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most N; vertices. The Hadwiger Conjecture corresponds to the
casea = 1,8 = —1and N, = 1. Kawarabayashi and Mo-
har [K. Kawarabayashi, B. Mohar, A relaxed Hadwiger’s conjecture
for list colorings, J. Combin. Theory Ser. B 97 (4) (2007) 647-651.
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laxation with @ = % and B8 = 0 (and N; a huge function of t).
This paper proves this relaxation with o = % and 8 = —%. The
main ingredients in the proof are: (1) a list colouring argument
due to Kawarabayashi and Mohar, (2) a recent result of Norine and
Thomas that says that every sufficiently large (t + 1)-connected
graph contains a K;-minor, and (3) a new sufficient condition for a
graph to have a set of edges whose contraction increases the con-
nectivity.
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1. Introduction

In 1943, Hadwiger [5] made the following conjecture, which is widely considered to be one of the
most important open problems in graph theory; see Ref. [25] for a survey.!

Hadwiger Conjecture. Every graph with no K;-minor is (t — 1)-colourable.

E-mail address: woodd@unimelb.edu.au.

T Al graphs in this paper are undirected, simple and finite. Let G be a graph. The vertex set and edge set of G are denoted by
V(G) and E(G).For v € V(G),let Ng(v) := {w € V(G) : vw € E(G)}.IfX € V(G) then G[X] denotes the subgraph induced by X.
If vw is an edge of G then G/vw is the graph obtained from G by contracting vw; that is, the edge vw is deleted and the vertices
v and w are identified. A minor of G is a graph that can be obtained from a subgraph of G by contracting edges. A k-colouring of
G is a function that assigns one of at most k colours to each vertex of G, such that adjacent vertices receive distinct colours. G is
k-colourable if G admits a k-colouring.
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The Hadwiger Conjecture holds? for t < 6.Kostochka[11,12] and Thomason [22,23] independently
proved that for some constant c, every graph G with no K;-minor has a vertex of degree at most
cty/logt (and this bound is best possible). It follows that G is ct/log t-colourable. This is the best
known such upper bound. In particular, the following conjecture is unsolved:

Weak Hadwiger Conjecture. For some constant c, every graph with no K;-minor is ct-colourable.

This conjecture motivated Kawarabayashi and Mohar [8] to prove the following relaxation; see
Ref. [7] for a recent extension to graphs with no odd K;-minor.

Theorem 1.1 ([8]). For each t € Z™ there exists N; € Z* such that every graph with no K,-minor admits
a vertex partition into (32—1t—| parts, and each connected component of the subgraph induced by each part
has at most N, vertices.

With N; = 1 the vertex partition in Theorem 1.1 is a colouring. So Theorem 1.1 is a relaxation of
the Weak Hadwiger Conjecture. It would be interesting to improve the bound of %t in Theorem 1.1.
Indeed, Kawarabayashi and Mohar [8] write:

“The %t bound can be improved slightly by fine-tuning parts of the proofin [1]. However, new
methods would be needed to go below 10t.”

The main contribution of this paper is to improve 32—’ in Theorem 1.1 to %

Theorem 1.2. For each t € Z* there exists N, € Z* such that every graph with no K,-minor admits a
vertex partition into (%1 parts, and each connected component of the subgraph induced by each part
has at most N, vertices.

There are three main ingredients to the proof of Theorem 1.2. The first ingredient is a list colouring
argument due to Kawarabayashi and Mohar [8], which is described in Section 2. The second ingredient
is a sufficient condition for a graph to have a set of edges whose contraction increases the connectivity.
This condition generalises previous results given by Mader [ 16], and is presented in Section 3. The third
ingredient, the “new methods” alluded to in the above quote, is the following recent result by Norine
and Thomas [18].

Theorem 1.3 ([18]). For each t € Z™ there exists N, € Z* such that every (t + 1)-connected graph with
at least N; vertices has a K;-minor.

2. List colouring

A key tool in the proofs of Theorems 1.1 and 1.2 is the notion of list colouring, independently
introduced by Vizing [26] and Erdds et al. [3]. A list assignment of a graph G is a function L that assigns
to each vertex v of G a set L(v) of colours. G is L-colourable if there is a colouring of G such that the
colour assigned to each vertex v is in L(v). G is k-choosable if G is L-colourable for every list assignment
L with |L(v)| > k for each vertex v of G. If G is k-choosable then G is also k-colourable—just use the
same set of k colours for each vertex. See Ref. [29] for a survey on list colouring.

