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Abstract. We generalize a result of Corradi and Hajnal and show that every graph with average
degree at least %kr contains k vertex disjoint cycles, each of order at least r, as long as k > 6. This
bound is sharp when r = 3.
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1. Introduction. A well-known result by Corrddi and Hajnal [6] states that
every graph G with at least 3k vertices and minimum degree 2k contains k (vertex)
disjoint cycles. Since every graph G contains a subgraph with minimum degree greater
than half the average degree of GG, this implies that every graph with average degree
at least 4k — 2 (and as such at least 4k — 1 > 3k vertices) contains k disjoint cycles.
This result is asymptotically sharp since the complete bipartite graph K, 251 does
not contain & disjoint cycles (since each cycle contains at least two vertices from the
small part) but has average degree tending to 4k — 2 as n — oc.

Many extensions of the result of Corrddi and Hajnal [6] have been established.
Justesen [12] proved a density version of the theorem of Corrddi and Hajnal, showing
a graph with n > 3k vertices and more than max{(2k—1)(n—k), (3k2_1) +(n—3k+1)}
edges contains k disjoint cycles. Verstraéte [28] proved that for each integer k there
exists an ny such that every graph with minimum degree at least 2k and at least ny
vertices contains k disjoint cycles of the same order. Egawa et al. [8] proved that given
k > 2 and d > 2k and n > 3k, every graph with order n and minimum degree at least
d contains k disjoint cycles containing at least min{2d,n} vertices. Chiba et al. [4]
proved that every graph with minimum degree at least 2k and a sufficiently large
number of vertices contains k disjoint even cycles except in a handful of exceptional
cases.

Other extensions find specified 2-factors of G (where a 2-factor is a set of disjoint
cycles that span V(G)), for example [1, 2, 3, 9, 14, 19, 31, 32], or replace the minimum
degree requirement by alternatives like Ore-type degree conditions,! for example [3,
8,9, 10, 11, 13, 19].

In this paper, we consider a different direction, in which a lower bound on the size
of the desired cycles is specified. This direction has previously been investigated by
Wang [33], who proved that every graph with minimum degree at least 2k and at least
4k vertices (where k > 2) contains k disjoint cycles of order at least four, except in
three exceptional cases. Hence, since every graph with average degree at least 4k — 1
contains a subgraph with average degree 4k — 1 (and thus 4k vertices) and minimum
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degree at least 2k, it follows that a graph with average degree at least 4k — 1 contains
k disjoint cycles of order at least four, when k > 2. (The lower bound on the average
degree precludes the subgraph from being one of the exceptional cases; we omit the
proof of this fact.) Wang [29, 30] previously showed that if G is a balanced bipartite
graph with average degree at least (s — 1)k 4+ 1 and at least sk vertices in each part
(where s > 2), then G contains k disjoint cycles of length at least 2s. We prove the
following theorem.

THEOREM 1.1. For integers k > 6 and r > 3, every graph with average degree at
least %kr contains k disjoint cycles, each containing at least r vertices.

If r = 3, then this gives the above corollary of the theorem of Corradi and Hajnal
(albeit with a restriction on k& and without the —2). However, Theorem 1.1 allows us
to instead ensure the existence of larger cycles. Our approach to proving this result
relies heavily on the concept of minors.

2. A minor approach. Recall a graph H is a minor of a graph G if a graph iso-
morphic to H can be constructed from G by a series of vertex deletions, edge deletions
and edge contractions. Let H be the graph consisting of k disjoint cycles of order 7.
If G contains k disjoint cycles, each with at least r vertices, then clearly G contains
H as a minor. Alternatively, if G contains H as a minor, then by “uncontracting”
each vertex of H we obtain a subgraph of G consisting of k cycles, each with at least
r vertices. Hence the following theorem is equivalent to Theorem 1.1.

THEOREM 2.1. For integers k > 6 and r > 3, every graph with average degree at
least %kr contains H as a minor, where H is the graph consisting of k disjoint cycles
of order r.

A well-known result by Mader [21] shows that sufficiently large average degree
(> 272) is sufficient to force the existence of a complete minor K;. Much work was
done improving this required lower bound on the average degree, until Thomason [26]
and Kostochka [15, 16] showed that average degree at least ©(tv/Int) is sufficient and
best possible. Thomason [27] later determined the asymptotic constant for this bound.
Similarly, we may consider what average degree is required to force an arbitrary given
graph H as a minor. Myers and Thomason [23] answered this question when H is
dense. Similarly, sparse graphs of the form K ; (where s < t) have been well studied.
Myers [22] showed that every n-vertex graph with more than 3(t + 1)(n — 1) edges
contains a K> minor, as long as ¢ is sufficiently large. More recently Chudnovsky,
Reed, and Seymour [5] proved this result for all ¢. Kostochka and Prince [18] proved
that every n-vertex graph with more than £ (¢ + 3)(n — 2) + 1 edges contains a K3
minor. Myers [22] conjectured that the average degree required to force a K ; minor is
linear in ¢; this was proven independently by Kostochka and Prince [17] and Kiithn and
Osthus [20]. In a recent paper on sparse graphs H, Reed and Wood [25] conjectured
that average degree %t — 2 was sufficient to force an arbitrary 2-regular ¢t-vertex graph
H as a minor. Theorem 2.1 essentially proves this conjecture when each component
of H has the same order (apart from the —2). Thus we can interpret our result in
both the theme of Corrddi and Hajnal [6] and the theme of Mader [21].

Call a graph G minimal if every vertex deletion or edge contraction lowers the
average degree d(G). Let §(G) be the minimum degree of G, and let 7(G) be the
minimum number of common neighbors for any pair of adjacent vertices in G. If G is
minimal, then §(G) > 3d(G) and 7(G) > 3d(G) — 1; otherwise deleting a minimum
degree vertex or contracting an edge with at most 7(G) common neighbors does not
lower the average degree. This lower bound on 7(G) is the extra information gained
when given a lower bound on the average degree instead of a lower bound on the
minimum degree, and it is crucial to proving our result.
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We prove the following theorem.

