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ABSTRACT

This paper extends the distributional theory for the problem of testing for
structural change in the linea model when the timing of the dange is
unknown, and poposes a simple method d obtaining approximate aiticd
values for the mean-Wald test. The results apply for a very wide range of
regresor types, including integrated and trending regresors, and
regresors that exhibit their own structural bre&k. The proposed
modificaion to the mear-Wald statistic thus provides a smple means of
performing the test in awide dassof models.
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1. Introduction.

The development of the distributional theory for the problem of testing for structural
change when the timing of the dhangeis unknovn has progressed enormously in the
past few years, since Andrews (1993 developed the asymptotic theory for GMM -
based variants of Quandt's (1960) “SupF” test. Andrews” work covers estimation and
testing for parameter instabili ty in the cntext of both linea and nodi nea parametric
models; however, hisresults rely heavily on an assumptionthat, in alinea regresson
context, requires both that pli mT'12Ixtx; be finite positi ve definite, and that, for any
subsample, plim(sT) ™Y, xx = plimT™Y 1% x O s0(0,1) 2. Such an assumption
isclealy problematic in many if not most econametric contexts; ruling out, in
particular, regresors that are nonstationary in the sscond moment. The asymptotic
criticd values for the SupF test tabulated in Andrews (1993 are thus not generally

applicable.

There has, of course, been work onlesslimited regresor types, though usually in the
context of the linea model only, and wually treaing a spedfic “type” of regressor.
For instance, Andrews and Ploberger (1994) introduced the average-exporential form
of the LM test (the Exp-F test) in a general ML-based context, and wsed a “norming”
matrix to permit deterministic trends, whil e Hansen (1992 considers the distributional
theory of the Sup-F, Ave-F, and Nyblom's (1989 “L.” test for parameter instabili ty in
the linea regresson model (LRM) with 1(1) regressors which may or may not include
deterministic trends. However, Andrews and Ploberger’ s tabulated criticd values for
the Exp-F,, and Ave-F (Exp-F,) tests apply only for the cae in which the regressors
are strictly stationary, while Hansen’ s effedively require that the stochastic process

generating the regresors be known.

! Andrews (1993, Assumption 1(g).

2 x is, as usual, a k-vedor of regressors, and [.] denotes the integer part.



Hansen (199%) also derived the limiti ng distribution o, and tabulated criticd values
for, the Sup, Ave, and Exp-F tests and Nyblom’s L test for models involving
regresors that themselves exhibit a structural break. He found,as might be expeded,
that the null limi ting distributions once again depend onthe stochastic process
generating the regresors (specificdly, onthe timing of the regressor breg), making
the tabulation d even asymptotic criticd valuesimpracticd. Hansen accordingly

suggests the use of bodstrap p-valuesfor this case.

Andrews, Lee and Ploberger (199%) demonstrated the exad finite sample optimality
of the Exp-F test under the asumption d iid namal errors and fixed regressors; and
showed that their result also appliesto certain cointegration models. However, while
their Exp-F test is exadly similar, its null distribution returally still depends onthe
regresors. They suggest criticad values be obtained ona cae-by-case basis by
simulation. We dso nae the work of Bai and Perron (1998, in which the theory
regarding bregk paint estimation is extended to multi ple breakpoints and more general
regressors, including trending regresors. Their consideration o testing was, however,
still restricted to the stationary-regresors case.

The primary aim of this paper is to extend the asymptotic theory for Wald-type tests
of parameter instabili ty withou having to spedfy in advance the “type” of regressor
being considered in any particular case. In particular, we derive the limiti ng
distributions, uncer bath the null and a suitable locd alternative, of the mean and sup-
Wald tests under assumptions encompassng stationary, trending and integrated
regresors. The extensionisimportant for both theoreticad and practicd purposes. as
we have dready observed, existing tabulated criticd values for the sup and mean-
Wald tests are gopropriate only for avery restricted classof models, making the tests
eff ectively inaacessble to the practitioner.

