Exercise #2
Mini-course on the Classification of Anosov Systems
Andy Hammerlindl ~ October 10, 2011

Disclaimer: While I have taken care in preparing questions, I have not solved all of
these problems in complete detail. As such, there may be errors or omissions in the
problems as stated. These could be considered as part of the exercise. Please, contact
me if you have any questions.

1. Suppose A is a finite subset of the unit circle in C. Show that if
3 _ n
Jim =
AEA
exists (and is non-zero), then A = @.

2. Suppose f: M — M is Axiom A and ; is a basic set such that W*(z) C
O for all € Q. Show that if € ) is periodic, then Wu(z) = Q.

3. Show that an Anosov diffeomorphism has Global Product Structure (or
is splitting) if and only if the following holds: For every compact subset
K C M of the universal cover, the set of points

{reM:W3(x)NK#@ and W'(z)NK # 2}
is compact.

4. For amap f : R™ — R", the index I.(f) of a fixed point x is given by the
degree of the map
y—f)

99 = 1=

defined on a circle around the point. For a map on a manifold f : M — M,
the index is given be choosing a coordinate chart R™ — M about the fixed
point.

(a) Show that the index is independent of the choice of coordinate chart.

(b) Show that if f is a diffeomorphism, then I,.(f) = =1 where the sign
is given by the sign of the determinant of I — D f,.

(c) Show that if x is a hyperbolic fixed point, then I.(f) is given by
(—1)*A where u = dim E¥ and A = £1 depending on whether D f,
preserves or reverses the orientation of E7.

(d) Show for an Anosov diffeomorphism f : M — M, after lifting to a
finite cover, we have

#Fix(f") = [L(f")]
for all n # 0. Here L(f™) is the Lefschetz number.



5.

6.

(a) Show that any Anosov diffeomorphism has an infinite number of pe-
riodic points.

(b) Show that there is no Anosov diffeomorphism on a sphere of any
dimension.

An Anosov diffeomorphism f : M — M has Global Product Structure if
for every two points z,y on the universal cover, the lifted unstable leaf
through = and the lifted stable leaf through y intersect in a single point,
denoted [z,y]. Say that f has Polynomial Global Product Structure if, in
addition, there is a polynomial p : R — R such that

du(z, [z,y]) + ds(y, [, y]) < p(d(z,y))

where d, and ds denote distance measured along the foliations and d
is distance on the universal cover. By adapting the work of Brin and
Manning, show that any f with Polynomial Global Product Structure is
topologically conjugate to an infranilmanifold automorphism.

A foliation W is quasi-isometric if, after lifting to the universal cover,
there is a linear polynomial p : R — R such that dw(z,y) < p(d(z,y))
for all =,y on the same lifted leaf. Show that if the unstable and stable
foliations of an Anosov diffeomorphism are quasi-isometric, the system has
Polynomial Global Product Structure.

See my preprint “Dynamics of quasi-isometric foliations” for more details.