THEOREM 2.2. For integers k > 6 and r > 3, every minimal graph with average
degree at least %kr contains a set of k disjoint cycles, each with at least r vertices.

Theorem 2.1 follows from Theorem 2.2 since every graph G contains a minor G’
such that G’ is minimal and d(G’) > d(G). The proof of Theorem 2.2 is presented
in the following section. It depends on a few technical lemmas, which we present in
section 4.

3. Proof of Theorem 2.2. Assume for the sake of a contradiction that there is
a minimal graph G with d(G) > %kr that does not contain k disjoint cycles of order
at least r. For the sake of simplicity, we allow K5 to be thought of as a 2-vertex cycle
and K7 as a 1-vertex cycle. Let C be a collection of disjoint cycles in G each with
order at most r. Let C(i) denote the cycles of order 7 in C for 1 < ¢ <.

Choose C such that |C(r)| is maximized, then |C(r — 1)| is maximized, and so on
until |C(1)| is maximized. Let U denote C(1) UC(2)U---UC(r —1). If |C(r)| > F,
then G contains at least k disjoint cycles of order r, giving our desired contradiction.
Hence we may assume that [C(r)| < k — 1.

Let V(U) := Ugey V(C) and V(C(r)) = UCEC(T) V(C). Also, let |C] := |V(O)]
for a cycle C, and let |P| := |V(P)| for a path P.

CrLAIM 1. FEvery vertex of G is in a cycle of C.

Proof. Assume there is some v € V(G) that is not in a cycle of C. Add v to C as
a cycle of length 1. This clearly gives a better choice of C, contradicting our initial
choice. O

Cram 2. If C is a cycle of U and vw is an edge of C, then v and w do not have
a common neighbor in any other cycle of U with order at most |C].

Proof. Assume otherwise, and let v, w have a common neighbor x in a cycle
D € U, where |D| < |C|. Replace the edge vw in C with the path v, z, w, and remove
D from C. Now C has lost a cycle of order |C| and a cycle of order |D| but has gained
a cycle of order |C| + 1. This gives a better choice of C since |C| < r — 1. O

Cram 3. If C' is a cycle of U, vw is an edge of C', and C is a cycle of U —{C"}
with |C| > |C'|, then v and w have at most §|C| common neighbors in C.

Proof. Assume otherwise. Then there exist two vertices u1, us of C' such that us is
either one or two vertices clockwise from w;. In the first case, v is a common neighbor
of w1 and us, which contradicts Claim 2. In the second case, let us be the vertex
between u; and ug. We construct a new cycle D from C by removing us and adding
the path wy,w,v,us between uj,us. The cycle D has order |C| -1+ 2 = |C] + 1.
Replacing C' and C” in C with D gives a better choice of C since |D| < r. a

Cra 4. If x,y are l-vertex cycles of U, then there is no edge y.

Proof. If the edge zy exists, then replace z and y in C with zy, giving a better
choice of C. d

Given an edge vw of a cycle in U, let W (vw) := N(v) N N(w) NV (C(r)). Given
a vertex v of a cycle in U, let W(v) := N(v) NV(C(r)).

We now present some key claims that use lemmas from section 4.

CramM 5. Let C1,Cy € U be cycles such that |C1| > |Ca| > 2, and let vw,zy
be edges of C1,Ca, respectively. At least one of W(vw), W (xy) contains at most
2|V(C(r))| vertices.

Proof. Assume for the sake of a contradiction that [W(vw)| > 2|V (C(r))| and
(W (zy)| > 2|V(C(r))|. Apply Lemma 4.1 with F := C(r), ¢ := r — |C3] for all
i=1,...,t, 8 := W(ay), and T := W(vw). Thus there exists a path P in some F;
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with r — |Cy| vertices and both end vertices in W (zy), together with a vertex u of
W (vw) in V(F;) — V(P).

Construct cycle Cf from C; by removing the edge vw and adding vertex u and
edges vu, uw. Construct cycle C4 from Cs by removing the edge xy and adding the
path P together with an edge from x to one end vertex of P and an edge from y to
the other end vertex. Thus |Cf| = |Cy] + 1 and |C}| = |Ca| + r — |C2| = r. Hence if
we remove Cp,Co, F; from C and add C7,C45 we lose cycles of order |C1|,|Ca| and r
but gain cycles of order r and |C1| + 1. Since r —1 > |C1| > |Cs], this contradicts our
initial choice of C. |

This technique also works when one or both of the cycles is just a single vertex.
The proofs of the next two claims are almost identical to the proof of Claim 5, so we
omit them.

CramM 6. Let Cy,Co € U be cycles such that |C1| > 2 and |Ca| = 1, let vw be
an edge of Ci, and let V(Cq) = {x}. At least one of W (vw), W(x) contains at most
2IV(C(r))| vertices.

CLAM 7. Let C1,Cy € U be cycles such that V(Cy) = {v} and V(Cs) = {x}. At
least one of W (v), W (z) contains at most 2|V (C(r))| vertices.

Say a cycle of U is big if it contains greater than %7’ vertices; otherwise it is small.

CrAaM 8. The set U contains at least two big cycles or two small cycles. In
particular U] > 2.

Proof. Assume for the sake of a contradiction that U contains at most one big
cycle and one small cycle. By Claim 1, V(G) = V(U) UV (C(r)). The cycles of C(r)
contain at most (k — 1)r vertices in total. Every big cycle of U contains at most
r — 1 vertices, and every small cycle contains at most 2r vertices. Thus [V(G)| <
(k—1)r+r—1+2r = (k+ 3)r — 1. Hence %kr < d(G) < (k+ %)r — 2, implying
%kr < %T‘ — 2. This is a contradiction as k > 2. O

CrLAam 9. [C(r)] =k — 1.

Proof. Assume |C(r)| < k — 2 for the sake of a contradiction. Thus |V (C(r))| <
(k—2)r. Let C1, Cs be the two largest cycles of U such that |Cy| > |Co|. If |C1] > 2, let
vw be an edge of C; and let A := W (vw). If |C1| = 1, then let v be the only vertex of
Cy and let A := W (v). Similarly, let 2y be an edge of Cy and set B := W (xy), unless
C3 contains only one vertex x and B := W(x). We now show |Al,|B| > 2|V (C(r))|,
which contradicts one of Claims 5, 6, or 7.