The secondary aim isto devise asuitable gproximation a modificaionto the test
statistics 9 as to avoid the need to tabulate criticd values. Such an approximation
might be cmnsidered amost essential in ou case since, as might be expeded, the
limiti ng distributions derived in Sedion 3 depend explicitly onthe asymptotic

“behaviour” of theregresors. To thisend, Sedion 4 drives the asymptotic mean and



variance of the mean-Wald test, and uses them to construct a moment-adjusted
statistic with an approximately chi-squared limiti ng distribution. The “closeness’ of
the dhi-squared dstribution to the adual limiti ng distribution d the modified mean-
Wald test is then investigated by simulation, and foundto be very good, particularly
in the upper tail from which criticd values are derived. The gproximation thus
provides a simple means of performing the mean-Wald test in awide dassof models

with avariety of regressors, using critica values from the standard X tables.

Finaly, in this paper we focus on testing for a one-off breek, occurring at an unknavn
point in time, in the context of the linea model. We further restrict our attentionto
“pure” structural change, in which al the structural parameters are subject to change.
The obvious extensions (testing for other forms of parameter instabili ty, including
multi ple bre&ks; partia structural change, in which oy some subset of the structural
parameters are wnsidered li able to suffer from instabili ty; and parameter instabili ty in

norlinea models) arerelatively straightforward, and will be reserved for future work.

2. Model and test statistic.

Consider the linea regresson model

Yo =xB+ U, (2.1)

with E(u|7,) =0, E(W|7,) =07

where x; is ak-vedor of linealy independent regresors, and #_, isthe sigmafield
generated by past u; and present and pest x; . Obviously, uncer the null hypothesis of
no structural change (H,: 3, =) model (2.1) reducesto the standard y = X3 +u,

wherey and u are T-vedors, and X isaT x k matrix of rank equal to k.

Now suppcse aregion d interest, N, with closurein (0, 1); ie, M =[m,,] 0 (0,1);
and assume apaossble one-off change in the structural parameters at some unknown

time T =[1T], TN . Let this be written as



[ B+, t<T1
Bt_{ﬁ , t=2T;

so that the null hypathesisisnow simply H,: 8 =0.

Partitionthe T x k matrix X for eat of then = 1, — 1, +1 paential bre&kpointsin

[t, =[mT],1, =[m,T]] as
|:XT:| xk
X=|_ ;
X, | m-0xk

. XT <k
and further define Z :[ }

(T—T)Xk.
Then, undr H,:d % 0, (2.1) can bewritten, for any given T, as
y=XB+Z.,0+u; (2.2

and the correspondng Wald-type statistic for the test of Hp vs H; iseasily shown, for

given T and a2, to be
W, =0?y'P,Z (Z;PZ,)"Z;Py = y'PPy/o*, (2.3)
where k <1< T, P, isthe usua orthogonal projedor with respect to X, and
P =P2Z (Z/PZ,)* .
Clealy, PP isidempotent, with rank equal to k, and P; X = 0. Hence

W = u'P,P!u/a” under Ho.

3. The asymptotic behaviour of W..

The asymptotic properties of W; for given T chosen independently of the sample ae of

course well known. Our interest hereisin the limiti ng distributions, under bath Ho



and H,, of the various functions of W, that all ow the testing of parameter instabili ty
withou the need to resort to arestrictive paint aternative. We will focus, in
particular, onthe SupF, which selects the largest W; observed ona prespecified range
of feasible bregkpoaints, and the AveF, which takes a simple average of al W, also

over aprespedfied range of feasible bres&kpoints.

3.1 Limiting distribution under Hg

In the following, = will used to dencte weak convergencewith resped to the
uniform metric, (I - to denote mnvergencein probability, and (I — to denote

convergencein dstribution.

In addition, let M dencte the “cumulative design” matrix Y x,x. = X'X.,My=0,
and otservethat X'Z_ =Z'Z =M _.Alsolet m(d) 2 x!(y, —x!d) =xu ()
summarise the aumed data generating process(DGP) at timet for some parameter

vedor ¢. Finaly, let W; be dso denated W, (1), where t=1/T O (0,1).

We now define the stochastic processwe call Generalised Brownian Motion, and

make the foll owing assumption.