As well as being of independent interest, list colourings enable inductive proofs about ordinary
colourings that might be troublesome without using lists. Most notable is the proof by Thomassen [24]
that every planar graph is 5-choosable. This proof, unlike most proofs of the 5-colourability of planar
graphs, does not use the fact that every planar graph has a vertex of degree at most 5. Given that

2 If G has no K;-minor then V(G) = @ and G is 0-colourable. If G has no K,-minor then E(G) = ¢ and G is 1-colourable. If
G has no K3-minor then G is a forest, which is 2-colourable. Hadwiger [5] and Dirac [2] independently proved that if G has no
K4-minor (so-called series-parallel graphs) then G is 3-colourable. The Hadwiger Conjecture with t = 5 implies the Four-Colour
Theorem, since planar graphs contain no Ks-minor. In fact, Wagner [27] proved that the Hadwiger Conjecture with t = 5 is
equivalent to the Four-Colour Theorem, and therefore holds [4,19]. Robertson et al. [20] proved that the Hadwiger Conjecture
with t = 6 also is a corollary of the Four-Colour Theorem.
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there are graphs with no K;-minor and minimum degree £2(t\/log t), this suggests that list colourings
might provide an approach for attacking the Hadwiger Conjecture. List colourings also provide a way
to handle small separators—first colour one side of the separator, and then colour the second side with
the vertices of the separator precoloured. This idea is central in the proofs of Theorems 1.1 and 1.2.

We need the following definitions. Let G be a graph. For A, B C V(G), the pair {A, B} is a separation
of Gif G = G[A]U G[B] and A — B # (J and B — A # (. In particular, there is no edge between A — B
and B — A. The set A N B is called a separator, and each of A — B and B — A are called fragments. If
|ANB| < t then {A, B} is called a t-separation and AN B is called a t-separator. By Menger’s Theorem, G
is t-connected if and only if G has no (t — 1)-separation and |V (G)| > t+1.ForZ C V(G), a separation
{A, B} of Gis Z-good if {A — Z, B — Z} is also a separation of G — Z; otherwise it is Z-bad. Observe that
{A, B} is Z-bad if and only if A— B C ZorB— A C Z.

Theorem 1.2 follows from the next lemma (withZ = ¢ and L(v) = {1, ..., [%1} foreachv €
V(G)).

Lemma 2.1. Let G be a graph containing no K,-minor. Let Z C V(G) with |Z| < 2t — 1. Let L be a list
assignment of G such that:

e |L(v)| = 1 foreach vertex v € Z (said to be “precoloured”),

o |[L(w)| > %for each vertex w € V(G) — Z.

Then there is a function f such that:

(C1) f(v) € L(v) for each vertex v € V(G),

(C2) for each colour i, if V; = {v € V(G) : f(v) = i} then each component of G[V;] has at most
N; + 2t — 1 vertices (where N; comes from Theorem 1.3), and

(C3) f(v) # f(w) forallv € Z and w € Ng(v) — Z.

Proof. We proceed by induction on |V (G)|.

Case I: First suppose that |V(G)| < N; + 2t — 1. For each vertex v € Z, let f(v) be the element
of L(v). For each vertex w € V(G) — Z, choose f(w) € L(w) such that f(w) # f(v) for every vertex
v € Z. This is possible since |[L(w)| > % > 2t — 1 > |Z|. Thus (C1) and (C3) are satisfied. (C2) is
satisfied since |V (G)| < N; 4+ 2t — 1. Now assume that V(G) > N; + 2t — 1.

Case II: Suppose that some vertex x € V(G) — Z has degree less than 7‘2—’3 in G. Let f be the function
obtained by induction applied to G — x with Z precoloured. Choose f (x) € L(x) such that f (x) # f(y)
for each y € Ng(x). This is possible since [L(x)| > ? > deg(x). Thus x is in its own monochromatic
component. Hence (C1), (C2) and (C3) are maintained. Now assume that every vertex in V(G) — Z has
degree at least 2.