If |C1] = 1, then every cycle in U is a l-cycle, and by Claim 4, V(i) is an
independent set, implying A = N(v) and |A] > §(G) > 1d(G) > 2|V(C(r))], as
desired. Otherwise, since C1 is the largest cycle in U, Claim 2 implies A contains all
common neighbors of v and w except those in C; itself. Hence |[A| > 7(G)—|Cy|+2 >
1d(G)—1-(r—1)42 = Ld(G)—r+2 > Zkr—r+2 = 2(k—2)r+2r—r+2 > 2[V(C(r))|,
as desired.

If |C| = 1, then by Claim 4, B contains all neighbors of z except those in Cf.
If z is adjacent to more than £|Cy| vertices of Cy, then two of those neighbors are
themselves adjacent, contradicting Claim 2. Hence |B| > §(G) — £|C1| > 2kr — 41 =
2(k —2)r + 3r — &r > 2|V(C(r))], as desired. Alternatively, if [Ca| > 2, then B
contains all common neighbors of x and y except those in C; and Cs (by Claim 2).
The cycle Cy contains at most +|C1| common neighbors of z and y by Claim 3, and Cs
contains at most |C5| — 2 common neighbors. Thus |B| > 7(G) — £|C1| — |Ca] + 2 >
2kr —2r+2 > 2(k— 2)r +2 > 2|V(C(r))|, as desired. This gives our desired
contradiction. d
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Claim 5, 6, or 7 shows how we apply Lemma 4.1; we now show how we use
Lemma 4.3. Note that since %r > 2, each big cycle contains an edge.

Cram 10. Let C1,Cqy € U be big cycles such that |C1] > |Ca|, and let vw, zy
be edges of Cy,Ca, respectively. If r > 4, then at least one of W (vw) and W (zy)
contains at most 2(k — 1)r — gr vertices.

Proof. Assume for the sake of a contradiction that r > 4, [W (vw)| > 2(k—1)r—2r,
and |W(zy)| > 2(k — 1)r — 2r. Apply Lemma 4.3 with F := C(r), ¢; :=r — |Cs| for
i=1,...,k—1,5:=W(ay), and T := W (vw). We must ensure that 1 < ¢; < 37 for
i=1,...,k—1 to be able to apply this. Since |C3| < r — 1, it follows ¢; > 1. Since
C is big, |C2| > 2r, and thus ¢; < 37, as required.

The first outcome of Lemma 4.3 is identical to the result of Lemma 4.1, and as
such we get a contradiction by the same argument as in Claim 5. Thus we consider
only the second outcome. Let F; be the cycle of C(r) containing P and @. Construct
the cycle C] by removing the edge vw from Cy and adding the path @, together with
an edge from v to one end vertex of ) and an edge from w to the other end vertex.
Similarly, construct C} from Cs by removing the edge xy and adding the path P, an
edge from x to one end vertex of P, and an edge from y to the other end vertex of P.
Thus |C1],|C}| > 2r + 2r = r. Hence (C(r) — {Fi}) U{C{,C5} is a set of k cycles,
where k£ — 2 have order exactly r and two have order > r. This contradicts our initial
assumption about G. d

The following claim will also be helpful.

Cram 11. Let Cy,Coy € U be cycles such that |C1| > |Co| > 2 and let vw be an
edge of Cy. If v,w have ¢ > 2 common neighbors in V(C1), then |Ca| < Icq—ll —1.

Proof. Label the common neighbors of v, w in V/(C1) clockwise by x1,...,z,. Let
P; be the clockwise path from z; to x;41 inclusive (where 7 + 1 is taken modulo g).
Hence Y 7_, |Pi| = |C1| + ¢, and thus we may fix i so that P; contains at most W
vertices. Let () denote the path between v and w in Cy that contains all vertices
of Cg.

Construct a cycle C] from Cy by removing the interior vertices of P; and adding
the path @ and the edges vz; and wx;+q. If |C]] > r, then C] together with the k& —1
cycles of C(r) contradicts our initial assumption about G. Now assume |Cf| < r. If
|C{] > |C1|, then replacing C1, Cs in C with Cf gives a better choice of C. Otherwise
C1| < |C1]. Hence |Ci| — (|Pi| —2) + |C2| < |C1], implying |Ca| < [P —2 <
Cl_4. o

CrAaM 12. There is at most one big cycle in U.

Proof. First suppose that r > 4. Let C; and C5 be the two largest cycles in ¢ such
that |C1| > |Ca|. Assume for the sake of a contradiction that C; and Cy are both big.
Recall both must contain an edge, and so let A := W (vw) and B := W (zy), where
vw, zy are edges of C1, Cy, respectively. We now show that |A|, |B| > 2(k —1)r — &,
which contradicts Claim 10.

By Claim 2, A contains every common neighbor of v and w except those in Cy
itself, of which there are at most r — 3. Hence |[A| > 7(G) —=r+3 > 2kr—1—r+3 =
2(k—1r—ir+2.

By Claim 2, B contains every common neighbor of & and y except those in C
and in Cy. If there are at least two common neighbors of z and y in C7, then by
Claim 11, |Cs| < |C;1| — 1< & — 1. However, |C3| > 27, so this gives a contradiction.
Hence = and y have at most one common neighbor in C; and at most » — 3 common
neighbors in Cy. Thus |B| > 7(G) —1—7r+3 > 2(k—1)r — 2r+ 1, which is sufficient.
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Finally, when r = 3, every cycle in U has at most » — 1 = 2 vertices, but every
big cycle in U contains greater than %7’ = 2 vertices, and thus there are no big cycles
inlU. o

Claims 8 and 12 together imply that U contains at most one big cycle and at least
two small cycles.

CramM 13. Let Cy be the largest small cycle. Suppose |C1] > 2, and let vw be an
edge of Cy. Then |W (vw)| > 2(k — 1)r.

Proof. 1f there is a big cycle, then, by Claim 12, there is only one; label such a
cycle Cy. By Claim 2, W (vw) contains all common neighbors of v and w except those
in Cy and Cf.

