of fluid, the subharmonic relation-
ship remained valid given the dispersive nature of the capil-
lary wave and the wide variety of viscosities, densities, and
surface tensions exhibited by fluids.

The origin of the half-frequency subharmonic assump-
tion appears to be the work of Faraday,28 in which he ob-
served this relation in mercury and other fluids and argued
the behavior was much like the oscillation of a pendulum.
The equations of motion for both physical phenomena can be
described as a Mathieu equation,35 where the phenomena are
driven parametrically in response to the excitation. More-
over, selection of the lowest-order resonance frequency fc

= f /2 from the many available resonances f /2,3f /2,5f /2, . . .
has been shown to be a consequence of the weak nonlinear-
ity present in low-amplitude capillary waves where analyti-
cal techniques can be used to provide useful information.29,30

From the ingenuity of researchers in these interceding years,
the theory describing the weakly nonlinear capillary wave
behavior has been thoroughly explained.30,31,36,37 Unfortu-
nately, Faraday’s original assumption appears to have sur-
vived despite physical evidence to the contrary. A likely rea-
son is the difficulty in observing the actual motion of the
fluid surface, especially at high frequencies where the dis-
crepancy would be obvious.

Here, we return to the original Kelvin equation in Eq. �1�
and suggest that its modification in Eq. �2�, by replacing the
capillary frequency fc with the excitation frequency f , is un-
founded. In fact, we suggest that the proper frequency to use
is exactly that in the original Kelvin equation in Eq. �1�, i.e.,
the capillary wave frequency fc. We show that the use of Eq.
�3� or �4� for fc leads to a good prediction of the instability
wavelength and, hence, the approximate size of the atomized
droplets. While previous studies7,9,32,33 have found reason-
able correlation between the modified Kelvin equation in Eq.
�2� and the resulting atomized droplet diameter, their corre-
lations are often aided by an empirically determined fitting
coefficient that varies from study to study—from between 1
and 3.8 by Kurosawa,32 0.34 by Lang,7 and 1 /� by Barreras
et al.,33 for example.

The rest of this paper is organized as follows. Scanning
laser Doppler vibrometry and high-speed flow visualization
were used to directly measure the capillary wave frequency
and capture the interfacial destabilization process leading to
drop atomization as described in Sec. II. Using simple physi-
cal scaling arguments and the results of the experimental
work, we postulate the different mechanisms that may be
responsible for the atomization. In particular, our emphasis
will be based on a discussion of length and time scales in
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which we assert that a proper appreciation for the separation
of the various length and time scales associated with the
problem and the selection of the relevant scale is essential to
yield an understanding of the proper physical mechanisms
underlying the process. We then proceed in Sec. III to con-
struct a simple thin film lubrication model that enables a
transient nonlinear growth analysis of the film height under
the influence of a harmonic pressure perturbation at the in-
terface. Unlike previous analyses,31 we allow for a traveling
wave along the fluid drop–solid interface consistent with the
form of fluid excitation via SAW that we are making use of
in this study. The fourth-order nonlinear film evolution equa-
tion arising from the analysis is then solved numerically to
show the destabilization of the interface at a critical acoustic
capillary number. We conclude by showing that good agree-
ment is obtained between the numerical analysis and the ex-
perimental results in both the predicted critical acoustic cap-
illary number at the onset of atomization and the wave
number of the dominant instability giving rise to atomized
droplets via SAW.

II. EXPERIMENTS

A. Experimental setup and initial observations

SAWs may be generated upon the surface of many ma-
terials, though they are conveniently generated on single-
crystal piezoelectric materials using IDT electrodes, named
after the comblike pattern formed in a thin film of metal atop
the piezoelectric substrate �Fig. 1�a��. An IDT of 25 straight
electrode pairs was used in this study; a set of 25 fingers
shared a common electrical connection—the bus bar—with
each 10 mm long finger placed between a similarly shaped
set of fingers connected at the opposite end in another bus
bar. The IDT was fabricated using standard UV photolithog-
raphy in a basic full-width interleave configuration con-
structed from 250 nm thick aluminum atop a 4 nm titanium
layer both sputter deposited onto a 127.68° y-x cut,
x-propagating lithium niobate �LN� �Roditi Ltd., London,
UK� single-crystal piezoelectric substrate, as schematically
described in Fig. 1. When a sinusoidal electrical signal is
transmitted across the IDT, a SAW is generated perpendicu-
lar to the fingers’ long axis and along the x axis of the sub-
strate from both apertures �sides� of the IDT. A 1 mm gap
between the ends of the fingers and the 3 mm wide bus bar
connecting the opposing set of IDT fingers was chosen, giv-
ing rise to a SAW 8 mm wide propagating from the aper-
tures. The wavelength of the SAW is defined by the width of
the IDT fingers and the gaps’ absent metal between these
fingers. In the standard straight configuration used here, the
gap and finger width were the same at 50 �m and equivalent
to one-quarter wavelength of the generated SAW in the LN
substrate; the SAW, traveling at a wave speed of 3585 m /s,
has a wavelength �SAW and resonant frequency of 200 �m
and 20 MHz, respectively. To maximize the piezoelectric
coupling, the input sinusoidal signal was delivered at this
same frequency.

