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1 Introduction

Parallel manipulators are, nowadays, leaving academic labora-
tories and finding their ways in an increasing number of applica-
tion fields, such as machine tool, fast manipulating, and flight
simulator [1]. Performance analysis of parallel manipulators is
one of the most significant and challenging problems. Especially
in the analysis of parallel manipulators with specific motions, the
force transmissibility evaluation is significant and remains to be
solved.

When a parallel manipulator executes a given task, such as
grinding, grasping, brushing, and lifting up, it balances the contact
forces and torques on its end-effector from joint space by the joint
force/torque. Therefore, the internal transmission forces in a paral-
lel manipulator play key roles in manipulating the end-effector
and resisting external loads. Actually, the transmission quality of
the output force/torque is studied in this paper.

In the last few decades, much effort has been devoted toward
the force transmission performance analysis of parallel manipula-
tors, and several approaches are now at hand. The approaches
can mainly be categorized into three items: force Jacobian matrix
method, manipulability analysis method, and static performance
analysis method. Force Jacobian matrix, a map of the force and
torque from the joint space to the task space, was primarily used
in the force transmission analysis of mechanisms [2—4]. The con-
dition number of the force Jacobian matrix was used to evaluate
the force transmissibility [5]. The concept of manipulability, in
terms of the ability to move and apply forces in arbitrary direc-
tions, was first proposed by Salisbury and Craig [6], while Yosh-
ikawa [7] introduced a comprehensive manipulability ellipsoids
approach to measure the force transmissibility (manipulability)
of serial manipulators. Static performance analysis concerns
about the relationship of forces and motions between inputs and
output of a manipulator. This approach can be divided into two
aspects, i.e., forward and inverse force transmission analysis.
The former one attempts to find the extreme magnitudes and
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directions of the force/torque vectors of the end-effector, when
the forces of the actuators are known [8,9]. Merlet [10] proposed
an efficient estimation of the external forces of a parallel manip-
ulator in the translational workspace. Conversely, the inverse
force transmission analysis is to determine the magnitude bounds
of actuators for given magnitudes of the external forces and tor-
ques [11]. This method is always used for actuator size design of
parallel manipulators. Both aspects consider the force relation-
ships between joint and task forces directly, but not manifest the
essential transmission property of the parallel manipulators. Basi-
cally, the larger of the actuator size, the larger external forces
and torques the mechanism could bear no matter with the essen-
tial transmission performance at different configurations. A new
approach which is different from any of the mentioned methods
is proposed here: evaluation of the magnitude of force/torque of
transmission wrench based on given loads on the end-effector.
Based on the approach, we propose a new index which is rooted
on pressure angle or transmission angle in the single DOF
manipulator.

Another issue about the force/torque transmission performance
analysis is the well-known unit inhomogeneous problem [12].
When we consider a mixed-DOF parallel manipulator (those with
translations and rotations together), an intuitive question arises:
how can we consider the force and torque together with different
units? This is a widely discussed question when using the conven-
tional Jacobian matrix. Kosuge et al. [13] separately considered
the translationability and rotationability of a manipulator based on
the pure forces and pure torques, respectively. However, neither
of the kinematic ability could completely represent the perform-
ance of a parallel manipulator with mixed DOFs. In this work,
this problem is tackled by scaling a parallel manipulator to a size
with a unit characteristic length and applies a unit wrench on the
platform, which will be discussed in Sec. 2.

The reminder of this work is organized as follows. Section 2
introduces the new index with its derivation for force/torque trans-
mission performance analysis. In Sec. 3, the index is applied to a
series of parallel manipulators with different DOFs to illustrate
the application and validate the physical meanings. Comparison
study between the proposed and existing indices are given in
Sec. 4. Finally, Sec. 5 concludes this work.
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2 Definition of Force/Torque Transmission Index

A parallel manipulator must transmit the joint forces and tor-
ques to the output platform, resisting the external loads, through
its mechanical structure. In the process of force transmission, the
arising internal wrenches, namely, the transmission wrenches, can
be expressed by the TWS. It is known that a TWS must be
reciprocal to the twist screws permitted by the passive joints in
the corresponding leg, when the active joints are locked [14]. It
should be noted that, in this study, all the considered parallel
manipulators are exactly constrained systems, rather than
overconstrained ones.