If |C1] < 47 + 1, then there are at most £[Co| common neighbors of v and w
in Cy (by Claim 3) and at most 27 — 1 common neighbors in Cy. Thus |W (vw)| >
7(G) = %|Co| = (37— 1) > 2kr — 1 — £|Co| — 3r +1 > 2(k — 1)r + 2r — 2r, which is
sufficient.

Otherwise %r + 1 < |C4]. Let ¢ be the number of common neighbors of v and w
in Cy. If ¢ > 3, then by Claim 11, |C;| < ‘C—q‘" —1= %r — 1, which is a contradiction.
Hence ¢ < 2. If ¢ = 2, then (by Claim 11 again) [C1| < $r — 1, and hence [W (vw)| >
T(G)—q—(|C1|-2) > 23kr—1—q+2—|C1| > 2(k—1)r+3r—1—31r+1> 2(k—1)r,
as desired. Thus ¢ < 1, and |W (vw)| > 7(G) —q—(|C1| =2) > $kr—1—q+2—|Cy| >
2(k—1)r+ 2r —|C1] = 2(k — 1)r, since C} is small and |C1| < 2r. Hence our lower
bound on |W (vw)| holds. O

Our goal now is to show that U contains few vertices; this shall give the final
contradiction.

Cram 14. If C1,Cy € U are the two largest small cycles such that |Ci| > |Cs|,
then |Ca| = 1.

Proof. Assume for the sake of a contradiction that |Ci| > |C2| > 2. Pick edges
vw in Cy and zy in Co, and let A := W (vw) and B := W (xy). As we did in Claim 9,
we show that |A|,|B| > 2(k — 1)r, which contradicts one of Claims 5, 6, or 7. By
Claim 12, it is possible that one big cycle exists in U/; we denote this cycle by Cp.

By Claim 13, |A] > 2(k — 1)r. Now consider the lower bound on |B|. Let
p:= 2r — |C2| and note p > 0 (since C3 is small). The set B contains all common
neighbors of x and y except those in Cy (the number of which we denote by o),
those in C7 (the number of which we denote by ¢1), and at most |Cs| — 2 in Cs.
Thus |B| > 7(G) —qo —q1 — [Ca| +2 > 2(k —L)r + 2r —qo — qp — |Co| + 1. If
%r —qo—q1 — |Ca| +1 > 0, then we are done. So assume p < go+¢q1 — 1. Since p >0
we have qo + q1 > 2.

If go > 2, then by Claim 11, |Cy| < % — 1. Since |C3| > 2 and |Co| < r —1, it

follows that 3gg+1 < r. Also %r—p =|Cy| < Ii—gl—l. Hence %r—p+1 < Tq;ol and thus

2¢3+3490—3¢0—pdo+4o = (390—1)(3¢0+1) —pgo+qo+1 < (390~ 1)r—pgo+qo+1 < 0.
Thus 2g0 + 2 —3—p+1<0and g < 3p+ 2.
Similarly, if g1 > 2, by Claim 11, |Cs] < % — 1. Since |Cy| > 2 and |Cy| < %r,
|Cal

it follows %ql < r. Also %r—p = |Cy] < i 1. Thus %T‘ —p+1< %, and so

o —-1)Ea) —pa+a < 3(q—1)r —pg1 +q1 < 0. Hence 3(q1 —1) —p+1<0
and g1 < §p + 3.

We now show that p < 2. If g9 > 2 and ¢1 > 2, then p < go +q¢1 — 1 <
%p+§+%p+%—1:%p+%, and thus p < 2. If g9 > 2 and ¢ < 1, then
p<q0§%p+%,andp<%<2. Ifql22andqo§17thenp<q1g%p—l—%and
p < 1. Finally, if go < 1 and ¢; <1, then p < 1. Hence p < 2.
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If go > 2 or ¢1 > 2, then ¢q < <2o0rq < < 2, respectively, and thus qo <1
and ¢; < 1. Since go+q1 > 2, it followe g =q1 = 1 andp < 1. Hence |Cq| > 7‘—1
Since |Cy] < %T‘ and |Co| is an integer, |Cs| < L%r], and together with our lower
bound, |Co| = [2r]. Since |C1| > |Cs| and Cy is also small, |C1| = |C2|. However,
since q; = 1, this contradicts Claim 2. d

We now know that U contains

e at most one big cycle (by Claim 12)

e at least two small cycles (by Claims 12 and 8), and

e every small cycle, except possibly the largest, is a 1-cycle (by Claim 14).
Let Z be the set of all small cycles of U other than the largest. Since these are all
1-cycles, we interpret Z as a set of vertices; Z is an independent set by Claim 4. Let
C1 be the largest small cycle in U.

CraM 15.

(a) There exists a big cycle in U, denoted Cy,

(b) Every u € I has more than 5|Co| neighbors in Cy,

(¢) Every uw € T has at least two neighbors in Cy, and

(d) [Cy] > Lr.

Proof. Assume, for the sake of a contradiction, that at least one of the following
holds:

(a) U contains no big cycle,

(b) there exists a big cycle Cy and some u € T has at most £|Co| neighbors in

007

(c) there exists a big cycle Cy and some u € Z has at most one neighbor in C,

or

(@) [C1] < br.

If Cy contains an edge vw, let A := W (vw); otherwise let A W (v), where V(Cy) =
{v}. Let B := W (u). Once again we show that |A|,|B| > 2(k—1)r, which contradicts
either Claim 6 or Claim 7.

If |C1] > 2, then by Claim 13, |A| is sufficiently large. If |Cy]| = 1, then A contains
all neighbors of v except those in Cy (by Claim 4). By Claim 2, there are at most
$|Co| < 3r of these. Hence |A| > §(G) — 37 > 2kr — 3r = 2(k— 1)r + ¢r, as desired.