Case III: Suppose that G has a Z-good t-separation {A, B}. LetP :==Z —Band Q :=ZNANBand
R:=Z—AandX .= (ANB) —Z.Thus P, Q, R, Z are pairwise disjoint. Since Z = P U Q U R, we have
IP| +1Q| + |R] < 2t — 1.SinceANB = Q UX, we have |Q| + |X| < tand |Q| + 2|X| < 2t. Thus
[P|4|R|+2|Q|+2X| = (IP|+|Q|+|R]) +(|Q|+2|X]|) < 4t — 1. Without loss of generality, |P| < |R|.
Thus 2|P| +2|Q[ + 2|X| < 4t — 1, implying |P| + Q| + |X| < 2t — 1. Thatis, [AN (BUZ)| < 2t — 1.

Now B U Z # V(G), as otherwise A — B C Z and {A, B} would be Z-bad. Thus the induction
hypothesis is applicable to G[B U Z] with Z precoloured. (This is why we need to consider Z-good and
Z-bad separations.) Hence there is a function f such that:

(Cl/) f() € L(v) for each vertexv € BU Z,

(C2/) for each colour i, if V/ := {v € BUZ : f(v) = i} then each component of G[V/] has at most
. N; + 2t — 1vertices, and

(C3) f(v) # f(w) forallv € Zand w € (BN Ng(v)) — Z.

LetL'(w) := {f(w)} for each vertex w € AN(BUZ).LetL'(v) := L(v) for each vertexv € A—(BUZ).

Now apply induction to G[A] with list assignment L', and AN (BU Z) precoloured. This is possible since
|AN (BUZ)| < 2t — 1. Hence there is a function f such that:

(€1”) f(v) € L'(v) for each vertex v € A,

(€2") for each colour i, if V! .= {v € A : f(v) = i} then each component of G[V;'] has at most
L Ne+2t—1 vertices, and

(C3) f(v) # f(w) for all neighboursv e A— (B—Z)andw € AN (BU Z).
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Since L'(v) € L(v), conditions (C1") and (C1”) imply (C1). Since there is no edge between A — B
and B— Ain G, (C3") and (C3”) imply that every component of G[V;] is a component of G[V/] or G[V/]
or G[Z]. Since N; + 2t — 1 > |Z|, conditions (C2") and (C2”) imply (C2). Hence (C1), (C2) and (C3) are
satisfied. Now assume that every t-separation of G is Z-bad.

Case IV: Every vertex in V(G) — Z has degree at least 73—_3 > %k + |Z| — 2, where k := t + 1. Thus
Theorem 3.3 below implies that G has a (t + 1)-connected minor H with at least |V (G)| — |Z| > N;
vertices. By Theorem 1.3, H, and thus G, has a K;-minor. This contradiction completes the proof. O

3. Contractibility

The main result in this section is Theorem 3.3, which was used in the proof of Lemma 2.1. The proof
reduces to questions about contractibility that are of independent interest. Mader [16] proved the
following sufficient condition for a given vertex to be incident to an edge whose contraction maintains
connectivity.? See Refs. [14,17] for surveys of results in this direction.

Theorem 3.1 ([16]). Let v be a vertex in a k-connected graph G, such that every neighbour of v has degree
at least %k — 1. Then G/vw is k-connected for some edge vw incident to v.

The following strengthening of Theorem 3.1 describes a scenario when there is an edge whose
contraction increases connectivity.

Theorem 3.2. Let v be a vertex in graph G, such that Ng(v) is the only minimal (k — 1)-separator, and
every neighbour of v has degree at least %k— 1. Then G/vw is k-connected for some edge vw incident to v.

The first condition in Theorem 3.2 is equivalent to saying that every (k — 1)-separation of G is
{v}-bad. Thus Theorem 3.2 is a special case of the following theorem (with Z = {v}).

Theorem 3.3. Suppose that G is a graph and for some Z C V(G),

e every (k — 1)-separation of G is Z-bad, and
e every vertex in U{Ng(v) — Z : v € Z} has degree at least %k +|Z| —2inG.

Then G has a set of at most |Z| edges, each with one endpoint in Z, whose contraction gives a k-connected
graph.