As shown in Fig. 1, a platform is exactly constrained by a set
of TWSs, w;(i =1,2,...,n). Notably, the number of TWSs, n,
varies for different cases, such as for a spatial six-dimensional
case, n = 6, for a three-dimensional case, n = 3, and n = 2 for a
two-dimensional case, which can be represented as

f’{c,xeﬁhe,} i=1,2,..,n )

where e; is the unit directional vector of the TWS, ¢; is the vector
pointing from the center of the platform to the characteristic point
of the ith leg, which is defined as the physical center of the last
passive joint in the leg, /; is the pitch of the TWS, and f; is the
magnitude of the TWS in terms of force. For a pure force, the
pitch of the wrench is zero. The unit characteristic length is then
defined as the distance from the center of the platform to the far-
thest characteristic point of the passive joint attached to the plat-
form. Further, the parallel manipulator under study is always
scaled to a size with the unit characteristic length for a consistent
evaluation. For a pure torque, the TWS with infinite pitch can
be written as T[OT eT] , where 7 is the magnitude of the TWS
in terms of torque.
Given a load wrench, W, on the platform, we must have

W= i w; 2)
i=1

To consistently evaluate the performance of the system in
resisting the load, we apply a unit load wrench (||W|| = 1) on the
platform. The unit wrench, as shown in Fig. 2, can be written as

W:{'Z]:f[@xee)we}:f{@ieﬂ“m @

where / is the pitch, the torque magnitude is given by t = fh, and
¢ is the vector pointing at the action point of the wrench, which is
constrained on a unit sphere. Without loss of generality, the
force magmtude [ is assumed to nonnegative. Since f = ||m|| and
||m||*+||n||*= 1, the force magnitude is not greater than 1. It is
not difficult to see that the torque magnitude is between —1 and
+1 due to the unit vector ||W||.

Fig.1 A platform constrained by a set of TWSs

041013-2 / Vol. 7, NOVEMBER 2015

unit sphere

Fig.2 Unit wrench on the platform

In the case of pure force acting on the center of the platform,
the moment must be zerq and f = 1. Hence, the wrench can be
written as W = [T 0T]". In the case of pure moment, f must
be zero and h is infinity. Hence, we have W = [T eT]T with
unit torque magnitude. A general unit wrench, as shown in Fig. 2,
is the combination of force and torque acting on the point con-
strained on a unit sphere centered at the center of the platform.
Further, this unit sphere must contain the characteristic point with
a distance of the unit characteristic length from the center.

When a unit wrench is applied, the transmission wrenches are
consequently generated. The magnitudes of the transmission
wrenches indicate the performance of the system, i.e., the less the
magnitudes of the wrenches are, the better the system is capable
of transmitting the forces and torques to the platform, and vice
versa. This idea is fundamentally equivalent to the meanings of
the pressure angle and transmission angle [15]. The main differ-
ence is that the pressure and transmission angles are usually used
to deal with 1DOF system, where the load can represented by a
scalar. Here, the Euclidean norm of the magnitudes of TWSs is
used for evaluation.

Substituting Eq. (1) into Eq. (2) yields

EF =W “)
where W is the unit wrench, F = [fi f f,,]T, and E is
termed transmission matrix [16,17]

e (4} e,

E =

(1 X e1)+ hye (cn % €,) + hpe,

(&)

(02 X ez) + hyes

The singular values of E are the semi-axes of the n-dimensional
ellipsoid to which a unit n-dimensional sphere is mapped by E
Therefore, these singular values represent the extreme cases when
the unit wrench is collinear with left-singular vectors. For singular
value g; of E, we have

Ev; = oju; (6)

where u; and v; are the left- and right-singular vectors, respec-
tively, of g;. Equation (6) can be rewritten as

Ev,-/o*,-:ui:W (7)

Comparing Eqgs. (4) and (7), we could yield the solution
F; = v;/o; by considering W = u;. Smce singular vectors are unit
vectors we must have |Fj|*=1 / o7. By considering all the
extreme cases indicated by the semi-axes, an indicator of the per-
formance can be defined as the sum of the norms of F;, i.e.,