Now consider |B|. The set B contains all vertices adjacent to u except those in
Cp and those in C; (since Z is an independent set); say there are qg neighbors of u
in Cy and q1 neighbors of u in Cy. Thus |B| > 6(G) — g0 — ¢1 > kr —qo — q1 =
g(k—l)r—i— 2r —qo —qq. If 2 r—qo—ql > 0 we are done. So assume qo+ q1 > r

By Clalm 2, it follows that q < 2|CQ| and ¢ < 3|Ci]. In (a) or (b), %r <

q + q1 < i(r- 1) + 3(3r) = 2r — 1, since Cy is small; this is a contradiction. In

(c), 3r < qo + q1 < 3(r—1) + 1, which nnphes r < 3, again a contradiction. In (d),
gr < q+q < l(r - 1)+ 7" = %r — =, yet again a contradiction. Thus we have
proven our desired lower bounds on |A| and |B| in all cases. O

By Claims 8 and 12, Z # ). Our final step is to bound |Z|.

Cram 16. |Z] =1.

Proof. Assume |I | > 2 for the sake of a contradiction. Let x,2’ € Z. Let S, T be
the nelghborb of x,2" in Cy, respectively. By Claim 15, |S|,|T| > 3|C’0| Given that
|Co| > 2r > 2, it follows from Lemma 4.4 that there exists a path P in Cy with one
end Vertex in S’ the other in T, and 2 < |P| < 1|Co| +4 < 47+ 4. Let v be the end
vertex of P in S and w the end vertex of P in T Since z, x both have two or more
neighbors in C (again by Claim 15), there is a neighbor a of z and a neighbor b ;é a
of /. Let @ be the longer path in C1 between a and b; since, by Claim 15, |Cy| > 17,
it follows |Q| > £r.
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Create the cycle C in the following way. Start with Cjy and remove the interior
vertices of V(P). Add edges vz and wza’ and then the edges za and 2'b. Finally add
the path @ between a and b. Thus |C| = |Co|—(|P|—2)+2+|Q| = |Co|—|P|+4+|Q| >
|Col — (g7 +4) + 4+ ¢gr =|Cyl. If |C| < r, then removing Cy, Ct, {}, and {2} from
C and adding C' gives a better choice of C. Otherwise, C(r) U{C} is a set of k cycles,
where k£ — 1 have order exactly r and one has order > r; this contradicts our initial
assumption about G. a

Now we know that U contains three cycles: big cycle Cp, small cycle C7, and a
single 1-cycle in Z. Hence |V (U)| = [Co|+|C1|+1 < (r—1)+ 2r+1 = r. Given that
[V(C(r))| = (k—1)r, it follows by Claim 1 that |V (G)| < (k—1)r+3r = kr+ 2r, and
d(G) < kr+ ir—1. Thus 2kr < d(G) < kr + 2r — 1, implying 0 < (k — 1)r < —1.
This is the final contradiction, and Theorems 1.1, 2.1, and 2.2 are proved. Note that
we have actually proved the following strengthening of Theorem 2.2: for integers k > 6
and r > 3, every minimal graph with average degree at least %kr contains a set of k
disjoint cycles, k — 2 with exactly r vertices, and two with at least r vertices.

4. Ancillary lemmas. This section presents some technical lemmas that were
used in section 3. Note that none of these results depend on the choice of G. Recall
if C is a cycle, then |C| := |V(C)|, and if P is a path, then |P| := |[V(P)|. Also if
F is a collection of disjoint cycles, then let V(F) := Jpc» V(F). In this section, all
cycles contain at least three vertices; that is, we no longer treat K> and K; as cycles.
(The lemmas in this section are applied to either C(r), which contains only cycles of
length r > 3, or to big cycles of U, which contain strictly more than %7’ > 2 vertices,
so this is acceptable.)

LEMMA 4.1. Let F = {Fy,...,F:} be a collection of disjoint cycles and let
q1,---,q be integers such that 1 < ¢; < |F;| — 1. If S,T C V(F) and |S|,|T| >
2|V(F)|, then there exists a path P in some F; with exactly q; vertices, such that both
end vertices of P are in S and there exists a vertex of T in V(F;) — V(P).

Proof. Assume otherwise for the sake of a contradiction. Fix an orientation on
every cycle in F, ..., Fy. For each vertex v € V(F}), let f(v) denote the vertex ¢; — 1
vertices clockwise from v in Fj, and let P, be the g;-vertex path from v clockwise to
f). Let f(S):={f(v):ve S} Since f:V(F)— V(F)isal—1 correspondence,
[f(S)] = |S]. Let P :={P, : v,f(v) € S}. If P, € P, then f(v) € SN f(9).
Conversely, if w € SN f(S), then w = f(v) for some v € S, and so P, € P. Hence
[P| = 1SN f(S)|. Thus,

(4.1) V(AN =2 SU )] =I[SI+[f(S)] = 1SNf(S)] = 2[S] - [P].

Let z(v) denote the vertex counterclockwise from v. Since |P,| = ¢; < |F;| — 1,
the vertex z(v) is not in P,. Let X := {a(v) : P, € P}. Aszis1—1, |X| =|P|. If
X NT # (), then there is a path in P, which has both end vertices in S, together with

a vertex of T in the same cycle as P but not intersecting P itself. Hence X N'T = 0.
Thus,

(4.2) VAN 2 [XUT| = |X|+|T| = [XNT| = |P|+|T].
Equations (4.1) and (4.2) imply it follows 2|V (F)| > 2|S|+|T| > 5|V (F)|+2|V(F)| =
2|V (F)|, which is a contradiction. O

LEMMA 4.2. Let C be a cycle such that |C| > 6 and let p := \_I%IJ IfS, T CV(C)
such that |S| > p+ 1 and |T| > 2p + 2, then there exist disjoint paths P,Q such
that the end vertices of P are both in S, the end vertices of Q are both in T, and
V(P IV(Q) =zp+1.
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Proof. Note |C| € {3p,3p+1,3p+2}. First, we shall show there is a path A in C'
with both end vertices in S such that p+1 < |A| < |C| 41— 2p. Label the vertices of
C clockwise 1,...,|C| so that, if possible, 3p+1,3p+2 ¢ S. Let X; := {i,p+1i,2p+i}
fori=1,...,p. If | X;NS| > 2 for some i, then the shorter path between two vertices
of X; NS has at least p+ 1 vertices and at most p+ 1+ (|C|] —3p) = |C| + 1 — 2p, as
desired. Otherwise | X; NS| <1 foralli. If 3p+1,3p+2 ¢ S, then |S| < p, which is
a contradiction.