Proof. We proceed by induction on |Z|. If Z = @, or Ng(v) € Z foreachv € Z, then G — Z is
k-connected. Now assume that Ng(v) € Z for some v € Z. By assumption, every vertex in Ng(v) — Z
has degree at least %k + |Z] — 2 in G. By Lemma 3.4 below there is an edge vw with w € Ng(v) — Z
such that every (k — 1)-separation of G/vw is (Z — {v})-bad. For every vertex x € V(G/vw), if
contracting vw decreases the degree of some vertex x, then x is a common neighbour of v and w,
and degg,,,, (x) = degg(x) — 1. Thus degg/,,,, (x) > %k + |Z — {v}| — 2. By induction, G/vw has a set
S of at most |Z — {v}| edges whose contraction gives a k-connected graph. Thus S U {vw} is a set of at
most |Z| edges in G whose contraction gives a k-connected graph. O

Lemma 3.4. Suppose that G is a graph and for some Z C V(G) and for some vertex v € Z with Ng(v)
—Z#0,

e every (k — 1)-separation of G is Z-bad, and
e every vertex in Ng(v) — Z has degree at least %k +|Z| —2inG.

Then there is an edge vw with w € Ng(v) — Z, such that

e every (k — 1)-separation of G/vw is (Z — {v})-bad.

3 Theorem 3.1isa special case of Theorem 1in [16] with & = {{v, w} : w € Ng(v)}. Ref. [16] cites Ref. [15] for the proof of
Theorem 1 in [16]. The proof of our Theorem 3.2 was obtained by following a treatment of Mader’s work by Kriesell [13].
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Fig. 1. Separator S and its fragments A" and B'. Separator T and its fragments C’ and D'. The induced separator U is shaded.

Proof. Suppose on the contrary that for each w € Ng(v) — Z, the contracted graph G/vw has a

(Z — {v})-good (k — 1)-separator. This separator must contain the vertex obtained by contracting

vw. Thus G has a Z-good k-separator containing v and w. Let S be the set of Z-good k-separations

{A, B} of Gsuchthatv e ANBand AN BN (Ng(v) — Z) # (. We say {A, B} € S belongs to x for each

x € ANBN (Ng(v) — Z). As proved above, for each w € Ng(v) — Z, some separation in S belongs to w.
For each separation {A, B} € S,

(A=B)N(Ne(v) —2) #¥ and (B—A) N (Nc(v) —Z) # ¥; (1)

otherwise {A — {v}, B} or {A, B — {v}} would be a Z-good (k — 1)-separation of G.

Say {A, B} € Sbelongstox € Ng(v) — Z, and {C,D} € Sbelongstoy € (Ng(v) — Z) — {x}. Let
S:=ANBandT := C N D be the corresponding separatorsin G. Let A’ := A — Band B’ :== B— Aand
C’ :==C—Dand D' := D—C be the corresponding fragmentsin G.Let U := (SNC)USNT)U(TNA).
Thus U separates A’ N C" and B’ U D', as illustrated in Fig. 1.

Suppose that A’ N C’ Z Z. Since {A, B} is Z-good, B’ € Z.Since B UD' Z Z,

U= {(ANCHUU,BUD UU}

is a Z-good separation of G, whose separator is U. Thus |U| > k.Thatis, |SNC’|+|SNT|+|TNA'| > k.
Now [SNC'|+|SNT|=|S|—|SND'| <k—|SND'|.Hencek — [SND'| + |T NA’| > k, implying
ITNA'| > |SND'|.Similarly, |S N C’| > |T N B’|. By symmetry,

ANCZZ= |TNA|>|SND| and |SNC'|>|TNB| (2)
AND €Z=|TNA|>|SNC| and |SND|>|TNB]| (3)
BNC ZZ=|TNB|>|SND| and |SNC'|>|TNA| (4)
BND gZ=|TNB|>|SNC'| and |SND|>|TNA|. (5)

Choose a separation {A, B} € S that minimises min{|A — B|, |B — Al|}. Let x be a vertex in Ng(v) —Z
such that {A, B} belongs to x. Define the separator S, and the fragments A’ and B’ as above. Without loss
of generality, |A’| < |B'|. By (1), there is a vertexy € (Ng(v) —Z) N (A — B). Let {C, D} be a separator
in S that belongs to y. Define the separator T, and the fragments C’ and D’ as above.

Suppose that ANC’ € Zand B ND' € Z.By(2)and (5), [TNA’| = |[SND’|. Define U and U as above.
Thus U is a Z-good separation of G, whose separatoris U. Now |U| = |[SNC'|+|SNT|+ |SND'| =
|S| < k.Thus U is a Z-good k-separation. Observe thatv € SNT C Uandy €e ANT C U.ThusU € S
and U belongs to y. One fragment of U is A’ N C’' € A — {y} sincey € T.Thus |[A' N C’| < |A’|, which
contradicts the choice of {A, B}.