PL=>"|Fi|* =) 1/ (8)

Transactions of the ASME

Downloaded From: http://mechanismsr obotics.asmedigitalcollection.asme.or g/ on 02/11/2016 Terms of Use: http://www.asme.or g/about-asme/ter ms-of-use



The less PI is, the better the output force/torque transmission
performance is the system. However, PI may have a value of
infinity when parallel singularity (the worst scenario) is encoun-
tered. The normalized performance index (NPI) is then defined as

NPI = Pl,yin/PI ©)

where Ply,;, is the possible minimum value PI can reach in the
system.
THEOREM 1. Pl,;, with respect to E given by Eq. (5) for a
n-dimensional (n=3,6) parallel manipulator is n*/(2n+ 3 h?).
Proof. According to Eq. (5), the trace of ETE is given by

trace:n—i—ZHq ><e,~|\2—|—2hi2 i=1,2,..,n (10)

where n = 3 for three-dimensional planar parallel manipulator,
while n = 6 for six-dimensional spatial parallel manipulator.

Since the characteristic length being the maximum norm of ¢; is
one, ||c; X e is no greater than one. Hence, we have

Zaiz:traceSanLZh? =k

To find the minimum of PI, the object function with Lagrange
multiplier is defined as

obj = Zl/al.zqt/l(kuaizfsz)

where s is a slack variable converting the inequality (11) to an
equality constraint.

The zero conditions of partial differentiation with respect to 7
and s yields s = 0 and

(1)

(12)

o =k/n (13)

Hence,

Pl = n* [k = 1*/ (2” + Zh?> (14)

Proof completed.

Particularly in the two-dimensional case, the end-effector of
this parallel manipulator always degenerates into a point rather
than a platform. And the TWSs should always act on the end-
effector (the point), that is to say, the characteristic length is zero,
¢; = 0(i = 1,2). Thus, Corollary 1 is given for two-dimensional
case.

CorOLLARY 1. Pl,,;, with respect to E given by Eq. (5) for a
two-dimensional planar parallel manipulator is 4/(2 + 3" h?).

Proof. According to Eq. (5), the trace of ETE is given by

trace:2+2||c[><e,-\|2+2hf i=1,2,3 (15)
Since ||¢; x ;]| is always zero, we have
> of =trace <2+ h =k (16)

Similar with the analysis method of the three- and six-
dimensional cases, the object function with Lagrange multiplier is
defined as

obj =) 1o + Mk =) o} =) a7

The zero conditions of partial differentiation with respect to 7
and s yields s =0 and

o = k/2 (18)
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Hence,

Plyn = 4/k =4/(2+Y 1) (19)

Proof completed.

Therefore, recalling to Eq. (9), the NPI can be concluded for
two-, three-, and six-dimensional cases as Eqgs. (20), (21), and
(22), respectively.

NPI = 4 i=1,2 (20)
(2+Zh?> Zl/a,2
9 .
NPI = i=1,23 21
<6+Zhl-2> Zl/ai2
NPI = 36 i=1,2,..,6 (22)

(12 + Zh?) S 1/a

3 Examples

Some typical parallel manipulators, including two-dimensional
cases (planar parallel manipulators with two translations), three-
dimensional cases (planar parallel manipulators with two transla-
tions and one rotation), and six-dimensional cases (spatial parallel
manipulators), are taken as examples to illustrate the application
of the proposed approach and index.

3.1 Two-Dimensional Planar Parallel Manipulators

Example 1: RPRPR Parallel Manipulator. Figure 3 shows the
sketch of a RPRPR planar parallel manipulator, which has two
translational DOFs. The two prismatic joints are actuated.