Hence we may assume that at least one of 3p+ 1 and 3p+ 2 isin S. If |C| = 3p,
no vertex is labeled 3p+ 1 or 3p+ 2, and this case cannot occur. If |C| = 3p+ 1, then
3p+1 € S and, by our choice of labeling, all vertices of C' are in S. But then it is trivial
to construct a (p+ 1)-vertex path A with both end vertices in S. If |C] = 3p+ 2, then
by our choice of labeling, there do not exist two adjacent vertices such that neither
isin S. Let v be a vertex of S, and let w,w’ be the two vertices p,p + 1 vertices
clockwise from v. At least one of w,w’ is in S, and together with v this gives a path
with both end vertices in S of either p + 1 or p + 2 vertices, as required.

Thus there is a path A with p+1 < |A| <|C|+1—2p and both end vertices in S.
If there are multiple choices for A, choose one of shortest length. If |[T—V(A4)| > p+1,
set P = A and let @ be the longest path in C' — V(A) with both end vertices in T
such a path must contain all the vertices of T — V(A), and thus |Q] > p + 1, as
desired. Hence we may assume that |[T'— V(A)| < p. Since |T| > 2p + 2, we have
[V(A)NT|>p+2and |A] > p+ 2.

If |C| = 3p, then |V(A)NT| < |A| = p+ 1, which is a contradiction. Hence
|C| > 3p+ 1. Let v be the counterclockwise end vertex of A and w the clockwise
end vertex. Label the two vertices clockwise from v by v’,v” and the two vertices
counterclockwise from w by w’, w”. These vertices are all in A since |[A| > p+2 > 4.
If |A| = p+ 2, then v/, w’ ¢ S, or else we could replace A by a smaller path that still
contains p + 1 vertices. Thus |[V(A) N S| < p (since |4| > 4, v/ and w' are distinct
vertices). Alternatively, if |A| = p + 3, then by the same argument o', w’,v"”,w" ¢ S,
and |[V(A)N S| < p (since |A| = p+ 3 > 5 and thus |[{v/,w',v",w”}| > 3). In either
case, since |S| > p+ 1, at least one vertex of S is not in A; label one such vertex x.
If the clockwise path from w to x and the clockwise path from x to v both contain
at most p vertices, then the clockwise v to w path contains at most 2p — 1 vertices,
and hence |C| — (2p — 1)+ 2 < |A| <|C|+ 1 — 2p, which is a contradiction. Without
loss of generality, say the clockwise path from w to x contains at least p + 1 vertices,
and let this be P. Since |[V(A)NT| > p+2, it follows |(V(A) —{w})NT| > p+1, so
the longest path with both end vertices in T' contained within V(A4) — {w} contains
at least p + 1 vertices, and we set it as ). This proves the lemma. O

LEMMA 4.3. Let F = {Fy,...,Fr_1} be a collection of k —1 > 5 disjoint cycles
of order r > 4, and let q1,...,qx_1 be integers such that 1 < q; < %7‘. IfS,T CV(F)
and |S|,|T| > 2(k — 1)r — r, then at least one of the following cases holds:

o There exists a path P in some F; with exactly q; vertices, such that both end
vertices of P are in S, and there exists a vertex of T in V (F;) — V(P).

e There exist disjoint paths P,Q in some F; such that the end vertices of P are
in S, the end vertices of Q are in T, and |P|,|Q| > 3.

Proof. Note that the first part of this proof is very similar to Lemma 4.1. For
the sake of a contradiction, assume neither outcome occurs. For each v € V(F;), let
f(v) denote the vertex ¢; — 1 vertices clockwise from v, and let P, be the g;-vertex
path from v clockwise to f(v). Let f(S) := {f(v) : v € S}, and note |f(S)| = |S|
since f is a 1 — 1 correspondence. Let P :={P, : v, f(v) € S}. f w € SN f(S), then
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w = f(v) such that P, € P. Conversely, if P, € P, then f(v) € SN f(S). Hence
|P| =|S N f(S)|. Thus,

(4.3) (k=1Dr = [SU f(S)] = [S|+[f(S)] = SN f(S)] = 2|S] - [P.

Let z(v) denote the vertex counterclockwise from v. Then z(v) ¢ V(P,) since
¢ < ir<r. Let X:={z(v): P, € P}. Aszis 1—1, |P| = |X|. Let X; := XNV(F)
and let P; := {P, € P :v € V(F;)}. We classify each of F,..., Fy_1 as one of the
four following types. If P; # () and there exists at least one vertex w € V(F;) such
that w € V(B,) for all P, € P;, then F; has type 1. If P; # () but there is no such
w, then F; has type 2. Otherwise P; = 0; if |[S NV (F;)| < %r, then F; has type 3,
otherwise it has type 4.

We now define a set Y; for each F;. If F; has type 2, 3, or 4, let Y; := X;. (Note
if F; has type 3 or 4, then X; = ().) If F; has type 1, label the vertices of F; clockwise
by 1,2,...,r, starting one vertex clockwise from w, where w € V(P,) for all P, € P;.
Let v be the vertex of minimum index such that P, € P;. Let J := V(F;) — P,.
The set J starts at 2(v) and travels counterclockwise; it may reach as far as vertex 1,
but does not include vertex r by our choice of labeling (since w = r is in P,). Also,
J N X; = {z(v)}, by our choice of v. As ¢; < £, we have |J| > 2r. Let ¥; = X; U J,
and note |Y;| > |X;| + 2r — 1 when F; is type 1.

Define Y := Uf:_in. If YNT # (), then there exists a vertex of T in a cycle
of type 1 or 2 that avoids a path of P in the same cycle; together this satisfies
the first outcome. Now assume that Y N7 = @. Let 0; denote the number of
type 1 cycles. First suppose that 6; > 2. Thus |Y| > |X|+ 2(3r — 1). Hence
(k=1Dr>|YuUT|=Y|+|T| > |X|+2(§7‘—1)+|T| = |P|+|T|+%r—2.