ThusA'NC' € ZorB' ND' C Z.By symmetry,AND' C ZorB' NC' C Z.ItfollowsthatA' —Z C T
orB—Z CTorC' —Z CSorD' —Z C S. The choice of {A, B} will not be used in the remainder. So
without loss of generality, A’ —Z C T.
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Fig. 2. Contracting vw; produces a (k — 1)-separation.

We claim that A" — Z or B — Z or C’ — Z or D' — Z has at most % max{|S — T|, |T — S|} vertices.
IfB —Z C T,then (A’ —Z)U (B —Z) C T — S, implying that A — Z or B — Z has at most
%lT — S| vertices, as claimed. Now assume that B — Z & T. Without loss of generality, B N C' £ Z.
By(4),ISNC| > |TNA|=|A—-Z|.If|A -2Z] < %|S — T| then the claim is proved. Otherwise,
ISNC'| = |A'—Z| > 3IS—T|.Thus [SND'| < 3|S—T|(since S — T is the disjoint union of S N C" and
SND).IfD—Z CSthen|D' —Z| < |[D'NS| < %lS—T|.SoassumethatD/—Z Z S.ThusD'NB & Z.
By(5),|SND|>|TNA|=|A-Z| > %|S — T|, which is a contradiction.

Hence |Q —Z| < % max({|S —T|, |T — S|} for some fragment Q € {A’, B’, C’, D'}. Now max{|S —T|,
[T — S|} = max{|S|,|T|} — |ISNT| < k— 1sincev € SNT.Thus |Q|] < %(k -1+ |Z].
By (1), there is a vertex w € (Ng(v) — Z) N Q. Then Ng(w) € Q U S or Ng(w) € Q UT.
Sincev € SNTNZand |S — {v}] < k—1and |T — {v}] < k— 1and w € Q, we have
deg(w) < %(k —-D+ZI+k—-1)—1= 3"2—’5 + |Z|. This contradicts the assumption that each vertex
in Ng(v) — Z has degree at least %k +1Zl—-2. O

We now show that the degree bound in Theorem 3.2 is best possible. The proof is an adaptation
of a construction by Watkins [28] that shows that the degree bound in Theorem 3.1 is best possible.
Forodd k > 5andn € [4,k — 1], letp = %(k — 1). Start with the lexicographic product C, - K,
which consists of n disjoint copies Hy, ..., H, of K,, where every vertex in H; is adjacent to every
vertex in Hi;q, and H; means Hjmodn. Let G be the graph obtained by adding a new vertex v adjacent
to one vertex w; in each H;, as illustrated in Fig. 2. It is straightforward to verify that there are k
internally disjoint paths in G between each pair of distinct vertices in V (G) —{v}. Thus Ng(v) is the only
minimal (k — 1)-separator in G (since deg(v) = n < k — 1). For each neighbour w; of v, observe that
deg(w;) = (p—1)+2p+1= %(k— 1), butin G/vw; the set V (H;) UV (H;y,) is a 2p-separator, implying
that G/vwj is not k-connected. Thus the degree bound of %k — 1in Theorem 3.2 is best possible.

4. Final remarks
Seymour and Thomas conjectured the following strengthening of Theorem 1.3.

Conjecture 4.1 (Seymour and Thomas). Foreacht € Z* there exists N, € Z* such that every t-connected
graph G with at least N, vertices and no K; minor contains a set S of t —5 vertices such that G—S is planar.

Kawarabayashi et al. [9,10] proved this conjecture for t < 6. Recently, Norine and Thomas [18]
proved it for ¢ < 8. If true, Conjecture 4.1 can be used instead of Theorem 1.3 to make small improve-
ments to Theorem 1.2.

Given that list colourings are a useful tool in attacking the Hadwiger Conjecture, it is interesting to
ask what is the least function f such that every graph with no K;-minor is f (t)-choosable. Since every
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graph with no K;-minor has a vertex of degree at most ct+/log ¢, it follows that f(t) < ct+/logt, and
this is the best known bound. In particular, the following conjecture of Kawarabayashi and Mohar [8]
is unsolved.

Weak List Hadwiger Conjecture. For some constant c, every graph with no K;-minor is ct-choosable.

