MTH 1035 - Solutions to Handout 1 - Lipschitz continuity

Exercise. For the following claims about real numbers a, b, ¢, d, which always hold? Which hold
under extra assumptions?

Note: for this question (and only this question), it is enough just to say which are true without full justification or
proof. In fact, some of these are axioms of the real numbers, meaning they cannot be proved and instead must just

be assumed.

(1) Ifa<b,thena+c<b+c. 7 Wa)? =]lal.

(2) Ifa<b,thena+c<b+c. (8) la+ bl =lal+1b|.

(3) Ifa<b,thena-c<b-c. 9) la+ bl <lal+1b|.

(4) If a < b, then a® < b°. (10) la—b+c—d|<|a-Db|+|c—d|.
(5) If a® < b?, then a < b. (11) |ab| = |al|bl

6) VaZ=lal. (12) fa<b, then <1

Answer. Items 1,2,6,9,10,11 always hold. Item 3 holds if ¢ = 0. Items 4,5 hold if a, b = 0. Item 7
requires a = 0 to be well-defined. Item 8 holds if a,b = 0 or a, b < 0. Item 12 holds if a, b > 0 or
a, b <0. Also, items 3,4,5,12 hold if a = b.

Which number lies halfway between 1 and 9? In an arithmetic sense, 5 = %(1 +9). In a geometric
sense, 3 = 3! is halfway between 1 = 3° and 9 = 32. For positive numbers x and y, define %(x +y)
as the arithmetic mean and /Xy as the geometric mean.

Exercise. Show the AM-GM inequality: /Xy < %(x + ).
Answer. Observe for x, y > 0 that

\/x_s%(x+y) =S
2\/xXysx+y o
2VxPi<sx+y)? o
4xy<x*+2xy+y- o
4xy—4xysx2+2xy+y2—4xy <
0<x*-2xy+y* o
0<(x-y)?
and the last line is always true.

Exercise. Show thatif 1 < x, y <2, then |x? — y?| <4|x - y/.
Note: the notation 1 < x, y < 2 means that both x and y are between 1 and 2.
Answer. Since x? — y? = (x + y)(x — ). It follows that

x> =y l<|x+yl-lx—y =
x> =y < (x| + 1y 1x—y| =

|x2—y2|s 2+2)-|x=yl.

Let X be a subset of R. (For example, X = [1,2] or X =[0,00) or X =R.) A function f: X — R s
called Lipschitz if there is a constant L > 0 such that

lf)—fI=<Lix-yl
1



2

for any two numbers x, y € X.
For instance, the previous exercise shows that the function f : [1,2] — R defined by f(x) = x? is
Lipschitz with constant L = 4.

f) /
=
slope < L L’I‘
©
=
flx) |
/ |$ ) y|
! !
T Y

Exercises.

(1) Show that the function g:[1,2] — R defined by g(x) = x3is Lipschitz.
Answer. Since x° — y° = (x — y) (x> + xy + y?). It follows that
180 —gWI =1 +xy+ Yl Ix—yl =
1gX) — gl < (& +Ixyl+y)) - 1x—yl =
1g§xX)—gNI=@+4+4)-[x-yl
so g is Lipschitz with constant 12.
(2) Show that f: R — R given by f(x) = x?% is NOT Lipschitz. That is, for any L > 0, find
x,y € Rsuch that
lf(x)—fI>Lix—yl.
Answer. Take x =2Land y = L. Then | f(x) — f()| =3L?> > L? = L|x - y|.

(3) Prove the following: if f:R — R and g : R — R are Lipschitz functions, then the composi-
tion fo g:R— Ris Lipschitz.
Answer. Let Ly and Lg be the Lipschitz constants of f and g respectively. That is,
lf(x)—f(I<Lflx—yland |g(x) — g()| < Lg|x — y| for any x, y € R. Then,
I(feg)(x) = (fo))=1f(g(x)— f(g(y)
<Lslg(x)— gyl
<L ngIx -yl
so fogis Lipschitz with constant L = L¢Lg.

(4) Prove the following: if f : R — R and g : R — R are Lipschitz functions, then the sum
f+g:R—Rdefined by (f + g)(x) = f(x) + g(x) is Lipschitz.