As an initial step, we should analyze the TWS in each leg of
the RPRPR parallel manipulator. In the RPR leg, i.e., leg AC,
we can achieve three twists: two passive twists, $; and $3, corre-
sponding to two revolute joints, and one actuated twist, $,, regard-
ing to the prismatic joint. Since the output twist screw is limited
in two-dimensional plane, the TWS degenerated into the form of
e = (ey,e,,0). Using reciprocal product, we can calculate the
TWS in each leg, which is reciprocal to both the passive twists
except the actuated twist

ejo$, =0 (23)

B Actuated joint €

QO Passive joint

7

Fig.3 A RPRPR parallel manipulator
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Fig. 4 Distribution of the NPI in the workspace of RPRPR
parallel manipulator
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Fig. 5 A parallel singular configuration of RPRPR parallel
manipulator
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As shown in Fig. 3, the TWSs e;(i = 1,2) in both legs, with
zero pitches i; = 0(i = 1,2), are pure forces passing through each
revolute joint (joint A or B) and the end-effector (joint C). The
vectors pointing at the action point of the wrench are zero,

llei]l = 0(i = 1,2). Thus, we can yield the transmission matrix as
€lx €2

E=[el e|=|e, ey
0 0

According to the defined force/torque transmission index,
Eq. (20), we can write the index for this RPRPR mechanism as

2

NPl =—+——
1/o3 +1/03

(24)

where g;(i = 1,2) is the singular value of matrix E.

Without loss of generality, we assume the parameters of the
manipulator as ly, = lg, = 2. Figure 4 illustrates the distribution
of the output force/torque transmission index within the transla-
tional workspace of RPRPR parallel manipulator. The outer blue
lines indicate the chosen workspace boundary with the limitation
of what the extensible legs could extend. From the index distribu-
tion atlas, we can conclude that the larger NPI index it is, the
better output force/torque transmissibility the mechanism per-
forms. As shown in Fig. 4, the mechanism performs the best when
the two limbs are perpendicular to each other. On the other hand,
the manipulator is indicated to perform the worst force/torque
transmissibility when the two limbs are collinear, yielding a paral-
lel singularity as shown in Fig. 5.

3.2 Three-Dimensional Planar Parallel Manipulators

Example 2: 3-RRR Parallel Manipulator. Figure 6 shows a
3-RRR manipulator, a typical planar parallel mechanism, which
has three identical RRR limbs connected to the base and moving

041013-4 / Vol. 7, NOVEMBER 2015

—» force

2\ torqu/!

Fig. 6 A 3-RRR manipulator

platform. Due to the assumption of the unit characteristic length,
we set the radius of moving platform being unity, 73 = 1, hence
the vectors from center of platform to the transmission force are
unit vectors, ||¢;|| = 1(i = 1,2,3). And other parameters of the
3-RRR manipulator are assumed as follows: the radius of the
base, r4 = 10, and the lengths of limbs, r; =, = 7.

As analyzed in the RPRPR manipulator, the transmission force
in each RRR leg is a pure force passing through two passive joints
(Fig. 6), denoted as e; = (ejy, €;y,0), (i = 1,2,3). The distinction
of the TWSs between the 3-RRR and RPRPR parallel manipula-
tors is that the unit vectors pointing at the action point of the trans-
mission force are ¢; = (¢jx, ¢jy,0) in 3-RRR manipulator, while
being zero, ¢; = (0,0,0) in RPRPR manipulator. Hence, from

Eq. (5), we can achieve the transmission matrix as
€lx €2y €3y
E = ey ey e3y which

C1xCly — €1yClx  €2xC2y — €2yCoy  €3xC3y — €3yC3y

is simplified into a 3 X 3 matrix in this three-dimensional case.
Then, according to Eq. (21), we define the index for the 3-RRR
parallel manipulator as

3
2(1/a? +1/05 + 1/03)
where ¢;(i = 1,2,3) is the singular value of the transmission
matrix E.

As mentioned, the 3-RRR parallel manipulator has two transla-
tional DOFs and one rotational DOF. It is hard to present the dis-
tribution of the index varied in both translational and rotational
workspaces in one Figure. Thus, we draw the distribution of index
in the translational workspace with some distinct rotational
angles. For example, Fig. 7 shows the distribution of the index
with zero constant rotational angle, and Fig. 8 is the distribution
with rotational angle, ¢ = —30deg, in which there exist some
points with zero index values, i.e., NPI=0.

All the outer blue lines in Figs. 7 and 8 indicate the workspace
boundary corresponding to serial singular configurations. From
both figures, we can draw the conclusion that the 3-RRR manipu-
lator performs better when it is closer to the central point of the
workspace. On the other hand, the translational workspace of the
manipulator varies with the change of the rotational angles, and
the output force/torque transmission performance differs as well.
Especially, when the rotational angle is equal to —30deg, the
index value is much smaller, and there even exist some points
with zero index values. The smaller index values indicate poorer
force transmission performance.

