II. Primary Hydrogen Burning Phases

[1.1 The Main Sequence

Figure 10 shows the hydrogen burning evolution from the ZAMS to the red-giant branch
(hereafter RGB) for various masses. Table 2 lists times taken to traverse between the given
points. For hydrogen burning we have H — He, so as the hydrogen mass fraction decreases the
mean molecular weight p increases. But
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So hydrogen burning causes the pressure to decrease. But if this happens then the star contracts,
increasing the temperature and density. The nett effect is for the pressure to remain roughly
constant, at a value large enough to support the outer layers, while the ceniral density and
temperature increase. But if the temperature increases then the energy generation increases
since
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so that the overall luminosity also increases. This energy is partly absorbed in the surrounding
envelope. This is especialy true for stars with radiative envelopes (on the upper main sequence),
so that the absobed energy does work against the gravitational field, and the radius increases.
Then since

L = 4xR*e T}

the effective temperature decreases. The star moves up and to the right in the HR diagram.
For lower main sequence stars, with conveciive enveopes, we may expect that the very efficient
energy transport in the convective envelope will transport all the liberated energy to the surface,
with little absorption. Thus the radius is, to first order, constant, and the overall effective
temperature increases due to the increase in L.

So hydrogen burning on the main sequence is accompanied by rising luminosity and either
decreasing T, (upper main sequence, higher masses) or increasing T. (lower main sequence.
lower masses). This is indeed seen in figure 10. Note the dashed lines, which indicate the main
sequence band containing stars burning hydrogen in their cores. The lower dashed line is the
ZAMS.

To understand the interior structure see Figure 11 which shows the variation of many
variables with mass fraction for a 1M star on the main sequence, between points 1 and 2 in
figure 10. Note the radiative core (leading to a smooth variation of X with mass). Figure 12
shows the same star just after core hydrogen exhaustion, and we see the dense, isothermal
hydrogen-exhausted core is developing.

Figure 13 shows the hydrogen profiles (i.e. X versus M(r)) for a 1 M, star at different times.
The smooth variation is quite different from the result when a convective core is present. In
this case the rapid convective timescale means that the composition is homogenized in the
convective region on a very short time-scale. Hence we get hydrogen profiles like those shown
in figure 14, where we see that the mass of the convective core has decreased with time (in the
figure ty < 3 < t3).

We have mentioned how convection is an uncertainty in stellar evolution. Recall the mixing
length theory, discussed earlier. Here we found that the convective velocity v was given by

v oc (V = Vgg) 2

This was derived assuming buoyancy (i.e. acceleration) due to Dp. So at the edge of the
convective core, where V = V4, we have zero buovancy, so there is zero acceleration. But an
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element which began its motion inside the convective core still has momentum at the boundary.
True, the acceleration is zero at the boundary, and negative in the outer radiative zone, but
the acceleration is positive everywhere in the convective zone. So the element reaches the
boundary with a finite velocity. The element then continues its motion into the radiatively
stable zone. This phenomenon is called “convective overshoot” and results in the mixing of
part of the radiatively stable zone with the convective zone. It thus effectively extends the
convective boundary beyvond that determined by the Schwarzschild or Ledoux criteria.

One way of including this effect is to calculate the restoring force on the element as it moves
through the stable region. Thus we can calculate where it comes to rest, and mix the material
out to this point. The result of such a calcuation is shown in figure 15, Note that v = 0 some
0.043 M beyond the Schwarzschild boundary (where V = V4.

How does this affect the evolution 7 Clearly it makes the convective core larger. Hence
more hydrogen fuel is mixed to the centre. We may expect hydrogen burning to last longer, and
indeed it does. The efficiency of overshooting is dependent on the miximg-length parameter a:
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Obviously a = 0 corresponds to no overshooting. IFigure 16 shows the change in hydrogen

profiles {at hydrogen exhaustion} with a, and the corresponding HR diagram paths for a star
of M =TMg.