DEFINITION. Let G(-) denote azero-mean vedor Gaussan processon [0, 1] with
pasiti ve definite mvariance kernel E(G(r)G(s)') = &(s) for r =s>0.Then
G(r) ~N(0,£(r)), and E((G(r) - G(s))G(9)') = 0; implying G(r) - G(s) ~
N(0,&(r) = £(9) . G(-) isthen said to be ageneralised Brownian motion
(GBM) on|0, 1]. If it isaso the cae that G(0) = 0 and $1(1) = I« then G(-) will
be referred to as a standard GBM.



AsuMPTION 3.1. For T = [tT] and 1t0(0, 1],

@ Em(@)=0.

(b) E(u]Z_,) =0 and E(U}|Z_,) = 0%, where Z_, isthe sigma-field

generated by past u; and present and pest x; .
(© R,AMMY — R(m) =0(1) norsingular.

(d) A centra limit theorem (CLT) applies such that

T -2 T
M;]/ZZ;u/oE[(jZ xx’) x.u, IF - N(O,1,).
; tM ; t ( k)

REMARKS. Asaumption 3.1(a) impaoses wedk exogeneity under Ho: B constant; andin
eff ect establi shes the null DGP; while Assumption 3.1(b) states that the model
disturbances form a martingal e difference sequence (mds) with constant condtional,

and hence uncondtional, variance.

Asaumption 3.1(c) places quite we& restrictions on the nature of the regressors. It
stipulates that every sub-sample aumulative design be the same order (in T) as that
based onthe entire sample; with the product M ;¥°M ¥? converging to a norstochastic
matrix function o tas T tendsto infinity. The assumptionisacordingly satisfied by
X stationary, step-stationary®, and trending’. In particular, for the X-stationary case
we have plimT ™M ; = plim(sT) ™M, finite positive definite (s(0, 1] ), and thus

R(m) = /T, . For notational convenience we will usually write R(T) as R..

Asaimption 3.1(c) does nat, at present, permit integrated regresors, asin this case the
appropriatel y scaled moment matrix converges (weakly) to a stochastic matrix. An
Op(1) version d A3.1(c) would allow (1) regressors, bu all results must then be

% That is, x, is dationary before and after an arbitrary structural change somewhere in the sample & per
Hansen (1996).

*# An example of aregressor which would violate A3.1(c) isx = 1 for t <yT, x, = t for t > yT, y 0 (0,1).
In this case M ; is only O(T) for T < yT, while M1 is O(T%. Hence R, = O,(T™).

TI<Y



made mndtiona onaparticular redisation d the limit matrix ?. We mnsider this

matter in more detail at the end o this Sedion.

The condtions under which Assumption 3.1(d) is stisfied obviously depend onthe
nature of the regresors. It is, for instance, trivially satisfied by X fixed, and u; ~ iid.
For X stochastic the obvious approach appeds to the martingale CLT, requiring,
firstly, that (m =xu,,% ) be asquareintegrable mds satisfying (i) the Lindeberg
condtion dus t‘;mm’t/t‘;E(mn”() [P - 1; plusthe further condtion (ii) that
;E(mm’) / GZtZE(XtX{) [0 - 1°. X we&kly exogenous ( E(x,u,) =0) with suitably
bounadd moments plus Assumption 3.1(b) would then suffice Note that, since

M ¥?Z'u is (almost) the partial sample OLSE of B, we ae, in effed, looking for

situations in which the asymptotic normality of OLS can be justified.

Finally, bah Assumptions 3.1(c) and (d) require the exclusion d the endpant t= 0.
R, =0for any T obvously violates the positi ve definite part of A3.1(c), and A3.1(d)

clealy requires T = [1TT] to be some non-zero fraction d a(growing) sample.

We now establi sh the following Lemma and Theorem.
LEMMA 3.1. Under Hp, andAssumptions 3.1(a) — (d),
T Y2 4
(oixtx;) Y XU =M*Ziu/o = G(m)
t=1 t=1

where 1= Tt 0[0,1] , and G(m) is ak-variate standard GBM on [0, 1] with

variance-covariance matrix & (1) = R(T)R' (1) .

® Alternatively, make the various expedationsin (i) and (ii) conditional on &_,; inwhich case (ii)
requires convergencein probabili ty.