By placing a 2 �l water drop directly onto the substrate
and completely within the 8 mm wide SAW irradiation re-
gion, the application of the input signal into the IDT caused

oscillation of the drop surface. The resulting capillary waves
on the free surface of the drop were visualized at high speed
using a high-speed video camera �iSpeed, Olympus, Tokyo,
Japan� with a frame rate capability of up to 33 000 frames /s
connected to a stereomicroscope �BXFM, Olympus, Tokyo,
Japan� with 5
 and 10
 magnifications. Additional illumi-
nation to the backlighting provided by the microscope is nec-
essary to visualize the magnified capillary wave at these
speeds, and here a fiber optic lamp �Fiber-Lite PL800,
Dolan–Jenner, Boxborough, MA� was used for this purpose.
A scanning laser Doppler vibrometer �MSA-400, Polytec PI,
Waldbrunn, Germany� with fast Fourier transform �FFT� of
the measurement signal was used to determine the frequency
spectrum of the SAW excitation being provided via the sub-
strate and the capillary wave upon the free surface of the
drop. The MSA-400 offers measurements of vibration per-
pendicular to the substrate surface at up to 40 MHz,
�75 �m, and �10 m /s in frequency, displacement, and vi-
bration velocity, respectively, and displacement and vibration
velocity resolutions of less than 0.1 pm and 1 �m /s, serving
as an effective measurement tool for this study. Since the
measurement provided by the system is an integrated result
of the Doppler shift imposed on the laser radiation while it
propagates from the laser head, to the target, and along its
return �altogether the measurement leg of the modified Mich-
elson interferometer underpinning the MSA-400�, care must
be taken to ensure that the frequency spectrum of the capil-
lary waves is obtained independently of the frequency spec-
trum of the substrate. Fortunately, the MSA-400 uses a finite
length He–Ne laser source and so there is a specific coherent
length and defined focal plane that may be placed at will
along the laser path via a focusing mechanism provided in
the laser head, allowing one to choose the actual measure-
ment location at either the substrate or the free surface of the
drop. Above a critical value of the input power into the IDT,
the drop will atomize, producing micron to submicron aero-
sol droplets. We measured the droplet size distribution using
an aerodynamic particle spectrometer �model 3321, TSI Inc.,
Shoreview, MN�, capable of measuring aerosol droplet sizes
between 0.5 and 20 �m using time-of-flight measurements.

Two different forms of atomization are possible depend-
ing on the interaction between the drop and substrate. Figure
2 shows the typically dramatic interfacial deformation that
occurs as SAW radiation propagates in the LN substrate be-
neath the drop and a spin-coated 500 nm thick Teflon-AF
layer �DuPont Corporation, Wilmington, DE�. The hydro-
phobicity of the Teflon layer on the substrate beneath the
drop prevents the drop from spreading. Leakage of SAW
radiation from the substrate into the drop at the Rayleigh
angle causes the drop to deform into an asymmetric conical
shape tilted toward the direction of SAW propagation in the
substrate �i.e., along the x axis�. The long side of the conical
shape is at the Rayleigh angle, while capillary waves form on
the free surface of the drop. The capillary waves quickly
destabilize and elongate to form individual jets, each of
which eventually breaks up to form one or more droplets.
There is also a “mist” of droplets in the background above
the free surface of the parent drop, akin to that seen by
Barreras et al.33 We speculate that these mists originate from
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jets emanating from the drop free surface at many different
locations. These jets break up to produce small ejected drop-
lets; since these events occur rapidly across the fluid surface,
the multitude of these tiny ejected droplets appear as a mist
above the parent drop. Another possibility for the origin of
the mist is the secondary breakup of the ejected droplets due
to their high inertial energies to form multiple droplets.

In contrast, if the drop were to be placed atop the bare,
hydrophilic LN surface, the drop forms a thin film that ex-
tends along the propagation direction of the SAW—instead
of a tilted conical shape—as observed in Fig. 3. Neverthe-
less, the capillary waves which destabilize to produce jetting
or pinch-off and misting still appear much the same as with
the hydrophobic case.

B. Relevant length and time scales

The likely reason for much of the confusion surrounding
fluid atomization using acoustic irradiation is the difficulty in
observing such phenomena. Even for ultrasonic atomization
at modest frequencies �20–40 kHz�, the length and time
scales are extremely short.1 Here this problem is exacerbated
by both the 10 MHz order excitation frequency and the ex-
tremely high surface accelerations �see above�. The micron
and submicron order droplets are therefore ejected from the

free drop surface at about 1 m /s, considerably higher than in
other atomization processes; camera frame rates of
10 000 to 15 000 frames /s were barely sufficient to capture
such events. Moreover, adequate illumination at these frame
rates under magnification posed a challenge, not to mention
the motion of the drop free surface out of the field of view
during atomization. The images of the atomization events
provided in this paper are therefore not of the quality that we
would have desired but yet are of sufficient quality to allow
us to propose qualitative and—to good approximation—
quantitative models for the ejection and breakup mecha-
nisms, employing scaling theory to guide the analysis.

We first consider the relevant length scales associated
with the problem. The largest length scales are the character-
istic dimension of the parent drop prior to spreading �that is,
if spreading occurs�, R�10−2–10−3 m, and the lateral di-
mension of the drop after it has spread into a thin film, L
�10−3–10−4 m. The vertical length scale associated with the
thickness of the fluid film is H�10−4–10−5 m. The length
scales of both the ejected jet from the interfacial destabiliza-
tion process and the ejected droplet during subsequent pinch-
off corresponds to the capillary wavelength � to be deter-
mined from the experiments and later corroborated with
numerical simulation.

The relevant time scales are those associated with the
excitation frequency f =� /2� and the time required for cap-
illary pinch-off. The former is specified by definition of the
SAW device’s IDT configuration, while the latter is the key
question in this study. Unlike in previous work,7,9,32,33 we do
not assume a priori that these two time scales are of the same
order. Instead, we chose to measure the frequency response
of the capillary wave on the free surface of a water drop
using a dc 40 MHz scanning laser Doppler vibrometer
�MSA-400, Polytec GmBH, Waldbrünn, Germany�, the re-
sults of which are shown in Fig. 4�a� in which the drop is
being excited at 20 MHz. Though broadband excitation of
capillary waves is obvious in the plot, there is no capillary
wave at one-half the excitation frequency f /2�10 MHz nor
even at the excitation frequency f �20 MHz. Simply put, the
capillary waves on the free surface of the drop do not undu-
late at these frequencies, and the presumption in prior work

t’ = 0 t’ = 1 ms t’ = 2 ms t’ = 3 ms

t = 0 t = 1 ms t = 2 ms t = 3 ms

FIG. 2. �Color online� Two sets of image sequences showing drop deforma-
tion into an asymmetric conical shape and the rapid destabilization of its
free surface leading to atomization of small droplets from the parent drop
due to SAW irradiation, acquired at 1000 frames /s and 5
 magnification.
Both occur above a hydrophobic Teflon coated surface, spin coated above
the lithium niobate substrate. In the second case, note the formation of an
elongated axisymmetric cylindrical jet at t�=0 ms and t�=1 ms, which
eventually pinches off to form a droplet at t�=2 ms and t�=3 ms. In both
cases, the SAW propagation direction is from the right to the left of the
image.