Let r = 3a + b where a,b € Z and @ > 1 and b € {0,1,2}. Thus (k — 1)r >
|P| +|T| +4a + 3b — 2, and so

(4.4) (k—=1Lr>|P|+|T|+4a+b+ 3b] +1—2=|P|+|T| +4a+b— 1.
Inequalities (4.3) and (4.4) imply
20k — D)r > 2|S| = |P|+|P|+|T|+4a+b—1>2(k—1)r—r+4a+b—1.

Thus 3a + b = r > 4a + b, contradicting a > 1. Hence we may assume 61 < 1.

Define 62,035,604 to be the number of type 2, 3,and4 cycles, respectively. Note
01 +02+0s+0s=k—1. Let S; := SNV (F;) and T; := T NV (F;). We now prove
some bounds on |S;| and |T;].

e If F; has type 1, then |S;| < r trivially, and since T; NY; =0 and ¥; = X; U J
and |J| > 2r, it follows that |T;] < 3.

e If F; has type 2, then |S;| < r trivially. Since for every w € V(F;) there
exists some P, € P; such that w ¢ V(P,), if w € T;, then w together with P,
satisfies the first outcome. Thus we may assume that T; = 0.

e If F; has type 3, then |S;| < L%TJ by definition, and |T;| < r trivially.

e If F; has type 4, then |S;| > %r by definition. If r < 6, then ¢; < 2, and
hence ¢; = 1. But then P; = S; # 0, contradicting the definition of type
4. Hence r > 6. Let p := [3], and note [S;| > p+ 1. If [T} > 2p + 2,
then by Lemma 4.2 there exist disjoint paths P,Q in F; such that the end
vertices of P are in S; C S and the end vertices of @) are in T; C T and
|P[,|Q] > p+ 1> %. This would satisfy the second outcome, and hence we
may assume that |T;| < 2p + 1.
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If r > 9, then |T;| < %r +1= %7“ - %r +1< %r. Alternatively, 7 < r < 8,
and |T;| <2p+1=2[3] +1=5<Z(7) < Ir. Thus in all cases |T;| < Zr.

Finally, for each v € S;, recall f(v) is the vertex ¢; — 1 vertices clockwise from
vand let f(S;) :={f(v): v e S}. Since P; = § we have S; N f(S;) = 0. Since
fis 1 =1 it follows that r > |S; U f(S:)| = |Si| + | f(S:)| = 2|S:|, and thus

Thus
k—1
(4.5) 2(k=1)— 5 < 18] =1 || < 61 + 02+ 305 + 304 and
i=1
k—1
(4.6) 2(k—1)— 3 < T =LY |Ti| < 361 + 05 + 304
=1

Inequalities (4.5) and (4.6), together with k — 1 =61 + 02 + 65 + 04 and 67 < 1,
form a set of integer linear inequalities. If kK — 1 > 6, then it is easily shown by hand
or by computer that this set of inequalities has no feasible solution.?

Finally, assume that £ — 1 = 5. In this case, by the above upper bounds on |S;]
and |T;|, we may replace (4.5) and (4.6) with the following more precise bounds:

(5)r — 37 < [S| < by + by + [57]03 + [ §7]04 and

2
3
%(5)7‘ — %T‘ <|T| < ((%ﬂ —1)01 +r0s + (2[%7“] + 1)04.

Let r = 3a+ b, where a > 1 and b € {0, 1,2}. That is,

(4.7) 9a+3b+1 < (3a+b)(01 + b2) + afs + 3(3a + )6y,
(4.8) 9a +3b+1 < ([a+ $b] — 1)01 + (3a + b)b3 + (2a + 1)bs.

Inequalities (4.7) and (4.8), together with 6; € {0,1} and b € {0,1,2} and 6; +
O3+ 03+ 04 = 5, form a set of integer quadratic inequalities. This set has no solution
since there are finitely many choices for 61, 65,603,604, and b, and for each such choice,
(4.7) and (4.8) reduce to linear inequalities in a, which have no solution.?

Note that if K — 1 € {1,2,3,4}, then there are choices of 61, 63,03,04, and r that
satisfy the integer linear inequalities implied by our bounds on |S;| and |T;|. 0

LEMMA 4.4. Let C be a cycle and S, T C V(C) such that |S|,|T| > %|C|.
Then there exists a path P with one end verter in S and the other in T such that
2<|P| <50 +4.

Proof. Suppose there exist vertices v, w € S such that there are at least %|C| +2
vertices between v and w (noninclusive) in both directions around C. If there exists
a vertex u € T within the [£|C|] + 1 vertices counterclockwise from v, then the path
from u clockwise to v has at least two vertices and at most [$|C|] +2 < [C| + 3
vertices, as required. A similar result holds for the (%|C [1 + 1 vertices clockwise
from v, the [§|C|] + 1 vertices counterclockwise from w, and the [#|C|] + 1 vertices
clockwise from w. Label these sets Z1, Za, Z3, Z4, respectively. If Z1 N Z4 = (), then
|Zy U Zy4| = 2([%]C[] + 1) > £|C| + 2; otherwise Z1 U Zy4 covers all vertices from
v counterclockwise to w and so |Z; U Z4| > %|C| + 2. A similar result holds for
Z3U Zs3, and hence |Z1 U Zo U Z5 U Z4| > 2|C| + 4. Given that |T'| > $|C]| it follows
(ZyUZy U Z3U Zy) NT # () and our desired path can be constructed.

2This was computed using AMPL and Couenne 0.4.3, an open-source solver for mixed integer
nonlinear optimization, available at http://www.neos-server.org.
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Hence we may assume that any two vertices in S have fewer than £|C|+ 2 vertices
of C between them. Suppose u € T is an interior vertex on the short path D between
two vertices v,w € S. Let A C D be the path from v to u, and let B C D be the
path from u to w. Clearly |A|,|B| > 2. If |A|,|B| > §|C| + 4, then $|C| 44 > |D| =
|A| +|B| — 1> £|C| + 7, which is a contradiction. Hence either A or B satisfies our
lemma, and as such we may suppose no such u exists.