ProOOFOF LEMMA 3.1

Let g, =M;**Z'u/oc =R M **Z'u/o, t=[nT], mO[0,1]; and rewrite
Assmption 3.1(d) as M**Z'u/oc = Z™, where Z ~N(0,1,) andthe
superscript indicates the underlying sample fradion. Then

g = R(M.Z™ = H(m

by Asaumption 3.1(c), (d), and the Continuows Mapping Theorem (CMT).
Furthermore, for t; = [rT] > T, = [ST],

T

9 9 :M;l/z Tthul = M;I/Z(M T _MTi )J/Z(M T, _Mri)_l/z XU
e 571
E(RTJ'R',[j _RTiR,Ti )1/2[ TthX; )_]/2 zjtut
=T+ t=T+1

— (}%r,s)z(r’S)

where R, s(%%’—‘}?s‘}?;)m ,and Z"9 isindependent of Z® by A3.1(b).

Invoking the “norstochastic” part of A3.1(c) then immediately yields
(i) R(M Z =N(0,RR:), implying g, (! - N(0, R, R.) ; and

(i)  E.q(HIN-H(9)H' (9} = E{%,s)zk“’s’%(s"‘}?s'} =0

implying E,. {H(r)H'(9}=V{H(9)}.

Finaly, ®(0) =0, R(1) =1, impliesH(0) =0and E(H(Q)H'(1)) = RR =1,
also. The limit processH(+) isthus a standard GBM on |0, 1].



COROLLARY 3.1.Under Hp, andAssumptions 3.1(a) — (d)

M¥2(Z0 - M M3X)u=M*°Z'u - MY M2X'u
=R'M**Z'u - R'M¥*X'u
= RHG(m) - £ (MG().

THEOREM 1. Let W, ([ be indexed on M =[m,1,] U (0,1) . Then, undr Hy and
Asaumptions 3.1(a) — (d),

W (D= Q(D),

SupF £ SUpW (1) ' - sgij(Tr) :

and AV =W (1, )2 S W (yT) I - = [Qurar

t=1, T, =
where Q(Jis defined on tIM by

QM) =(G(M) - £(MGD) R (I, — AR *RHG(M) - £(M)G(D))
= (G(m) - £ (MG(1)) (&(m) - fz(rt))_l(G(Tt) - (MG(D). (3.1)

PROOF OF THEOREM 1. The first part of the Theorem foll ows instantly from the CMT,
Corollary 3.1, and Assumption 3.1(c), on singP,Z. =Z - XM M _ and

M;¥’M¥? =R _ to rewrite the numerator of Wy (1) under H, as

uPPu=U(Z,-XMM )M, -M MM )HZ:-M M?X")u (32
=@M -XMIMI)(, =M M M) M 22 -M M)

=u@EZ MR -XMPPR)(L, ~RR)HRIMPZ, -RIM XU

The limiti ng distributions of the Sup and AveF statistics then foll ow viathe CMT.



REMARKS: 1. The Theorem establi shes, subject to the stated assumptions, the limiti ng
distributions of test statistics based oncontinuouws functions of W, (), M ;
including, in particular, the SupF and AveF statistics, and so provides abasis for the
simulation d criticd values appropriate to the design keing considered. These

limiti ng distributions are functions only of the “trimming” parameters 1y and T,
sdledted by the praditioner; and of .&(m) = plimM 7¥*M .M ¥2" . Thus &(m) can be
consistently estimated for given rtfrom the sample moments of X, with the estimates
then being used to simulate drawings from G([). It is therefore passble in theory to
obtain drawings from the asymptotic distributions of, and hencecriticd valuesfor,
test statistics based on {W, (11); tlIM }. The eplicit exclusion o the endpants 0 and
1 from theregion 1 isrequired primarily for convergence of the SupF statistic (see
Andrews (1993)); but impases no ged restriction on,for instance, AveF, since

neither W, nor Q(m) are defined for t=0 or 1t= 1.

2. Although we do nd specifically consider the ExpF statistic of Andrews and
Ploberger (1994, of which the AveF is alimiti ng case, its limiti ng distribution unaer
Asaumption 3.1 would simil arly follow from the first part of Theorem 1 viathe

continuows mapping theorem.