I1.2 Core Hydrogen Exhaustion and the Giant Branch

In low mass stars hydrogen is exhausted initially in a tiny region, which grows with time.
With a temperature gradient existing the only was the star can provide energy is by contracting.
This 1t does slowly, so that the hydrogen rich layers are gradually brought to higher T and p.
and begin burning. A shell source is ignited, and the star evolves to the right in the HR
diagram. Conditions in a 1M star at this time are shown in figure 17.

For higher masses the evolution is similar. But if a convective core exists the sudden
depletion of fuel over a larger region causes a more rapid contraction over this inner region.
This gives the kink between points 2 and 3 seen in figure 10 for the more massive stars.

The evolution to the right occurs at nearly constant luminosity, and is very rapid (see
Table 2). For this reasone very few stars are seen in this phase, and this region of the HR
diagram is called the “Hertzsprung Gap”, or the “sub-giant branch”. This phase is accompanied
by a large radius increase, hence T, decreases since

L~ R*T}.

i.e. the star becomes a red giant. For cool envelope temperatures the opacity increases, and
convection develops. The “giant branch” is the nearly vertical line corresponding to a fully
convective star, also known as the Hayashi track.

Convection actually extends sufficiently far inward to reach places where partial hydrogen
burning has occurred, with C and O being processed into N, and some H into He. Thus this
H-processed material is mixed to the surface. This is called the “first dredge-up” episode, and
we actually observe the increased N'* abundance on the giant branch, as predicted.

All stars now ascend the giant branch, with the hydrogen exhausted core contracting slowly,
and thus heating. The hydrogen burning shell is eating its way cutward {in mass) through the
hydrogen rich envelope, and leaving behind He “ashes” which become part of the growing
helium core. Eventually this core becomes hot enough for He ignition. For low mass stars the
core wil be degenerate at this time, and a core helium flash will occur. For more massive stars
the He is ignited gently.
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Figure 9.1. Evolutionary tracks for models of stars after the main sequence. Model mass is shown next
to Lhe initial point on zero age main seguence. Dotted lines indicate boondaries of the main sequence,
Lines of constant radius and increasing radius as shown in lower left. Elapse times between points ars
shown in Table 9.1. The stages arc labeled as: H,, hydrogen core burning: Hys. thick hydrogen shell
burning: H,. shell hydrogen burning: He, helium core burning: and G, gravitational energy release. The

15 M, track does not reverse in the giant region, because the semiconvective region was treated as fully
convective in this model.

Table 9.1
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Elapsed time, in years, betwesn numbered points on the evolutionary tracks in Figure 9.1. Mumbers in parentheses are powers of 10 by

which entries are multiphed.

Interval
Mass (M) 1-2 1=3 - 45 §=6
3o 480 (8) .64 (4) =10 (4}
15 1.010{7) 2.2T0(5) T.55 (4)
9 2,144 (7) 60583 (%) 9.113(4) 1.477(5) 6.55204)
5 6.54T(T) 2173 (8) 1.372 (6} T.532 (5) 4.857(5)
k| 2.212(8) 1.042(T) 1.033 (T 4.505 (&) 4238 (6)
1325 4.802 (8) 1.647 (T} 3696 (T) 1.310(7) 3B19(T)
1.5 1.5531(9) .10 (M 1.4%0 (8) 1.049 (8) =2 (&
.25 2.303(9) 1.824 (B} 1.045 (%) [.463 {B) =4 {8)
1.0 TR 2{9 1.20 {9 157 (8) =1 ("M
Imterval
Mass (M) =T 78 -9 g1 -1+
30 33.0(4) 1.3 (&)
15 TAT (%) 6.20 (2) 1.9 (5} 15 (4)
o 4.90(%5) §.50(4) 128 (8) 1.35 (3] 156 (4)
5 6.05 (6) 1.02{&) 2,00 (&) 930 (5) 1.60 (4)
3 251 (T) 408 (7) 6.00 (&)
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Figura 9.2. A | M, model during main-sequence hydrogen burning at time 4.2699 x o*
years (between points | and 2 in Figure 8.1, showing radius. density, temperature. total
lumninasity. and hydrogen abundance versus mass fraction. The lower limiw of the ordinate
are zoro. The upper limit for each curve is:r = 09683 R, 5, - 139.93 ¢ em™, T, = 1.39] =
10T K. L = 1.0575 L. and X. = 0.708; P, = 2.5186 x 10" dynes cm ™", The elapsed tme is
measured from the initial model for the phase beiore the main sequencs,
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Figure 9.3. Same as Figure 8.2 for 1 M, el Bglween peints 2 ond 3 of Figure 3.1, The
clapsed 1me since the initial model for the shase befars Lhe main sequence is 92015 = 107
years. The lower limits of the erdinate are 2are The uppes iimit of the ordinate for each curve is
F= 1268 B2 P, = 1,315 « 10" dynes cm T o= 181 8 10 KL = 203 Lo X, - 0.708. The
aciual stellar radius is B + 1.353 R, and the ceneral deasity & 1060 gem™™
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Fig.30.1. Hydrogen profiles show-
ing the gradual exhanstion of hy-
drogen in a star of 1Mz The ho-