t = 0 t = 0.1 ms t = 0.2 ms

t = 0.3 ms t = 0.4 ms t = 0.5 ms

FIG. 3. �Color online� Drop deformation and atomization above a hydro-
philic �bare lithium niobate� surface. The figure shows a sequence of images
acquired at 10 000 frames /s and 5
 magnification showing atomization of a
drop which has spread into a thin film.

0

0.2

0.4

0.6

0.8

1

1.2
−3

V
ib

ra
ti

o
n

am
p

lit
u

d
e

(m
)

Frequency (kHz)

(a) (b)

0

0.2

0.4

0.6

0.8

1

1.2
−9

Frequency (kHz)

V
ib

ra
ti

on
am

p
lit

ud
e

(m
)

101 10 10 10 102 3 4 51 1 10 10 10 10 101 2 3 4 5

x 10 x 10

FIG. 4. �Color online� Results from the FFT frequency sweep using the
scanning laser Doppler vibrometer showing the frequency at which the cap-
illary wave on the free surface of the drop is excited. �a� Drop with finite
thickness of approximately 10−4 m: the resonant frequency of the capillary
wave is approximately 10 kHz. �b� Thin film of thickness 10−6 m: the reso-
nant frequency of the capillary wave is approximately 20 MHz, the exciting
frequency.
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would therefore appear to be in error if applied to our sys-
tem. Instead, the majority of the capillary wave response is
centered around 10 kHz, the peak in Fig. 4�a�. This is com-
parable to the results of Eq. �3�, suggesting that the surface
waves are dominated by a balance between capillary and
viscous stresses. This result is not especially surprising, since
much of the SAW energy that is diffracted into the drop from
the solid-fluid interface is dissipated through viscous stresses
that manifest as acoustic streaming,38 giving rise to bulk liq-
uid recirculation within the drop.

Given the huge accelerations of the substrate as the SAW
passes underneath the drop, the effects of fluid inertia might
be expected to be significant. However, inertia is important
only within a thin boundary layer adjacent to the substrate
along which the SAW propagates. The thickness of the
boundary layer typically scales as39

 � � �

��
�1/2

, �5�

typically 0.1–1 �m, more than one order of magnitude
smaller than the characteristic drop/film thickness used in
our study. The time scale associated with this inertial forcing
due to the substrate acceleration is on the order of the exci-
tation frequency f . In fact, if we allow the water film to
evaporate until only a very thin layer is left behind, a second
capillary wave resonance frequency appears at a frequency
close to the excitation frequency, as shown in Fig. 4�b� �the
sharp peak observed is significantly larger than signal noise,
which is evident at lower frequencies�; if the fluid film thins
to a thickness commensurate with the boundary layer thick-
ness , the response at this second resonance frequency will
become dominant. In this case, it is possible to replace the
relevant length scale R in the capillary-inertia frequency
scaling in Eq. �4� with H��10−6–10−7 m, such that fc

�1–10 MHz� f , consistent with the resonant frequency
peak in Fig. 4�b�. Under these extraordinary conditions—
SAW driven excitation of a fluid film with a thickness on the
same order as the boundary layer in Eq. �5�—atomization
occurs such that f � fc holds. Even in this situation, the
modification to Kelvin’s equation given in Eq. �2� is unwar-
ranted. Kelvin’s equation, Eq. �1�, still holds as long as one
appreciates that the capillary resonance frequency fc used in
Eq. �1� is that associated with capillary-inertia resonance in
Eq. �4� instead of viscous-capillary resonance in Eq. �3�.

This hypothesis is further verified by conducting the at-
omization experiments with glycerol �1 ml /ml, �
�1.5 kg /m s, ��1200 kg /m3, ��64 mN /m� instead of
water; the initial drop volume used is the same as that em-
ployed in our experiments with water. Due to the hydrophi-
licity of glycerol on the substrate, the glycerine spread into a
thin film. Replacing the characteristic length scale with the
film height H�10 �m, the capillary-viscous resonant fre-
quency given by Eq. �3� for the glycerine drop is approxi-
mately 1 kHz, whereas the capillary-inertia resonant fre-
quency, as stipulated by Eq. �4�, is on the order of 100 kHz.
From Eq. �5�, we estimate the boundary layer thickness  to
be approximately 10−5 m, which is typically on the same
order as the film thickness. Following our assertion that the

Kelvin equation, i.e., Eq. �1�, be employed by using a capil-
lary resonant frequency fc specified by the capillary-inertia
resonant frequency, we predict an instability wavelength �
close to 10−5 m, which is roughly the same order as the
2–3 �m droplet diameters observed experimentally. If the
capillary-viscous resonant frequency were to be used instead,
we would have obtained a prediction that is one order of
magnitude larger than that observed.

In the case of finite-thickness thin films ��H�L�,
which is the relevant case in our investigation, however, the
flow is entirely viscous outside the boundary layer and oc-
curs at a much slower time scale than that defined by the
inverse of the excitation frequency.38,40–42 This rules out the
dominance of inertial forcing at the free surface and suggests
that the appropriate capillary resonance frequency to use in
Eq. �1� is the viscous-capillary resonance frequency in Eq.
�3�. The relevant time scale associated with jet formation and
droplet pinch-off arising due to the destabilization of the cap-
illary waves at the free surface of the parent drop is therefore
the capillary-viscous pinch-off time scale defined by the in-
verse of the capillary-viscous resonance frequency in Eq.
�3�,43,44 on the order 10−3–10−4 s. We will employ this scal-
ing subsequently in order to estimate the capillary wave-
lengths associated with jet formation and droplet pinch-off in
our numerical simulations in Sec. III.