Kawarabayashi and Mohar [8] write that this conjecture may hold with ¢ = 1, and that they believe
that it holds with ¢ = % We dare to conjecture the following.

List Hadwiger Conjecture. Every graph with no K;-minor is t-choosable.

This conjecture holds for t < 5[6,21]. The t = 6 case is open.

Acknowledgements

Thanks to GasSper FijavZ, Vida Dujmovié¢, Matthias Kriesell, and Attila Pér for helpful discussions.

References

[1] T. Bohme, K. Kawarabayashi, J. Maharry, B. Mohar, Linear connectivity forces large complete bipartite minors, . Combin.
Theory Ser. B 99 (3) (2009) 557-582. URL: http://dx.doi.org/10.1016/j.jctb.2008.07.006.
[2] G.A. Dirac, A property of 4-chromatic graphs and some remarks on critical graphs, J. London Math. Soc. 27 (1952) 85-92.
URL: http://dx.doi.org/10.1112/jlms/s1-27.1.85.
[3] P. Erdés, A.L. Rubin, H. Taylor, Choosability in graphs, in: Proc. of the West Coast Conference on Combinatorics, Graph
Theory and Computing, in: Congress. Numer., vol. XXVI, Utilitas Math., 1980, pp. 125-157.
[4] G. Gonthier, Formal proof—the four-color theorem, Notices Amer. Math. Soc. 55 (11) (2008) 1382-1393.
[5] H.Hadwiger, Uber eine Klassifikation der Streckenkomplexe, Vierteljschr. Naturforsch. Ges. Ziirich 88 (1943) 133-142.
[6] W. He, W. Miao, Y. Shen, Another proof of the 5-choosability of Ks-minor-free graphs, Discrete Math. 308 (17) (2008)
4024-4026. URL: http://dx.doi.org/10.1016/j.disc.2007.07.089.
[7] K. Kawarabayashi, A Weakening of the Odd Hadwiger’s Conjecture, Combin. Probab. Comput. 17 (2008) 815-821. URL:
http://dx.doi.org/10.1017/S0963548308009462.
[8] K. Kawarabayashi, B. Mohar, A relaxed Hadwiger’s Conjecture for list colorings, J. Combin. Theory Ser. B 97 (4) (2007)
647-651. URL: http://dx.doi.org/10.1016/j,jctb.2006.11.002.
[9] K. Kawarabayashi, S. Norine, R. Thomas, P. Wollan, Ks minors in large 6-connected graphs, 2005. URL:
http://www.dsi.uniromal.it/~wollan/k6large_web.pdf (submitted for publication).
[10] K. Kawarabayashi, S. Norine, R. Thomas, P. Wollan, Ks minors in large 6-connected graphs of bounded treewidth, 2005.
URL: http://www.dsi.uniromal.it/~wollan/K6bdtw_web.pdf (submitted for publication).
[11] A.V.Kostochka, The minimum Hadwiger number for graphs with a given mean degree of vertices, Metody Diskret. Analiz.
38(1982) 37-58.
[12] A.V. Kostochka, Lower bound of the Hadwiger number of graphs by their average degree, Combinatorica 4 (4) (1984)
307-316. URL: http://dx.doi.org/10.1007/BF02579141.
[13] M. Kriesell, Triangle density and contractability, Combin. Probab. Comput. 14 (1-2) (2005) 133-146. URL:
http://dx.doi.org/10.1017/S0963548304006601.
[14] M. Kriesell, A survey on contractible edges in graphs of a prescribed vertex connectivity, Graphs Combin. 18 (1) (2002)
1-30. URL: http://dx.doi.org/10.1007/s003730200000.
[15] W. Mader, Eine Eigenschaft der Atome endlicher Graphen, Arch. Math. (Basel) 22 (1971) 333-336. URL:
http://dx.doi.org/10.1007 /BF01222585.
[16] W. Mader, Generalizations of critical connectivity of graphs, Discrete Math. 72 (1-3) (1988) 267-283. URL:
http://dx.doi.org/10.1016/0012-365X(88)90216-6.
[17] W. Mader, High connectivity keeping sets in graphs and digraphs, Discrete Math. 302 (1-3) (2005) 173-187. URL:
http://dx.doi.org/10.1016/j.disc.2004.07.032.
[18] S. Norine, R. Thomas, K;-minors, presented at the Banff Graph Minors Workshop, 2008.
[19] N.Robertson, D.P. Sanders, P.D. Seymour, R. Thomas, The four-colour theorem, J. Combin. Theory Ser. B70 (1) (1997) 2-44.
URL: http://dx.doi.org/10.1006/jctb.1997.1750.
[20] N. Robertson, P.D. Seymour, R. Thomas, Hadwiger’s conjecture for Ks-free graphs, Combinatorica 13 (3) (1993) 279-361.
URL: http://dx.doi.org/10.1007/BF01202354.
[21] R. Skrekovski, Choosability of Ks-minor-free graphs, Discrete Math. 190 (1-3) (1998) 223-226. URL:
http://dx.doi.org/10.1016/S0012-365X(98)00158-7.
[22] A. Thomason, An extremal function for contractions of graphs, Math. Proc. Cambridge Philos. Soc. 95 (2) (1984) 261-265.
URL: http://dx.doi.org/10.1017/S0305004100061521.
[23] A. Thomason, The extremal function for complete minors, ]. Combin. Theory Ser. B 81 (2) (2001) 318-338. URL:
http://dx.doi.org/10.1006/jctb.2000.2013.
[24] C.Thomassen, Every planar graph is 5-choosable, J. Combin. Theory Ser. B 62 (1) (1994) 180-181. URL:
http://dx.doi.org/10.1006/jctb.1994.1062.