mogenadus initial model consiss af \-'5
a mixmre with Xy = 0723 The
hydrogen content Xy over mfAf is

ploued for six models which corre-

spond toan age of 0.0, 2.2, 4.5.6.7,

8.5 and 11.4 Gmes 10° years afier

the onsst of hydrogen buming
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Fig.30.2. The solid line pives the hydrogen profile Xu(m) thar is established in a 5Mg sar of
extreme population I at the end of hydrogen burming in a shrinking convective core, The dashed lines
indicate the hydrogen content in the convective core at the onset (label 0) and at two iniermediats
phases of canmal hydrogen buming

Fig.30.4. Velocity v and temperaqure ex-
cess DT of rising convectve clements,
and the ratio of the radiation flux Fng el
ative 1o the total fux F aound the bor-
der of stability (Vma = Vag) in 3 s1r of
Mg Overshooting caleulated wuh o=
fafHp =1 extends o the point where
v = 0 (after MAEDER, 1973)
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Figure 10.7. Model of a I M, star just after it leaves the main sequence, a1 time 10.31 =
10* years. The mazimum value of the ordinate for cach curve 527 = LI3R.P =515 =
0¥ dynesem L T, = 239 = IFK: L =232L:%=0708 The tatal radius 15 22179 R,
and the cenral density is 1.52 = 10* g em”'. Mot the gradual increase in L for mirlM z
04

ing for a7 Mg star (ini-

Fig.30.5. Central hydrogen bumi
= 0044} with ME‘!"

rial mixmre X = 0602, X
shooting according to different assumptions for the U0
o =tn/Hp (a =0 means na gvershooting). (a) The hy-
drogen profile at the end of this phase. (B}
with evolutionary wacks. (MATRAKA ct al., 1982)

Tuw

Figure 10.12, The 5 M, during the giant
valuss of the ordinate for cachcurve areir— 3

0.5 or 0k (k]

stage at time 7.7 x 107 years. The mazimum
585 R P, -6.21 = 10V 3

*dynescm g = 1.7

gem T, = 133 = 10°K; L = 114 [, and helium abundance X, = 0.9763. Total radius

R =-3061 R



: Fig.31.6. Hertzsprung-Russell diagram with
evolutionary wacks for siars in the mass
rangs from 4Mg o 9Mg from the main
sequence through helium buming (afier Ma.
1 TRAKA e s, 1932). The broken line indi-
1 catss the Cepheid strip
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Figura 10.18. Efect of chemical compesition on the evalutionary track for a
Population | star of mass 5 M,. The compositions are: solid curve, X = 067, ¥ = 0.30,
and £ = 0.03; {dashed curve, ¥ = 0.20 and £ = 0.03; dotted curve, ¥ = 0,30 and Z =
0.015).
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Figure 10.13. Model of 2 5 M, star during the giant stage at time 879 x |0 years.
Maximuom ordingw for each curve: F = 23,77 R, (total radius 8 = 44 14 R )10, = 216 =
Ifgem ™ T, - 184 x I0'K:iL - 1.94 Ly;and X, = 1O.