C. Destabilization mechanisms

We begin by considering the largest length scale associ-
ated with the problem, the drop dimension R, and the largest
phenomena associated with this length scale that we were
able to observe. At the tip of the deformed, conically shaped
drop, a large crest is formed �see, for example, the last frame
of Fig. 2�. The length scale of this crest is, however, much
larger than typical capillary wavelengths � as it is associated
with the entire fluid drop. Figure 5 shows the formation and
subsequent elongation of the crest under high magnification
and frame rates. Here, the SAW radiation is propagating
from left to right in the image. We note that the angle at
which the crest is inclined is close to the Rayleigh angle, 23°
in our configuration, strongly suggesting that the crest is
formed from acoustic streaming due to the SAW diffracted
into the drop at this same angle, as illustrated by Figs.
5�a�–5�c�. Subsequent images in Fig. 5 show that the whole-
sale undulation of the free surface leads to whipping of the
elongated crest and its pinch-off to form a large droplet. On
the rising half-cycle of the wave motion along the drop sur-
face, the tip of the elongated crest is seen to be whipped
backwards to the left �Figs. 5�d�–5�f��. On the subsequent
half-cycle in which the free surface is falling, the undulation
of the free surface has traveled forward to the right, causing
a subsequent thinning in the neck of the crest �Figs.
5�g�–5�i�� which finally pinches off to form a large drop
�Figs. 5�j�–5�l��. The time between Figs. 5�a� and 5�l� is ap-
proximately 1 ms, which provides further confirmation that
the surface capillary waves are excited at 1 kHz order fre-
quencies. Given the occurrence of these phenomena on the
length scale of the drop R, it is not surprising that the ejected
droplet is also large, on the order of 300 �m. Because of its

074103-6 Qi, Yeo, and Friend Phys. Fluids 20, 074103 �2008�

Author complimentary copy. Redistribution subject to AIP license or copyright, see http://phf.aip.org/phf/copyright.jsp



size, the ejection speed is low and gravity is still significant,
causing it to quickly redeposit back onto the parent drop and
recombine. Such large droplet formation can occasionally be
seen but is not a part of the drop atomization spectra due to
the recombination.

A shorter length scale breakup phenomenon consists of
the formation of axisymmetric jets and their subsequent
pinch-off to form ejected droplets. As seen in Fig.
2—especially the frames at t�=0 ms and t�=1 ms in Fig.
2—the rapid and violent destabilization of the capillary
waves at the free surface leads to the formation of liquid
threads. As these threads elongate and thin, they eventually
pinch off to form an ejected droplet as shown in frames t�
=2 ms and t�=3 ms in Fig. 2, with a dimension that is of the
same order as the jet diameter R, approximately 10 �m.
Similar jetting phenomena are observed for capillary wave
destabilization along the free surface of a fluid film, as
shown in Fig. 6. Here, the jet diameter and, hence, the di-
mension of the ejected drop are slightly smaller, between 1
and 10 �m. The jet velocity U in both cases is initially large,
on the order of 1 m /s, but much of its inertial energy is lost
to viscous dissipation as the liquid thread drains and pinches
off at its neck to form an ejected droplet, and by the time the
droplet is ejected, its velocity is approximately 0.1 m /s. The
pinch-off mechanism is akin to the classical Rayleigh–
Plateau instability for the longwave axisymmetric breakup of
a cylindrical liquid column.45,46 Due to interfacial tension,
the liquid column is unstable to axisymmetric perturbations
with wavelengths several times larger than the radial dimen-
sion of the column.

A dominant balance between capillary and inertial

stresses then yields for the breakup length of the column �the
length of the liquid column above which it becomes
unstable�

L � ��U2R3

�
�1/2

� 10−5 �m, �6�

consistent with the first two image frames in Fig. 6. In con-
trast, the time it takes for the liquid thread to drain and pinch
off, typically 10−4 s, is in agreement with the viscous-
capillary pinch-off time scale in Eq. �3�, suggesting the
dominance of viscous and capillary stresses over inertial
stress in the film drainage process.43,44 We also note that,
unlike the pinch-off of threads into multiple satellite droplets
in ink-jet printers �see, for example, Ref. 1�, only one or, at
most, two droplets form here. This is due to the much higher
velocity of the jet here such that the pinch-off occurs close to
the base of the thread soon after its formation.

The size of the ejected drops, on the same order as the
radial dimension of the jet, depends on the wavelength of the
disturbances induced along the free surface �; these appear
to be around 1–10 �m in the experimental results. As dis-
cussed in Sec. I, a linear stability analysis is not possible, and
so a theoretical prediction of the critical instability wave-
lengths can only be obtained from a full nonlinear analysis to
be carried out in the next section. Even so, a simple scaling
argument arising from a viscous-capillary force balance is
provided here to predict the instability wavelength. We note
that the capillary stress has to be adjusted to account for the
dominance of the axial capillary stress ���2H /�x2� over the
azimuthal capillary stress � /H for a thin film of thickness H
and, hence, the viscous-capillary force balance reads

FIG. 5. �Color online� Sequence of images taken at 10 000 frames /s show-
ing the formation of a crest at the tip of an elongated drop on a hydrophobic
substrate �Fig. 2� due to SAW irradiation. The crest is whipped outwards and
upwards on the rise half-cycle of a traveling capillary wave on the free
surface. On the fall half-cycle, the forward propagation of this wave essen-
tially leaves the tail of the elongated crest behind, thinning the thread and
resulting in pinch-off to form a large 300 �m droplet. Due to its mass and
low ejection velocity, this droplet falls back and recombines with the parent
drop �not shown�. The time between successive images in each row is
10−4 s; however, the first image in each row is taken at the times shown.