Besides, we draw a figure indicating the relationship between
the NPI index and rotational angles with constant position coordi-
nates, i.e., x = 0,y = 0 (Fig. 9).

NPI =

(25)
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X /mm

Fig. 7 Distribution of the index in the translational workspace
with rotational angle ¢ =0

T T T T T T T

X /mm

Fig. 8 Distribution of the index in the translational workspace
with rotational angle ¢ = — 30deg

NPI

300

0 100

o/ 200

Fig. 9 Relationship between index and rotational angles with
constant position: x=0,y =0

From Figs. 8 and 9, one can see certain points with index equal-
ing to zero, NPI = 0, indicating that the transmission force cannot
transmit any force/torque out in these configurations. Actually,
the zero-value points are regarded to the parallel singular

Journal of Mechanisms and Robotics

® Actuated joint

O Passive join

/ collinear
/

Fig. 10 A parallel singular configuration when the moving
platform locatesat x =1,y =5.2and ¢ = — 30deg

® Actuated joint

O Passive joint—

/

\\_//

Fig. 11 A parallel singular configuration when the moving
platform locates at x =0, y =0 and ¢ = 136 deg

configurations [18] shown in Figs. 10 and 11, respectively.
Figure 10 shows a singular configuration with coordinates
x=1,y=15.2and ¢ = —30deg, where two of the limbs are col-
linear. As shown in Fig. 11, three passive limbs intersect at a
point, yielding a parallel singularity, when the manipulator locates
at the configuration: x =0,y =0 and ¢ = 136deg. For both
cases, any torque load around the common intersection of the
wrench screws needs infinite magnitudes of internal transmission
forces to resist.

3.3 Six-Dimensional Spatial Parallel Manipulators

Example 3: 3-RPS Parallel Manipulator. Besides some typical
planar parallel manipulators, other two spatial ones are taken as
examples to illustrate the usage of the proposed index for the six-
dimensional case. Figure 12 shows a prototype of 3-RPS parallel
manipulator, which contains a moving platform, a base, and three
identical RPS limbs connecting to the base and moving platform.
The prismatic joints are actuated. This manipulator, being as a
tool head, is widely used in machining application [19].

From force/torque analysis of this spatial parallel manipulator,
the mobile platform is constrained by six TWSs which are all
determined by the output wrench of the system. Each leg provides
two TWSs, i.e., both pure forces passing through S joint, one of
which, e;;, is collinear with the axis of the limb, and the other one,
e, is parallel to the axis of the R joint (Fig. 12). All the pitches of
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— force €31
<—» torque

Fig. 12 A spatial 3-RPS parallel manipulator

Fig. 13 Distribution atlas of the index in the chosen spatial
workspace

the six pure forces are zero, and the vectors pointing at the action
point of TWSs (S;(i = 1,2, 3)) from the center of the platform are
denoted as ¢;(i = 1,2,3). Based on Eq. (5), we can achieve the
transmission matrix as

E— ef) . el P e . e .
(C] X 811) (C] X 812) (03 X 831) (03 X 832)

(26)

Then, from Eq. (22), we can yield the index, as a six-
dimensional case, for the 3-RPS parallel manipulator

3

NPI =
(1) +1/a3+ ...+ 1/d2)

@27

With respect to the global coordinate system: o-xyz coordinate
is attached to the base, the position of the moving platform can
be indicated as (x, y, z), and the orientations can be described by
tilt-and-torsion angles (¢, 0, @) [20]. As analyzed in Ref. [19], the
manipulator retains three DOFs (two rotational and one
translational DOF) while performing another two translational
DOFs, termed parasitic motions. For the sake of convenience, we
use three translational components (x, y, z) to represent the task
space. Without loss of generality, we assume the geometric
parameters of the manipulator: the radius of the moving platform,

041013-6 / Vol. 7, NOVEMBER 2015

0.5

Yy /mm
0

01 0 01 02 03
X /mm

03 -02

Fig. 14 Distribution atlas of the index in the selected slice with
change of x- and y-coordinates when fixing z-axis, z =6

——p force €6

<4—» torque
d €l es

= =AY
G

ciXer c4Xes

€3

Fig. 15 A spatial Stewart manipulator

llei]l =1(i=1,2,3), and the radius of the base, oR; =1.5
(i=1,2,3).