IgLiLo Fig.32.10. Skewh of the evolution of low-

mass slars in the HR diagram. For thres
Helium Flagh  slighly different masses the evolouonary

tacks in the post-main-sequence mMErgs in

the giant branch (GB). Aflier the helium flash
GB they appear on the zero-age homzontal
branch (HB}. cvolve towards the upper nght.
and marge in the asympunic giant branch
{AGB). The broken line indicawes the posi-
tons of the vanable RR Lyr siars (RR) and
of the W Vir stars (W)
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Fig.32.9. Herzsprung-Russell diagram with the zero-age horizontal branch and the evolution afier-
wards. The thick line labelled with ZAHB is the zero-age horizontal branch for models with a helium
core of M. =0475M and a hydrogen-rich envelops (X = 0699, X = 0.3) with different masses
A — M,. The wtal masses M (in Mg) arc indicated for a few points. For 3 of thesz models the
ensuing evolution is shown by the thin lines. Phases af slow evolution are given by solid lines, those
of rapid evolution by broken lines. The models evolve from the ZAHB first in the slow phase of
cenmal helium buming with @ hydrogen-buming shell. This phase, which lasts for some 107 wyears,
is followed by a phase of rapid evolution during which the models go from helinm baming in the
cenme 1o shell buming. Afier that a slow phase of double shell burming cocurs. (After STROM = al.,

1970. See aiso 1BEN. ROOD, 1970)
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Fig. 3211, The evolutionary mack of & s of 0.6Mg (Xy = 0749, Xue = 0,25) for the phases
afiter cemral helium burning. The model moves Upwards along the asymplotic giant branch (AGB)
until thermal pulses occur (indicated by full eircles). The changes during a pulsc are shown only for
pulse 9 and pulse 10. Before the last pulse the mack has reached the white-dwarf arsa of the HR
diagram. The main sequence (M3), the horizontal branch (HB), and a line of constant radius in the
white-dwarf region are indicated (afier 1BEN, RENZIML, 1983)
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3.4, STELLAR POPLULATIONS AND STELLAR EVOLUTION
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Fic. 10.—Similar to Fig. 7; in this cose the data of NGC 188, which has [Fe/Hj= 00. are fived by the relevant ser of theorstical

isochrones.
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FiG. 5 =—Location on the H-R diagram. as a [usetion of the mivnd-‘enath parameter, of vanous models along two metzl-poor and twe

metal-rich svolutionary scquences reproduced from Fig. 1 Fallod wonuies,

positons for a= [0, a=13 and =16

Table 3). If.4he model sequences obtained by connecung
the squares in Figure 3 are compared with those. for the
same masses and compositons, which are computed n
their entrety for o=1.6, nearly periect agreement :s
found, except that the level of the subgiant branch
predicted by the former is top bright. This result applies
only to the metal-rich calculations (the tracks for Z =
10 ~* were indistinguwshable) where, for instance, § V7.,
was — 0.06 mag at log T = 3.71 for the 1A model
We conciude, hence, that our adopted procedure ol
calculating the effects of varying a by simpiy reconserz-
ing selected models of the a=1.0 sequences, chane:ng
only the value of @ assumed. will tend to overestmate
the resultant change in log L. This source of error. whle
small, should be kept in mind since the age of a meral-rich
star cluster, if derived largely from a companson of s
subgiant branch with those of a relevant set of -
chrones, will be 100 lugh by - 6%. A final poiat should
be made regarding the effects of the mixing-length
parameter. Since the change in log T, produced by 2
change in & is considerably smaller in the neighborhood
of the main sequence than it is at the red giant branch. 2

cpen inangles. and open squares give. respeciivels, the medel

Larzer value of o will therefore be reflected in 2 steepen-
g of the slope of the subgiant branch of 2 theoretcal
sawchrone of a given age.