FIG. 6. �Color online� Three separate instances of jetting phenomena from
the free surface of a thin film. The liquid thread that forms the axisymmetric
jet arising due to the destabilization of a capillary wave on the free surface
elongates and pinches-off near the base to form an ejected droplet. The
velocity of the jet is roughly of the order 1 m /s but the droplet velocity,
upon pinch-off, is much slower, approximately 0.1 m /s. The images were
acquired at 10 000 frames /s and, hence, the time between successive images
is 10−4 s for all cases.
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�H

L2 �
�U

H
, �7�

where U��f is the wave velocity. Rearranging then gives

� �
�H2

�fL2 �8�

for the instability wavelength, which is roughly 1–10 �m, in
approximate agreement with the jet and droplet dimensions
observed in the experiments.

Figure 7 shows the dependence of the peak capillary
resonance frequency on the square of the film aspect ratio
H /L. For a given instability wavelength, we note from Eq.
�8� that f ��H /L�2, consistent with the trends in Fig. 7. In the
same figure, the peak amplitude of the capillary waves is
plotted as a function of the frequency, obtained using mea-
surements from the laser Doppler vibrometer. Initially, the
vibration amplitude is about 400 �m at a peak capillary reso-
nance frequency of around 30 kHz; though the capillary
wave can be seen and measured, no atomization occurs. Over
time, exposure to the SAW causes the film to thin and the
peak capillary resonance frequency to decrease. The film as-
pect ratio drops, the peak capillary resonance frequency falls,
and the vibration amplitude at this peak capillary resonance
frequency increases until there is a sharp increase in vibra-
tion amplitude and drop in the aspect ratio at just over
15 kHz. This is associated with the onset of atomization, as
predicted by Eq. �3�, at around 10 kHz, lending further sup-
port to the assertion that the relevant frequency scale is the
capillary resonance frequency instead of the applied fre-
quency of the SAW device, as discussed in Sec. I. In fact, the
droplet sizes are observed from the scaling theory above to
depend predominantly on a balance between viscous and
capillary stresses due to the rate limiting step imposed by the
drainage and rupture of the liquid threads during the pinch-
off process.

It should be noted that Fig. 7 does not suggest that the
onset of atomization is frequency dependent. We postulate
that the instability wavelength is dependent on the viscous-
capillary resonance frequency �at least for finite-thickness
drops and films�, as stipulated by Eq. �8�, which, in turn,

determines the size of the droplets ejected. The onset of at-
omization, or the instability threshold, on the other hand,
depends crucially on a critical value of the acoustic capillary
number, which we shall discuss further in the next section.
Adequately large inertial stresses due to the acoustic forcing
are required to overcome the stabilizing capillary stresses in
order to sufficiently destabilize the interface such that atomi-
zation ensues. In the case of the experiments associated with
Fig. 7, the input power was fixed throughout. As the film
successively thins, the axial capillary stress decreases con-
comitantly �and hence the observed growth in the vibration
amplitude for a given power input� until it is exceeded by the
inertial stress whose value is fixed by the constant acoustic
forcing, at which point, the interface can no longer be stabi-
lized and atomization occurs. The results of Fig. 7, however,
show that the peak capillary resonance frequency, which sets
the instability wavelength, is dependent on the film thick-
ness.

III. NUMERICAL SIMULATION

Though the experimental results together with scaling
theory help identify, qualitatively, the mechanisms underly-
ing the atomization process due to SAW irradiation, compu-
tational analysis of the fluid behavior would help present
these mechanisms from another perspective, one where we
have complete control over the conditions governing the de-
stabilization process. We begin below by formulating the
problem in the lubrication approximation for a thin film and
follow through to numerically solve the nonlinear equation
governing the spatiotemporal evolution of the film interfacial
height driven by the SAW irradiation beneath, which, when
sufficiently strong, overcomes the stabilizing capillary
stresses and, hence, leads to the destabilization of the inter-
face and subsequent atomization. We note that our simple
lubrication model cannot capture the evolution of the inter-
face right through to pinch-off and atomization due to the
difficulty in resolving the increasingly singular spatial de-
rivatives at the crests and troughs of the destabilized waves;
nevertheless, the numerical simulation is able to predict im-
portant information regarding the destabilization process, for
example, the critical acoustic capillary number and the cap-
illary wavelength beyond which the film becomes unstable,
which can then be employed for comparison with the experi-
mental observations and against the postulated mechanisms
and scaling arguments above.

A. Governing equations

As shown in Fig. 8, we consider a two-dimensional rep-
resentation of a thin incompressible Newtonian liquid film in
the shape of a slender drop with initial length L and height H
in rectilinear coordinates �x ,0 ,z�, x being the axial coordi-
nate and z the vertical coordinate. The density and viscosity
of the liquid are denoted by � and �, respectively. Given that
H�10−4−10−5 m and L�10−3−10−4 m in our experiments,
it is not unreasonable to assume that the film is sufficiently
thin such that its aspect ratio can be described by a small
parameter �	H /L�1. The film is bounded from below by a
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FIG. 7. �Color online� Variation in the amplitude of the capillary wave on
the free surface of a liquid film with the frequency, which is a function of the
film aspect ratio H /L. The onset of atomization occurs around 10 kHz.
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horizontal, infinitely long, rigid solid substrate at z=0 but is
allowed to evolve freely at the air-liquid interface at z=h,
where h�x , t� is the thickness of the film.