Fix a vertex v € S. Let L C S be the set of vertices w where a short path
from v to w travels counterclockwise from v; let R be the equivalent clockwise set.
If L =0 and R =0, then S = {v}, but |S| > $|C| > 1, which is a contradiction.
Thus, without loss of generality, L # (). Let 2z € L be the vertex of greatest counter-
clockwise distance from v, and define y to be the vertex of greatest clockwise distance
from v in R (if R # 0) or let y := v if R = (). Let A be the path from x clockwise
to v and B the path from v clockwise to y. The interior vertices of A and B are not
in T as they are both short paths. Let @ := AU B, and note @) contains all vertices
of S. Construct Q' from @ by adding the |$|C|] + 3 vertices counterclockwise from
x and the [ |C|] + 3 vertices clockwise from y; none of these added vertices may be
in T without creating a satisfactory path. Thus (Q' — {z,y,v}) NT = () and either
Q| > 2|C|+2(|:[C|]+3) = |C|+2(%|C|+2) = 2|C|+4 (if these added vertices do
not overlap) or Q' = C' (if they do). In the first case, |Q" — {z,y,v}| > 2|C| + 1, and
as such Q' — {z,y,v} intersects T, thus creating a satisfactory path. In the second
case, T C {z,y,v}. Given |T| > £|C/, it follows |C| < 8.

Given that |S|,|T| > 2, choose a vertex a € S and b € T — {a}. Since |C| < 8,
there is a path from a to b containing at most ‘C‘;Z =3C|+4+3IC| -3 < §|C|+4
vertices, as required. O

5. Open problems. We conclude by noting some possible extensions of our
results. We mentioned the following conjecture previously.

CONJECTURE 5.1 (Reed and Wood [25]). Every graph with average degree at
least %t — 2 contains every 2-reqular t-vertex graph as a minor.

Conjecture 5.1 essentially extends Theorem 2.1 by removing the requirement that
all cycles in the desired minor have the same order.

Recall that the original result of Corrddi and Hajnal [6] was a stronger result
in terms of minimum degree (rather than average degree). The following conjecture
would imply our result and be a more direct generalization of the Corradi and Hajnal
theorem.

CONJECTURE 5.2. Fwvery graph with minimum degree at least %kr and at least
kr wvertices contains k disjoint cycles, each containing at least r vertices.

Wang [33] recently made the following two conjectures.

CONJECTURE 5.3 (Wang [33]). For every integer k > 2 and odd integer r > 3,
every graph G with at least rk vertices and minimum degree at least %116 contains k
disjoint cycles, each containing at least r vertices.

CONJECTURE 5.4 (Wang [33]). For every integer k > 3 and even integer r > 6,
every graph G with at least vk wvertices and minimum degree at least 5k contains
k disjoint cycles, each containing at least r vertices, unless k is odd and rk +1 <
V(G)| <rk+r—2.

These conjectures follow from the best known lower bounds on the required min-
imum degree. Consider the split graph Sg ., with a clique of order [§]k — 1, an
n-vertex independent set, and all edges between the two. Such a graph does not con-
tain k disjoint cycles of order at least r since any such cycle must contain at least [%]

2
vertices of the clique. However, the minimum degree of S, ;. ,, is f%] k—1whenn > 1.
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Due to this example the lower bounds on the minimum degree in Conjectures 5.3 and
5.4 are necessary.

As Wang shows, the exception when k is odd and rk+1 < |G| < rk+r —2is
due to the disjoint union K_1)p1p1i U Kx—1)psp+j, Wwhere 0 <7 < j < %r — 1 and
j#0and p = %r. Due to the limited number of vertices, each component contains
at most % disjoint cycles of order at least r, and hence the graph does not contain
k such disjoint cycles in total. However, if ¢ > 1, then the minimum degree is at least
k%lr + %r +i—12> k. If i = 0, we can achieve the same minimum degree by adding
edges from one vertex of the second clique to all vertices of the first—this does not
increase the number of disjoint cycles.

We conjecture the following weakening of Conjectures 5.3 and 5.4 by considering
the average degree instead of the minimum degree. Note that while the average
degree of Sk ., tends to 2[5 |k —2 as n — oo, the average degree of the disjoint union
of complete graphs (or its modification) is small enough that we no longer need to
consider it. Thus, the lower bound follows only from the existence of Sk, 1.

CONJECTURE 5.5. For every integer k > 2 and odd integer r > 3, every graph G
with average degree at least (r 4+ 1)k — 2 contains k disjoint cycles, each containing at
least r vertices.

CONJECTURE 5.6. For every integer k > 3 and even integer v > 6, every graph G
with average degree at least rk — 2 and at least rk vertices contains k disjoint cycles,
each containing at least r vertices.

Conjecture 5.3 or 5.4 would imply Conjecture 5.5 or 5.6, respectively. The fact
that considering the average degree rather than the minimum degree eliminates a
class of possible counterexamples is promising and suggests that results of this kind
may be simpler and cleaner.

Finally, we present the following extension of Conjectures 5.5 and 5.6 to 2-regular
t-vertex graphs. This is also a strengthening of Conjecture 5.1.

CONJECTURE 5.7. Let H be 2-reqular t-vertex graph with ¢ odd order components
such that H is not a t-vertex even cycle or % cycles of order 4. Every graph with
average degree at least t + ¢ — 2 and at least t vertices contains H as a minor.

We require that H not be a single even cycle since the graph consisting of n > 2
disjoint copies of K1 has average degree t — 2 and at least ¢ vertices but contains
no t-vertex cycle. With regard to the other exception in Conjecture 5.7, consider the
graph S,fcmn constructed from S, ;.,, by adding a perfect matching on the independent
set of order n. The graph S,fcmn does not contain k disjoint cycles of order at least
four since any such cycle still requires two vertices of the clique. However, the average
degree of S’ tends toward 4k —1 =t —1 >t —2 as n — oo. The graph §;
is one of the three exceptions presented in [33]; again, promisingly, the other two
exceptions presented there are not exceptions when considering the average degree.
Hence Conjecture 5.7 seems plausible, if strong.

Note added in proof. Conjecture 5.5 was recently proved by Csdka et al. [7].
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