Thus far, little has been said about the conscguecnces
ol employing our adopted opacites (se¢ § [[5) 1n prefer-
wnve 10 the ofi-used Cox and Stewart {1970a. &) data.
We have already noted that the former are generally
A:zher than the latter at many temperatures and densi-
s characteristic of stellar interiors, at least for metal-
~oh compositions (see Mapee, Merts. and Heubner
1473y, and Alexander (1975) kas shown that the Cox-
Slewart opacities are clearly deficient at low tempera-
rares becanse of their neglect of importamt molecular
~urces. As a result, stellar models based on the im-
proned opacity caleulations would be expected 1o be
cowler and less luminous than those obtaned previously.
Thus prediction is borne out, as we see, in Figure 4,
which compares the location in the H-R diagram of our
a =1 ) main-sequence loct for Z=10""and Z=10""
aith the corresponding ones computed on the assump-
tien of the Cox-Stewart opacities by bMengel er al (1979),
The positions of the 0.9 and 1.1 M, models have been
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M=1 Z=0.02 Stellar Evolution Tutorial

1. Core Hydrogen Burning (M = 1 Msun and Z=0.02)

L.
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We start by looking at the evolution of a star very similar to the Sun: it has the same mass
and almost the same composition.

The figure below shows the HR diagram for the main H buming phases. The star starts on
the zero-age main-sequence (ZAMS) and evolves off it and. following the exhaustion of the
core H supply, it begins to ascend the giant branch. We will cover these in more detail
below.
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'his movie ( horizontal or vertical ) shows the hydrogen profiles (ie H mass-fraction versus

mass) in the centre of the star as it evolves off the main-sequence. This phase ends when the
central H supply 1s exhausted. Note that each frame corresponds to one of the symbols in the
HR diagram.

Of course, the burning of H proceeds more quickly in the very centre, where the temperature
1s higher. And it produces He (strictly, He-4) as the H is destroyed, as shown in this movie

Because we are using mass-fractions, then whatever H is burned will appear as He. This
conservation of mass is nicely shown in the following movie which shows both H and He
profiles during the H burming phase.

H burning in this star occurs via the PP chains, mostly, because it is not hot enough for
substantial CN cycling. However, the CN cycle has reached equilibrium and we see the
conversion of C-12 into N-14. As the star heats we see the advance outward of the region
where CN reaches equilibrium. Toward the end of the main sequence the temperature
becomes high enough for some ON cycling and we see the beginning of the conversion of



(O-16 into N-14. This there are two steps in the N-14 profile: the first from the CN cycle
converting C-12 into N-14. The second is from the ON cycle converting some O-16 into
N-14.

The conversion of H into He raises the average mass per particle, usually measured by mu.
For a perfect gas the pressure is given by
P = rho R T/mu
and since the pressure is constant (to first order) then as mu increases so must rho and T.
That is, the centre of the star gets hotter and more dense, as shown in the following movies.
1. Temperature
2. Density

2. Shell Hydrogen Burning (M = 1 Msun and Z=0.02)

l.

b3

After the central H supply is all converted into He-4, we see the formation of a H-buming
shell. This sits on the edge of the H-exhausted core and progresses outward (in mass! not in
radius!) as the star evolves. The star now moves relatively rapidly away from the main
sequence and toward the giant branch. This, and the advance of the H shell, is shown in the
next movie ( honzontal or vertical ).

At the same time the CN profile hardly changes. as the top of the H shell has not moved very
much. Rather, the H shell is advancing through the vanable H profile left from the
main-sequence evolution. But as the core contracts, the shell heats and we see the growth of
the ON cycle, as reflected in the conversion of O-16 into N-14 in the next movie.

Once the H supply is gone in the centre then there is no nuclear energy generation. The
luminosity 1s just the integral of the energy generation rate over mass, and there is no longer
any nuclear energy generation (there 1s instead some gravitational energy liberation due to
the core’s contraction, but this is not very largze compared to the previous nuclear source).
And since the temperature gradient (in the diffusion approximation) is proportional to L,
then the gradient is zero, and we have an isothermal core. At least, if there was no
gravitational contraction it would be isothermal. So rather we have a nearly isothermal core.
This is shown in the next two movies showing the formation of a core, its initial isothermal
nature, and then we see the contraction cause it to increase somewhat in the centre. But there
15 a clear separation between the high density, nearly isothermal H-exhaustied core. and the
H-nich outer envelope. Note the very steep temperature and density gradient at the edge of
the He-core.