Please cite this article in press as: D.R. Wood, Contractibility and the Hadwiger Conjecture, European Journal of Combinatorics
(2010), doi:10.1016/j.ejc.2010.05.015



http://dx.doi.org/10.1016/j.jctb.2008.07.006
http://dx.doi.org/10.1112/jlms/s1-27.1.85
http://dx.doi.org/10.1016/j.disc.2007.07.089
http://dx.doi.org/10.1017/S0963548308009462
http://dx.doi.org/10.1016/j.jctb.2006.11.002
http://www.dsi.uniroma1.it/~wollan/k6large_web.pdf
http://www.dsi.uniroma1.it/~wollan/K6bdtw_web.pdf
http://dx.doi.org/10.1007/BF02579141
http://dx.doi.org/10.1017/S0963548304006601
http://dx.doi.org/10.1007/s003730200000
http://dx.doi.org/10.1007/BF01222585
http://dx.doi.org/10.1016/0012-365X(88)90216-6
http://dx.doi.org/10.1016/j.disc.2004.07.032
http://dx.doi.org/10.1006/jctb.1997.1750
http://dx.doi.org/10.1007/BF01202354
http://dx.doi.org/10.1016/S0012-365X(98)00158-7
http://dx.doi.org/10.1017/S0305004100061521
http://dx.doi.org/10.1006/jctb.2000.2013
http://dx.doi.org/10.1006/jctb.1994.1062

8 D.R. Wood / European Journal of Combinatorics I (1HEN) IRI-EER

[25] B. Toft, A survey of Hadwiger’s Conjecture, Congr. Numer. 115 (1996) 249-283.

[26] V.G. Vizing, Coloring the vertices of a graph in prescribed colors, Metody Diskret. Analiz 29 (1976) 3-10.

[27] K. Wagner, Uber eine Eigenschaft der ebene Komplexe, Math. Ann. 114 (1937) 570-590. URL:
http://dx.doi.org/10.1007 /BF01594196.

[28] M.E.Watkins, Connectivity of transitive graphs, J. Comb. Theory 8 (1) (1970) 23-29. URL: http://dx.doi.org/10.1016/S0021-
9800(70)80005-9.

[29] D.R. Woodall, List colourings of graphs, in: Surveys in Combinatorics, in: London Math. Soc. Lecture Note Ser., vol. 288,
Cambridge Univ. Press, 2001, pp. 269-301.

Please cite this article in press as: D.R. Wood, Contractibility and the Hadwiger Conjecture, European Journal of Combinatorics
(2010), doi:10.1016/j.ejc.2010.05.015



http://dx.doi.org/10.1007/BF01594196
http://dx.doi.org/10.1016/S0021-9800(70)80005-9
http://dx.doi.org/10.1016/S0021-9800(70)80005-9
http://dx.doi.org/10.1016/S0021-9800(70)80005-9

	Contractibility and the Hadwiger Conjecture
	Introduction
	List colouring
	Contractibility
	Final remarks
	Acknowledgements
	References