Figure 13 shows the distribution atlas of the NPI index in the
chosen spatial workspace: x € [-0.4,0.4], y € [-0.6,0.6], and
z € [4,8]. Figure 14 manifests the distribution of the index in the
selected middle slice with change of x- and y-axes when fixing
z-axis as z = 6. The results indicate that the index indeed ranges
from zero to unity. The manipulator performs better force/torque
transmission performance when the mobile platform stays closer
to the original point, (x,y) = (0,0). Also we can find that the
index get larger when the extensible limbs extend further, i.e.,
value of z-axis gets larger.

Example 4: Stewart Parallel Manipulator. The architecture
behind the famous Stewart mechanism [21] is a spatial 6-UPS
kinematic mechanism (Fig. 15). Its moving platform connects the
base through six identical UPS limbs, each of which includes a U
joint, an actuated P joint, and S joint in series. Without loss of
generality, we set the parameters, the radius of the moving plat-
form, r, = 1, the radius of the base, r; =2, and the offsetting
lengths, r3 = r4 = 0.35. The position of the moving platform can
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os? 7 X/mm

2

Fig. 16 Distribution of the index in the translational spatial
workspace while fixing the three rotational angles as zero

25
2.
1.5¢

-1.5¢ 1
2t i
O ;

Fig. 17 Distribution of the index in the selected middle slice
by fixing the z-axis and three rotational angles, z=1.5,
¢=0,0=0,9=0

be described by (x, y, z), while the tilt-and-torsion angles (¢, 0, @)
are used to describe the orientation of the platform.

Each UPS limb provides a TWS, a pure force, passing through
S joint along the direction of the limb. Then from Eq. (22), we
can achieve the index for the Stewart manipulator as

3
(1/o3+1/a3+ ...+ 1/d2)

NPI = (28)

Here, we present the distribution of the NPI index in a spatial
translational workspace while fixing three rotational angles as
zero (Fig. 16). In order to show the details about the distribution
values, Fig. 17 shows the contour distribution in one selected slice
with the change of x—y coordinates by fixing the z-axis and three
rotational angles as z=1.5, ¢ =0, 6 =0, and ¢ = 0, respec-
tively. Figure 18 presents the distribution in a rotational work-
space of this manipulator while fixing the translational
coordinates as x,y = O and z = 1.5.

4 Comparison Analysis Between Different Indices

As mentioned, performance evaluation is one of the most
significant issues in analyzing and designing parallel robots.

Journal of Mechanisms and Robotics

10

-10 ¢ / o

-20 -20

Fig. 18 Distributions of the index in a rotational workspace
while fixing translational coordinates as x,y =0,and z=15

Fig. 19 A spatial Delta robot

Several approaches and indices were introduced to evaluate the
performance of parallel manipulators in different aspects. Such as
the well-known local conditioning index (LCI) derived from the
Jacobian matrix was used to measure the mapping between inputs
and output [22]. LCI index was widely accepted and applied in
performance analysis in both serial and parallel mechanisms [23].
However, certain recent research noticed that it encounters some
limitations in the analysis of parallel manipulators, which could
be drawn at least as follows [12,24]:

(1) Unit inhomogeneous problem when it is applied in the
mixed-DOF parallel manipulator causing by inconsistence
of units, i.e., the units of translational DOF and rotational
DOF are different.

(2) Coordinates dependent property due to that the Jacobian
matrix is dependent to the coordinates.

Many researchers attempted to address the above problems,
such as introducing the concept of characteristic/natural length
[25]. However, the LCI values would accordingly vary with the
change of frame coordinates. It is not an intuitive way for differ-
ent end users, because they would achieve different results to the
same parallel manipulator from different coordinates. Conversely,
the proposed NPI index measures the mapping between the output
forces/torques and the constraint forces, similar to the concept of
transmission angle or pressure angle. Based on screw theory,
the index could be used to analyze all exact-constraint parallel
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manipulators including mixed-DOF ones. Besides, the index is a
frame-independent one which could be demonstrated from an
example as follows.