1. Temperature

2. Density

3. First Dredge-Up (M=1 Msun, Z=0.02)

As the star ascends the giant branch it grows in radius and the outer envelope cools.
Convection becomes the dominant energy transport mechanism due to the increased opacity
at these lower temperatures. The innermost edge of the convective envelope moves inward
as shown below.
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The next movie ( honzontal or vertical ) shows the corresponding position in the HR
diagram.

. As the convection extends inwards it can reach into regions where there was H buming
during earlier phases. The figure below shows the H profile at a time during this phase.
Convective regions are shown in red. and radiative regions in green. The convection thus
reaches into the interior and "dredges-up” some products of earlier H burning. This is called
the "First Dredee-up” phase.
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The next movie ( horizontal or vertical ) shows the H profiles and the corresponding position
in the HR diagram.

2. Where the H has be.n bumed to He there has been CN cycling producing N-14 from C-12.
Hence the First Diredze-Up will be accompanied by the increase in the envelope abundance



of N-14 and a decrease in the C-12 content. This is shown in the next two movies:

C-12 profiles during First Dredge-Up ( horizontal or vertical )

N-14 profiles during First Dredge-Up ( horizontal or vertical ). Note the second rise in
N-14, due to the ON cycle operating further inward (where the temperature is higher).
C-12 profiles and inner edge of the convective envelope ( horizontal or vertical )
C-12, N-14 and O-16 profiles during First Dredge-Up. This shows the growth inward
of the convective envelope as well as the advance outward of the ON cycling part of
the H-burning shell

P

-l

4. The Bump in the Luminosity Function (M=1 Msun, Z=0.02)

1. When the convection retreats again it leaves behind a discontinuity in the abundance
profiles. When the H shell reaches this point it suddenly finds the abundance to be larger
than required for the current structure of the shell. A hydrostatic readjustment of the
structure follows, and during this the luminosity actually decreases slightly, albeit briefly,
before the star continues its ascent of the giant branch. This can be seen in the next movie (
horizontal or vertical ).

2. This (temporary) reversal of the direction of evolution means that there are more stars seen
in this region of the HR diagram than just above or below. This causes a bump in the
luminosity function of clusters.

5. Overview of H Burning (M=1 Msun, Z=0.02)
1. Now is a good time to review the overall evolution during the main H burming phases. The

movies below will do this. There is a frame in each movie corresponding to each symbol in
the HR diagram below.
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2. Firstly we show the dramatic increase in radius as the star ascends the giant branch in the
following movie ( horizontal or vertical ).



3. As the star’s radius swells, the material is less tightly bound gravitationally to the star. Also,
the increased luminosity increases the linkage between grains in the envelope and the gas
comprising the star. Hence the mass-loss rate increases. Here we used a Reimers mass-loss
formula, and the resulting decrease in mass is shown here ( horizontal or vertical ).

4. The next movies colour coding to illustrate certain features of the star. Wherever all the H
has been burned we draw the line in green. Where the H still has the surface value we draw
the line in dark blue. In between, where the H abundance is somewhere between zero and the
surface we draw the line in cyan. this indicates the position of the H-shell, or the regions of
variable H abundance. An example of such a frame is shown below, where we plot
temperature vs mass. You can see the isothermal H-exhausted core (in green) very clearly.
The H shell is indicated in cyan, and this figure shows how narrow is the H-shell (in mass).

Gresn: M=l
Cyan: H shell
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5. The next movie shows the H profiles along the HR evolutionary track ( horizontal or vertical
). Note that the outer edge of the graph moves inward, reflecting the decrease in the total
mass of the star.