Answer. With L¢ and Lg as above,

(f+8@ - (f+8WI=If(x)+gx) = f())—gWI
=1fx) = f(y)+gx) -gl
<|fX)-fI+1gx)—gHl
<Lflx—yl+Lglx—yl
=(Ly+Lg)lx—yl

so f + g is Lipschitz with constant L = L¢ + Lg.

(5) A function f: X — R is bounded if there is a constant M > 0 such that | f(x)| < M for all

(6)

)

(8)

xe M.

For instance, sin is bounded, since |sin(x)| < 1= M for all x e R.

Give an example of a function which is Lipschitz, but not bounded.
Answer. Try f(x) = x.

Show that any Lipschitz function f : [a, b] — R defined on an interval of the form [a, b] is
a bounded function
Answer. For any x € [a, b],

[f(x)-f(a)l < Llx—al<L|b-al,
and

lf ) =1f(x) - fla)+ f(a)l

<|f(x) - flal+|f(a)l

<Llb-al+|f(a)l.
sotake M = L|b—al+|f(a)l.
Suppose f:R — R and g : R — R are both Lipschitz functions and bounded functions.
Show that the product f - g:R — R defined by (f - g)(x) = f(x)g(x) is Lipschitz.

Answer. Let Ly and Lg be the Lipschitz constants and My and M the bounds. Then
(f-X)—(f-8) =g - f(ygy
=fx)g) - fX)IgW + f(X)gy) - fF(NEW),

S0

I(f-8X) = (f-WI=1f(x)gx)— f() g+ f(x)g() — fF(¥) g
<|f0gx) - fFIgWMI+1f gy — F(gWI
<1f1-18) —gWI+1f(x) = fF(I-18()
< MygLglx—yl+ L¢lx—ylMg
=(My¢Lg+LfMg)|x—yl.

This shows f - g is Lipschitz with constant L = M¢Lg + L M.
Show that & : [0,1] — R given by h(x) = \/x, is bounded, but not Lipschitz.

Answer. If 0 < x < 1, then 0 < /x < 1 and therefore |h(x)| < 1. For a constant0 < L < 1,
take x =0 and y =1 and observe that

|h(x)—h(y)|=1>L=L|x-yl.



1

1z and observe that

For aconstant L>1, takex=0and y =
h h _ 1 L _ L
|h(x)—h(y)|= oL al- lx—yl.
(9) Show that the absolute value function f : R — [0,00) given by f(x) = |x| is Lipschitz, but
is not differentiable at zero.
Answer.
We will argue case by case that | lyl—1x| | < |y—x|. From this, it follows that the absolute
value function is Lipschitz with constant L = 1. Note that since

|IxI =1yl =[Iyl=1xl| and |x-yl=1ly-x],
we are free to exchange x and y. Therefore, we may freely assume that x < y. This reduces
the problem to three cases. In case one, if 0 < x < y, then
[yl =1xl| =y—x=1y—xl.
In case two, if x <0 < y, then
||y| - |x|| =y+x<y—-x=|y—x|.

Finally in case three, if x < y <0, then

Iyl =1xl| = y—x=1y—xl.
This establishes
[yl =1xl| <1y —xl
in all cases and so the function is Lipschitz.

One can see that the absolute value function f(x) = |x| is not differentiable at zero. In
particular,
lim —f(x) AU =1 and lim —f(x) AU =
x—0% x—0 x—0" x—0
so the two-sided limit
fx)—f(0)
x—0

-1,

= lim
does not exist.
On an interesting historical note, Isaac Newton first used the limit

, . fx+h)—-f(x-h)
f =0
as the definition of the derivative. Under this definition, the absolute value function
would be differentiable everywhere. However, using this definition would cause seri-
ous problems later on in calculus and so it was soon replaced with the definition of the
derivative we have today.

Bonus Exercises.

(1) Let X be a subset of R. A function f: X — R is called Hélder if there are constants H >0
and 0 <0 < 1 such that
If0-fI<Hlx—yl
for any two numbers x, y € X with |x — y| < 1. Try the exercises in the handout again with
Holder in place of Lipschitz.
(2) Suppose f is everywhere differentiable. Show that f is Lipschitz if and only if its deriva-
tive is bounded.



