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A number of different formulations for spectral
element-based solutions of Navier—Stokes problems
in cylindrical coordinates have been proposed.

The radius from the axis appears in the equations,
so there has been a tendency to use expansion
bases that incorporate radial weighting.

We show that this is not necessary, and with care
we can have standard expansion bases, and
exponential convergence too.
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Incompressible NSE, primitive variables

1
0l —I—N(u):—EVp +vVu

V -u=0.
Coordinates and vector components

u(z,r,0,t) = (u,v,w)(t)
Nonlinear terms (convective form)
1
N(u)=(udu+va,u+—[wagu|,
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udv +vo,v+ —wdgy — ww,
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ud,w~+vo,w+ ;[waew +vw))

Standard Step |

Getting to Fourier space
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Fourier projection/reconstruction in azimuth

|
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L / u(z,r,0,1) exp(—ik0) do

ftk(z,r,t) = o

u(z,r,0,t) E i (z,r,t)exp(ik0)
k=—o0

Gradient and Laplacian of a complex scalar mode

ik 1 k>
V= (20.0.0.50). Vi=20-+ 000,050
Divergence of a complex vector mode
1 1k
V- Ok = 0.0 40,0 + =0
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Fourier-transformed NSE
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These terms couple the equations
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Standard Step 2

(a) diagonalize
(b) symmetrize

the elliptic operators

Diagonalization: change variables

which uncouples the linear parts of the NSE

) 1 L1 @2
Oyliy + [N () ] :—63 Pe+v|oz+ arra ) i,

. N kY . 1 [k + 1]
atvk+ [N(u)r]k :_B <ar _ ;) Pk—i—\’ <a§ ‘|‘ ;arrar - 7”2 > Vk,
" - 1 k 1 k—117\ _
Wy + [N(u)e]k :_B ((9 + 7‘) Pr+v (82—|— rarl’ﬂ — [ 2 ] ) W,
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Symmetrize elliptic operators: multiply NSE by r

1 k>
0, riy + r[N(u)Z],Qz—Erazﬁk +v <6Zraz + 0,79, — 7) fx,

1 k+1 2
afrﬁk"'r[N(“)r]kN:_E(’”ar_k)ﬁk+V (az’”az-l-arrar— k1) ) U,
r

| k—1]?
atrwk—kr[N(u)e],’::—E (ro, +k) pr+v (azraz+ 0,19, — | . | ) W,

0. riy+ 0,1V, +1kw, =0,

where we use d,r =0.

At this point, geometrically singular terms are
at worst of type |/r.

Conditions at the AXxis

(2) Boundary conditions
(b) Nonlinear terms
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Fourier mode (k) dependence of
boundary conditions at the axis:

k=0 Zarlft():ﬁ(): W() :arﬁozo;

k=1: 10, =V=0w = ]51 =0; All zero
k>1: iy =v= w, = pr =0. «
k> |

Some come from solvability
requirements, some from parity.

Values for k=0 are standard for
axisymmetric flows.

In particular, w, £ 0 allows flow to cross the axis.
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Fourier transformed nonlinear terms

N )= (e 020+ (9 0,)e+ [0 ),
(led )+ (Ved, D)+ %[(W@ 55»),( — (We W),

—

1
(e d, W)+ (Ve d W)+ ;[(W@ doW)x + (Ve W)}

Using BCs and the convolution theorem,

6k:55k:(&®13)k: E &plqu, k.p,g €1
prq=k

these are all zero at the axis for |k| > 2

For the |/r type—terms, we also want to know how
they go to zero with r
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Radial variation of nonlinear terms at axis (1)
First, the |/r—premultiplied terms:

k=0 k=1 k=2 k>2

A~

[N(w):],|_,: quadratic  linear linear  quadratic,

A~

[N(w)],| _,: quadratic —quadratic —quartic —quadratic,

~

[N(u)] k‘r:(): quadratic linear quartic  quadratic,

so after multiplication by |/r:

A~

[N(u),] k’rzO : linear finite finite linear,
[N (u)rm " linear linear cubic linear,
[N (u)em 0" linear finite cubic linear.
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Radial variation of nonlinear terms at axis (2)

Now, the remaining terms

k=0 k=1 k=2 k>2
N(u)] | 0 19, 0 0,
:N(u),,_; 0. Re(maw)/2 dgow /2 Widwi /4O,
:N(u)e:; e 0 od.w1/2  Wwi9,wi1/4 0.

Note this finite term at the axis for k=0
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Discretisation, |

Galerkin treatment
of elliptic operators
(simplified variant)
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After symmetrisation, all elliptic scalar operators in

NSE are of form
2
A A 0 A A
r

where o?is a real Fourier-mode constant

We convert this to weak form, with weight function ¢

2
/ rd,00,Cr + 1o, 0,6 + G—(béde = —/ rq)fde +/ rohdI’
Q r Q I'n

where h
represents Neumann BCs on boundary segment T'y
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2
/ rd,00,Cr + 1o, $o,Cr + O—(I)@k dQ = —/ ré f dQ —I—/ rohdl’
Q r Q Ty

This is the only set of terms that can create singularity
problems

The axial BCs are all homogeneous/0, and either of
Dirichlet or Neumann type

For the Dirchlet axial BCs, we use strong enforcement,
meaning the shape functions are zero at r=0

For cases with Neumann axial BCs, (i.e. with possibly
non-zero values), it happens that > =0

Consequently there are no problems with axial

singularity — no need for special shape functions
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Candidate shape functions are sets with
an interior—exterior decomposition

nodal modal

Interior Basis Functions

Nodal and modal spectral elements make natural choices
— but standard finite elements would work too.
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Discretisation, 2

Time integration —
velocity correction scheme
(aka “stiffly stable” integration)

|. Pressure PPE, pressure gradient update

J J—1
- E o ru"? — At E BN (u"=9),

rv2ptl= XrV u', with
ra,p" V=—rpn- E By(N@"™ ) +vW x V x u"~9) + g,u"~9)),
At A A A A
ru=ru* — —rvptl (G O, Wi, Pr)

Primitive variables
2.Viscous correction

x>k

u
2t TR0 ) M
: VAt VAt

(dik, Vi, Wi, Pk

Diagonalising variables
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That completes the algorithm

® All geometric singularities resolved

® No need for special expansions
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But: care is needed with this equation:

P
At

rV2pt =21,y

because the RHS is divergence of a vector

% (9.rt2} + 0,70 + ik} ) = % (0.ri2} + 1o, 0 + 0} + kb))
incorporating the nonlinear terms.

Specifically, ¥ is non-zero at the axis from Re(w,9,7,)/2

This means we cannot incorporate r into our quadrature.
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Test case

Need cross-axial flow to exercise all terms

The Kovasznay flow

u=1—exp(Ax)cos(2my),
v=(2m) '\ exp(Ax) sin(2my),
p=(1—exphx)/2,

A =Re/2— (Re*/4+4n>)2, Re=1)v.
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In cylindrical coordinates
u=1— exp(Az) cos(2n[rcos(6+©) +A}),
v=(2m)" "\ exp(Az) sin(2x[rcos(6 + ©) + A]) cos(6 + ©),
w=—(2m) "'\ exp(Az) sin(2x[rcos(6 + ©) + A]) sin(6 + ©),
p=(1—expAz)/2.

Where A shifts, and © rotates, the solution w.r.t. the axis.
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Applications
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Thank you

Details of this work appear in JCP 197 (2004).