6. Here we show the temperature profiles during the H-burning evolution. Watch the formation
of the isothermal core, once H is exhausted in the centre. Look also at how quickly the H
shell thins to a tiny cyan dot! )

7. This movie shows the density profiles. Again, we clearly see the formation of the He-core
and the very thin H-shell.

6. The-Core Helium Flash (M=1 Msun, Z=0.02)

gas has a polytropic equati e, which means that the pressure is given by
= K rho*gamma



I1.3 Red Giants awebhonlopotagiuaithelleal Plane,

First Dredge-Up

As a star ascends the giant branch, the cool temperature leads to increasing opacitiy, and
the envelope becomes convective. Indeed, the star is moving along the edge of the Hayashi
forbidden zone, so that convection extends over as much of the star as is possible. This means
that it extends virtually all the wayt down to the hydrogen-burning shell. In most cases, this
means that the convection has reached into regions where there has been some burning of
hydrogen earlier in the stars life. For example, the outer edge of the receding convective core,
for more massive stars, or the outer parts of earlier central H burning for less massive stars.
Thus the products of this H burning are then mixed to the surface of the star by the convection.
This is called “dredge-up”. The material which is brought to the surface has been exposed 1o
H burning, so H has been converted into He, and C has been converted into N via the CN cycle
(it 15 not hot enough for the ON cycle to operate).
Homology Invariants

When considering stars of different masses M and M’ and radi i and #' we define “homol-
ogoW. points to be those where r/R = r'/R'. We then say two stars are homologous ijfheir
homoldgous mass shells m/M = m'/M" are located at homologous points. Since these grs also
satisfy tI6 stellar strcuture equations, then this homology requirement has repeg#lissions for
other variaMgs. We will not deal with this in detail, but we note that a variable#fhich remains
unchanged inNgomologous stars is called a “homology invariant”. Two impértant homology
invariants for pdytropic stars are

_dlt!m V:—dlnP

/= :
dlnr fdlnr

Here we take P = Kp” and% = 1+1/n, where n is the polytrgfic index. Now, this is the usual
choice, but Peter Eggleton (fi3\n the Institute of Astronomy! Cambridge) prefers the following
invariants:
i = 1 17t .. nT
=l ~ dlnP

Further, we will write
3

o —

which has the advantage that as 5 decreag@ through unity (isothermal) s is well behaved

whereas n passes through oo and then bedomesegative. Also, we note that for a finite mass

we want %‘ﬁ — 0 at the surface {or elg€ the mass\ontinues to increase). Likewise, for a finite

radius we want 5—';‘1—; — 0. Note thajfheze simple corspond to [/' = V' = 0. Clearly, we also
have :
Ak l [ = {_
V &

Exercise: Check that UA/, U’ and V' are homology invariamhg.
If a star is in hydrog¥atic equilibrium then we must have

dm i

i L

dP  oGm

dr Jka

If we usefhese, then we can show that
. Anrdp L, AzriP
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various cases.
s < 3/4 Here w
finit

ave a stable node at A, and an unstable node at B. All config™tions have
ass and radius, as all phase paths end at the origin.

point D changes from a node to a spiral.
1 D becomes stable. A path from infinity ends at B. Lower paths end at A and are finite.
Those above D ar enot.
~—1< 5 BT theplemre—dis unstable—rrrd-risebuticnego—te-B—Hr T ToTrere—and V.
Thus M and R are no longer finite.

Thus we conclude that for a red-giant to form we require s > 3/6 {(or n > 5 somewhere.
Not necessarily throughout the structure, but somewhere.

An alternative way of looking at the situation, is the following. We have a core, which
is contracting slightly. Outside this is a nuclear burning shell. This is shown in the figure
below. The nuclear shell keeps the temperature roughly constant. But by simple scaling of the
differential equation, we see that to order of magnitude I ~ 1/r. Thus we can think of the
nuclear burning shell as keeping the radius of the core roughly constant. But without nuclear
burning in the core, gravitational contraction causes some contraction. So the core’s central
density rises. As the advancement of the shell is only slowly adding mass to the core, we can
take this mass to be constant. Then as the density in the centre rises, then density at the edge
of the core must decrease. Now, the mass outside the core is also constant. Yet the density at
the bottom of the envelope is decreasing. This to encompass the whole mass the radius must
extend. Hence the radius grows.

P P 8

envelope |\

m m m

Schematic evolution of core and envelope in a Red-Giant.
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