The hydrodynamics of the incompressible liquid film is
then governed by the equations of conservation of mass and
momentum

�u

�x
+

�v
�z

= 0, �9�

�� �u

�t
+ u

�u

�x
+ v

�u

�z
� = −

�p

�x
+ �� �2u

�x2 +
�2u

�z2 � , �10�

and

�� �v
�t

+ u
�v
�x

+ v
�v
�z
� = −

�p

�z
+ �� �2v

�x2 +
�2v
�z2 � , �11�

where u and v are the axial and vertical velocities, t the time,
and p the pressure in the film. The following no-slip bound-
ary condition applies to the substrate z=0:

u = v = 0. �12�

These are complemented by the interfacial boundary condi-
tions governing the continuity of tangential stresses and the
jump in the normal stresses across the interface at z=h,

�u

�z
+

�v
�x

= 0 �13�

and

p = �	 + pA, �14�

where

	 = −
�2h

�x2 �15�

is twice the mean curvature of the slender drop interface and
pA is the acoustic pressure, which we will define below. We
neglect any disjoining pressure effects as we are not con-
cerned with the spreading of the drop but rather the defor-
mations along its interface arising due to the acoustic forc-
ing. Closure to the above set of equations is provided by the
kinematic boundary condition applied to the interface at
z=h,

�h

�t
+

��hū�
�x

= v , �16�

where

ū =
1

h



0

h

u dy �17�

is the cross-sectional average velocity across the height of
the film.

As an approximation in this simplified theory, we will
model the acoustic pressure forcing as a traveling wave
along the interface that is excited by the SAW vibration on
the substrate,47

pA = �us
2, �18�

where us is the velocity of a particle element on the substrate
as the SAW propagates across it. Since the displacement of
this particle element can be written as A cos �Rejkxej�t, where
A is the vibration amplitude of the SAW, �R the Rayleigh
angle, k the wave number, and � the angular frequency, it
then follows from above that

pA = − ��2A2 cos2 �Re2jkxe2j�t. �19�

We note that Eqs. �18� and �19� should contain a multiplier
that allows for the decay of the SAW radiation into the fluid.
Nevertheless, we will neglect this multiplier since it is a unit
order coefficient for the case of a thin film.

B. Scaling and dimensionless equations

We adopt the following set of scalings to render the gov-
erning equations dimensionless:

x* 	
x

L
, �z*,h*� 	

�z,h�
H

, u* 	
u

U
,

�20�

v* 	
v

�U
, t* 	

t

L/U
, p* 	

p

��/L
,

where U	�3� /� is the characteristic velocity scale obtained
from a balance between capillary and viscous stresses, con-
sistent with our assertion in Sec. II B that these stresses
dominate over inertial stresses in the bulk region away from
the boundary layer. We also choose this particular scaling to
demote the pressure to the same order as the capillary stress
such that the relative contributions of the acoustic and cap-
illary stresses can be described48 by a single dimensionless
parameter—the acoustic capillary number—which will be
defined subsequently. In the above, the asterisks denote di-
mensionless quantities.

Substituting the set of scalings above into the governing
equations in Sec. III A and dropping the asterisk decorations
henceforth then leads to the following set of equations to
leading order as �→0:

�u

�x
+

�v
�z

= 0, �21�

x*

h (x,0)

h (x,t)

H*

λ
z*

h (x,t)

L*

FIG. 8. �Color online� Schematic representation of the destabilization of an
initial slender sessile drop with height H and length L. The initial drop
profile is given by the solid line whereas the destabilized drop is given by
the dashed line. The spatiotemporal film height distribution is given by
h�x , t�, whereas the wavelength of the capillary waves is �.
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�p

�x
=

�2u

�z2 , �22�

and

�p

�z
= 0, �23�

with the following boundary conditions:

u = 0 and v = 0 at z = 0, �24�

�u

�z
= 0 at z = h , �25�

p = −
�2h

�x2 − Ce2jk̃xe2j�̃t at z = h , �26�

and

�h

�t
+

��hū�
�x

= 0 at z = h . �27�

In the above,

C 	
��2A2 cos2 �RL

��
�28�

represents an acoustic capillary number that quantifies the
relative magnitudes between the applied acoustic stress and

the capillary stress, while k̃	kL and �̃	�L /U=��L /�3�
are the dimensionless wave numbers and frequencies, respec-
tively.

Integrating Eq. �22� with the boundary conditions given
by Eqs. �24� and �25� then gives the following parabolic
velocity profile in the film:

u = � z2

2
− hz� �p

�x
. �29�

Cross-sectional averaging of Eq. �29� and substitution into
the kinematic boundary condition given by Eq. �27� gives the
following evolution equation for film thickness:

�h

�t
=

1

3

�

�x
�h3�p

�x
� , �30�

with the pressure specified by Eq. �26�.

C. Initial and boundary conditions

Initially, the profile of the undeformed drop prior to the
application of the acoustic forcing can be approximated by
the following initial condition:

h�x,0� = e−x2/0.05. �31�

This arbitrarily imposed drop initial profile is not important
since we leave the contact line unpinned so that the drop is
allowed to spread to an equilibrium profile governed by the
curvature within a short initial transient once the simulation
commences.49

The following boundary conditions are also imposed:

� �h�x,t�
�x

�
x→−�,x→�

= � �h�x,0�
�x

�
x→−�,x→�

�32�

and

� �3h�x,t�
�x3 �

x→−�,x→�

= � �3h�x,0�
�x3 �

x→−�,x→�

. �33�

D. Numerical method

We numerically solve the fourth-order nonlinear para-
bolic partial differential equation governing the spatiotempo-
ral evolution of the drop height given by Eq. �30� together
with the acoustic forcing pressure in Eq. �26�, subject to the
initial and boundary conditions stipulated by Eqs. �31�–�33�
using MATHEMATICA �Wolfram Research, Champaign, IL�,
which employs an adaptive method of lines50 to facilitate
solution via transformation of the nonlinear partial differen-
tial equations into a system of ordinary differential equa-
tions; fourth-order centered differences were utilized to dis-
cretize the spatial coordinates. Fortunately the initial
conditions permit expression of the problem as a Cauchy
system; we chose a spatial mesh density of 300 points laid
out in an adaptive grid across three dimensionless units from
−1.5 to 1.5 based on an a priori spatial error estimate deter-
mined via Richardson extrapolation using the initial
conditions.51 The locations of the spatial discretization points
are subsequently fixed during the progression of the analysis
because changing them necessitates a complete and imprac-
tical restart of the ordinary differential equation system solu-
tion process. The time stepping is determined by an a priori
error estimate based on a Richardson extrapolation of the
initial condition. Given both the inherent stiffness of the non-
linear equations of motion and their extreme sensitivity to
the proposed initial conditions, we choose a relatively ad-
vanced implicit Euler method, the Radau IIA implicit
Runge–Kutta method,52 for the solution of the temporal evo-
lution of the ordinary differential equation system. After
solving these equations, an a posteriori spatial error estimate
is made on the solution found at the final time step to ensure
that the adaptive spatial discretization has remained appro-
priate throughout the course of the temporal solution process.

Since the pressure wave induced by the SAW at the
solid-fluid interface has a constant frequency �20 MHz� and
nearly constant wavelength �200 �m; the fluid-loaded and
air-loaded wavelengths differ by about 5%�, it then follows
that the dimensionless wave number and frequency are fixed,

i.e., k̃	kL=2�L /�=10� and �̃=��L /�3��107. The only
remaining parameter is the acoustic capillary number C de-
fined by Eq. �28�, which we shall vary between 10−3 and
10−1 in our numerical simulations.

As is commonly carried out in lubrication models,53 the
computations are halted when the capillary wave deforma-
tions grow to an amplitude similar to the drop height due to
the increasingly singular spatial derivatives at the crests and
troughs of the destabilized waves. Since the deformations at
this point are larger than that observed experimentally, it is
not unreasonable to assume that, beyond this point, the inter-
face is sufficiently destabilized such that jet formation and
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pinch-off proceed, leading to atomization. Though we are
unable to directly model the latter phenomena with the
simple lubrication model, it is possible to estimate a critical
acoustic capillary number that describes the transition from
simple capillary wave generation to atomization. Moreover,
the numerically predicted destabilization wavelengths pro-
vide another rough indication of the dimensions of the atom-
ized droplets that can be compared to the experimentally
measured droplet dimensions as well as those predicted from
our scaling theory above. For these purposes, the simple
model is sufficient as a first approximation for corroborating
the hypotheses postulated in Sec. II.

E. Results and discussion

Figure 9 illustrates the spatiotemporal evolution of the
drop profile for three values of the acoustic capillary number,
i.e., C=0.001, C=0.01, and C=0.03, respectively. It can be
seen that the initial drop interfacial profile in the first frame
quickly relaxes to its equilibrium shape and translates a small
distance in the direction in which the imposed interfacial
traveling pressure wave propagates �second frame�, all
within an initial transient t�0.1. We note that the translation
is not an artifact of the numerical solution; we have demon-
strated rapid translation of sessile drops sitting atop sub-

strates along the direction of propagating SAWs.15 For small
acoustic capillary numbers �C�0.001� wherein the capillary
stress is dominant over the acoustic forcing, the interfacial
deformation is small and stable, as observed in the second
and final frames �see also the inset� in Fig. 9�a�. Above a
critical acoustic capillary number �C�0.01�, the pressure
wave induces an apparent capillary wave at the interface
�second frame�, which then rapidly grows in amplitude. In
this case, the large acoustic irradiation is acting as a destabi-
lizing effect on the free surface beyond the stabilizing and
restoring effect of the capillary force, causing the interfacial
wave to grow unabated �final frame�, as shown in Figs. 9�b�
and 9�c�. As the value of C is increased, the time required to
destabilize the interface becomes shorter.

The critical acoustic capillary number beyond which the
interface is destabilized is more easily seen when plotting the
energy of the wave,54,55

E�t� = 

−�

�

h2�x,t�dx − 

−�

�

h2�x,0.5�dx , �34�

the second term at t=0.5 representing the energy of the in-
terface after the drop has initially spread to its equilibrium
position. The energies corresponding to the drop profiles for
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FIG. 9. �Color online� Drop interfacial profiles at various dimensionless times for �a� C=0.001, �b� C=0.01, and C=0.03. The dimensionless wave number

k̃ and frequency �̃ are held at 10� and 107, respectively. The initial drop profile �first frame� relaxes to its equilibrium position and translates a short distance
to the right in the direction of propagation of the imposed traveling acoustic pressure wave �second frame�. During this initial transient, interfacial waves are
observed to appear, induced by the pressure wave. In the final frame, these interfacial undulations remain stable due to insufficient acoustic forcing to
overcome the stabilizing capillary forces, as shown in the inset for small C values in case �a�, or are rapidly destabilized for C values beyond a critical
threshold leading towards atomization in cases �b� and �c�. The critical threshold for interfacial destabilization therefore lies somewhere around C=0.01.

074103-11 Interfacial destabilization and atomization Phys. Fluids 20, 074103 �2008�

Author complimentary copy. Redistribution subject to AIP license or copyright, see http://phf.aip.org/phf/copyright.jsp



the different cases in Fig. 9 are then plotted in Fig. 10. For
small values of C below 0.01, the energy is initially observed
to grow in response to the acoustic irradiation from the SAW.
However, since this is insufficient to overcome the restoring
capillary force, the energy reaches a plateau, suggesting that
the disturbance is stabilized as observed by the small undu-
lations in the inset of the third frame in Fig. 9�a�. However,
as C is increased to 0.01, this plateau disappears quite sud-
denly and the energy is seen to increase monotonically; as
the acoustic irradiation is increased beyond a critical value,
approximately C�0.01, such that the stabilizing action of
the capillary stresses is overcome, the capillary wave distur-
bance grows without bound. As C is further increased, we
observe the energy held in the capillary wave motion to in-
crease exponentially, at least qualitatively, at a given time
and to grow in amplitude with respect to time at a far faster
rate, illustrating the rapid and explosive growth of the inter-
facial disturbance beyond a critical value of the excitation
energy provided by the SAW irradiation. Here, we propose
that the critical acoustic capillary number can be estimated at
the onset of inflection in the growth energy curves.