Example 5: Delta Robot. Here, we select a typical Delta robot
as an example to give comparison study between proposed NPI
index and existing index LCI. The Delta robot (Fig. 19) is consid-
ered to be one of the fastest parallel robots nowadays [26].
The mechanism contains a base, a moving platform, and three
identical kinematic limbs including arms and forearms (parallel
pantograph structure). This manipulator is regarded as a pure
translational mechanism, which generates three translational
DOFs. We assume the parameters of Delta robot freely for com-
parison analysis: the radii of base and moving platform are r = 1,
R =2, respectively, and the lengths of arm and forearm are
Ly =3 and L, =5, respectively. For comparison study, we set
two coordinates, i.e., o-xyz and o-X'y'Z/, in the base platform
shown in Fig. 19.

According to Eq. (22), we can define the NPI index of Delta
robot as

3

NPI =
(1/a1 +1/03 +1/03)

(29)

B2 40
(b) X /mm

Fig. 20 Distribution of LCl index in the chosen workspace of
Delta robot with respect to (a) o-xyzand (b) o-xX'y' Z coordinates
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where o;(i =1,2,3) is the singular value of transmission
matrix E.

It is well-known that there is no rotational outputs in the Delta
robot, thereby, the torques acting on the platform do not create
any work. Hence, the genuine TWSs of this manipulator are only
three pure forces, e;(i = 1,2, 3). Here, we can achieve the equiva-
lent transmission matrix as

(30)

Based on the method proposed in Ref. [21], we could calculate
the LCI of Delta robot. Figure 20(a) shows the distribution of the
LCI index in the chosen workspace with respect to o-xyz coordi-
nate, while Fig. 20(b) presents the distribution of the LCI index in
the same workspace but with respect to 0-x'y'z’ coordinate. From
Figs. 20(a) and 20(b), one can see that the LCI index varies with
the change of coordinates. That is to demonstrate that the existing
LCI index is frame-dependent. On the other hand, Figs. 21(a) and
21(b) illustrate the distribution atlases of the proposed NPI index
with respect to two coordinates o-xyz and o-x'y'Z/, respectively.
From the results, we could claim that the proposed NPI index
keeps constant with different coordinates, that is, the NPI index is
frame-independent.

3 2 1 __ 0
(b) X /mm

Fig. 21 Distribution of NPI index in the chosen workspace of
Delta robot with respect to (a) o-xyz, and (b) o-x'y'Z coordinates
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Besides, from comparison between Figs. 20 and 21, one can see
that the overall tendency is similar, i.e., the Delta robot behaves
better performances near the central points.

5 Conclusion

The internal forces and torques in a parallel mechanism contrib-
ute to manipulating the end-effector and resisting the external
loads. The force/torque transmission quality reflects the essential
performance of a parallel manipulator. A generalized force/torque
transmission index, the NPI, is proposed here for multiDOF paral-
lel manipulators. This index is rooted on the concepts of pressure
angle or transmission angle in single DOF one. Since the trans-
mission matrix is spanned by the TWSs, this index measures the
total magnitude of the transmission wrenches. The unit load
wrench is applied and the unit characteristic length is scaled for a
uniform performance evaluation and comparison. The index is
normalized against its lower bound, thus it ranges from zero to
unity. Furthermore, several parallel manipulators including the
two-, three-, and six-dimensional cases are taken as examples to
illustrate the usage of the proposed approach and index. The per-
formance atlas shows the force/torque transmission distribution of
the parallel manipulators. The worst scenario indicated by this
proposed index happens when the magnitude of the transmission
wrenches reaches infinity, caused by parallel singularity.

By comparing different indices, the NPI index stands out with
the merits of unit-homogenous and frame-independency. The
index considers the translational and rotational DOFs together
aiming at resolving all the exactly constrained parallel manipula-
tors including the mixed-DOF ones. Moreover, the proposed NPI
index could be used together with other indices as criteria in dif-
ferent aspects in optimal designs of parallel manipulators. The
optimization based on this index will be investigated in our further
researches.
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