In this case, the critical acoustic capillary number is ap-
proximately 0.01. This is the correct order of magnitude if
we compare it to the critical acoustic capillary number cal-
culated from Eq. �28� with the use of experimental values
which lead to the onset of atomization. An approximation for
the dimension of the atomized droplet can also be estimated
from the observed instability wavelength �. From Figs. 9�b�
and 9�c�, we observe � to be approximately a tenth of the
drop dimension. Since L�10−3−10−4 m, it then follows that
��10 �m, on the same order as both the value predicted by
the dominant viscous-capillary balance in Eq. �8� and that
observed in the experimental observations, as reported in
Sec. II. The close agreement between the predictions af-
forded by our simple model and the experimental results for
both the critical acoustic capillary number and the droplet
dimension therefore lends confidence to our hypotheses in
Sec. II, especially our claim that the capillary wave on the
drop surface and its subsequent destabilization to form atom-

ized droplets are governed by viscous-capillary dominated
interfacial effects under acoustic forcing, not a subharmonic
half-excitation frequency relationship.

IV. CONCLUSIONS

The atomization process driven by SAWs is exception-
ally complex, occurring over multiple length and time scales,
many of which are difficult to observe in the laboratory. As
such, little of the underlying mechanisms responsible for the
destabilization of the interface leading towards breakup and
ejection of the atomized droplets is truly understood. In this
paper, we have attempted to elucidate the mechanisms un-
derlying the atomization phenomenon obtained via 10 MHz
order acoustic excitation through a combination of experi-
ments, scaling analysis, and simple numerical modeling. This
arrangement has exposed problems in the current interpreta-
tion of the atomization phenomenon that has been developed
over the years, and we conclude that revisiting the problem
with a proper appreciation of the various length and time
scales inherent to the physics of the system is crucial to
understanding why the currently accepted theory is giving
such remarkable errors and in helping to cast a new view of
the phenomenon.

A longstanding misconception that has led to erroneous
predictions of droplet sizes is the modification of the Kelvin
equation by replacing the frequency of the capillary wave fc

with one-half of the excitation frequency f , with the pre-
sumption that the capillary waves are subharmonic Faraday
waves. This modified equation has often been used to esti-
mate the wavelength of the capillary waves, and we show
through experimental measurements of the capillary wave
frequency via scanning laser Doppler vibrometry that this is
incorrect; instead, the capillary waves at the drop free surface
vibrate at frequencies on the same order as the capillary-
viscous resonant frequency fc�� /�R. For modest ultrasonic
excitation ��10–100 kHz�, where f � fc, this may not lead
to significantly erroneous predictions, but when the excita-
tion occurs at high frequencies, i.e., f � fc, it then becomes
obvious that the deviation becomes increasingly large.

Furthermore, we also consider very thin fluid films
where inertial effects are indeed relevant and find in this
remarkably rare arrangement that both the excitation and
capillary wave frequencies are on the same order, rendering
the modification to Kelvin’s equation redundant. Neverthe-
less, the capillary wave vibration, in this case, is due to
capillary-inertia resonance, i.e., fc��� /�H3�1/2� f . In any
case, we argue that it is the capillary wave frequency fc that
is the relevant frequency scale and, hence, the modification
to the Kelvin equation to replace fc with the excitation fre-
quency f is fundamentally unnecessary. Instead, it is simply a
matter of evaluating fc either from the capillary-viscous fre-
quency in the case f � fc or from the capillary-inertia fre-
quency in the case f � fc to determine the droplet diameter
and destabilization behavior.

We also relate the variety of observed droplet ejection
phenomena to specific length-scale-dependent interfacial de-
stabilization mechanisms. At the largest length scale, on the
order of the dimension of the parent drop, large droplets are

0.5 1 1.5 2 2.5 3
0.16

0.18

0.2

0.22

0.24

0.26

0.28

0.3

0.32

0.34
C = 0.001
C = 0.01
C = 0.03

3.5
Time

En
er

g
y

FIG. 10. �Color online� Drop interfacial energy E defined by Eq. �34� as a
function of time for various acoustic capillary numbers C. The other param-

eters are k̃=10� and �̃=107.
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whipped off the crest of the elongated drop at time scales
corresponding to the viscous-capillary pinch-off time. At
shorter length scales, the destabilization of the interfacial
capillary waves leads to the formation of axisymmetric jets
that elongate and subsequently pinch-off to form droplets.
The pinch-off process occurs in a similar manner to the clas-
sical Rayleigh–Plateau instability for longwave axisymmet-
ric breakup of cylindrical liquid columns; balancing capillary
and inertial stresses within the jet results in a breakup length
consistent with the experimental observations. Despite the
role of the inertia of the jet, however, the pinch-off dynamics
is governed by the time taken for film drainage, which is
dominated by viscous drag. The dimensions of these ejected
droplets, typically 10 �m, correspond to the jet diameter,
which, in turn, coincides with the instability wavelength,
consistently predicted by both the scaling argument devel-
oped from a dominant force balance between the viscous and
capillary stresses and the numerical simulation of the spa-
tiotemporal evolution equation governing the interfacial pro-
file of a sessile drop along which a traveling acoustic pres-
sure wave is excited. Finally, the numerical solutions predict
a critical acoustic capillary number at the onset of interfacial
destabilization that matches our experimental conditions.

Taken together, the multiple approaches to this difficult
problem expose both the mechanisms underlying the fasci-
nating phenomena of high-frequency acoustic atomization
and ways in which they may be examined in the future, with
a fortunately consistent explanation across experimentation,
analysis, and numerics.
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