3. Thelimit processQ([lis aquadratic form in the “tied-down” vector process
G(m) - £ (mMG() whichwewill cdl the Generalized Brownian bridge (GBB).
Alternatively, Q() can be written as Q()= q(Y q(0)}, with ¢(Q)defined on TN by

g() = (I, = RR) *RG(M) - & (10G(D) .

g(QVis, of course, the limit processof P/u/o, and can easily be shown (seethe
Corollary to LEMMA 4.1. below) to have ak-variate standard namal distribution for
given 1t Thus, as expeded, Q(m) is, for given 11(0,1) , chi-square distributed with k

degrees of freedom.

4. If the regressors are stationary in the sense of Andrews (1993,Asaumption 1(g)),

then & (m) =11, , G(Q) reduces to a standard Brownian motion on[0, 1], and the limit

10



processof Theorem 1 abowve instantly simplifies to that described in Andrews (1993,
Theorem 3). Theorem 1 isthus a generalization d Andrews (1993, Theorem 3)

applied to pue structural change in the linea model.
5. Finaly, consider replacement of Assumption 3.1(c) by Assumption 3.1(c'):
) R, MM = R(m) =0,(1) norsingular;

so asto allow integrated regressors. Let “ El](/2 denote the condtional distribution
given aredlization d the limit processR(0)} and olserve that, whil e the preliminaries
in the proof of Lemma3.1are unaltered urder A3.1(a, b, ¢’ andd); ie,

G = R(9.ZY etc; points (i) and (i) nolonger foll ow.

However, the asymptotic normality assumption A3.1(d) now requires that the
regresrs and dsturbances be & least asymptoticaly uncorrelated®; a mndtion
usually satisfied by asuming strict exogeneity ( E(x,u,) =0 [Ot,s). It then follows
that R(s) and £ are independent, immediately implying R(s) %" W = N(O, R%R.)
and 9[m|x M - N(O,R,R:). The same agument applied to pdnt (ii) of the proof of

Lemma3.1then yields a wndtional version d the Lemma and the subsequent

Theorem.

In summary, if the explanatory variablesinclude 1(1) regressors then the results of
Theorem 1 must be treated as condtional ona particular “reali zation” of the limit
processR(0). This has no effed onthe marginal distribution o Q(m) for given 11, as
this does nat invave R([) however, the joint distribution d, say, Q() and Q(),
doesinvave R(0; and thus © dothe limiti ng distributions of the Sup and Ave-F
statistics. Simulated criticd values would therefore dso be “condtional”; and
although this does nat necessarily make them unusable, it does mean that there would
be no pant in tabulating thase obtained. Of course, it might be argued that thisis
pretty much the case anyway, even under A3.1(c): the limiti ng distributions gill

® SeePark and Philli ps (1988 §5.1).

11



depend onR(0}; and hence, in general, onthe “type” and number of regressors. We

return to the problem of obtaining criticd valuesin Sedion 4.

3.2 Local Power

Before turning to the pradicdliti es of implementing tests based on{ W, (11); Tt },
with their non-standard regressor-dependent limiti ng null distributions, consider the
limiti ng behaviour of W () uncer the sequenceof locd alternatives described by the

following assumption.

AsUMPTION 3.2. Asfor Assumption 3.1, except A3.1(a) isreplaced by

@ E{lm(PB+oM ;”Z'r](t/T))} =0, wheren(-) isany step function a
uniform limit of step functions defined on[O0, 1].

REMARKS. Our alternative takes the form of abre&k or series of bregksin 3 of
magnitude 6,1 =M ;”Z'r](t/T) ; that is, the rate & which the break magnitude
diminishes with T is governed explicitly by the design. Obviously, for certain designs
the factor M ;¥* could be replaced an “equivalent” function d T (T™* for stationary
X, T™¥ for alinear trend, et cetera), after the manner of Andrews and Ploberger’s’

normali zation matrix.

Also ndicethat 8, =aoM Y 2'r](t/T) includes everything between the “varying
coefficient” alternative y, =xB, +u,, and aone-off step-break at, say, t=1t. The
latter would correspondto n(m) = &1(mt< 1) where 1(-) isthe indicator function and
& isanon-zero constant; in which case the DGP under H,:d # 0 can be written in the

style of (2.2) with Z_ replaced by the “correctly” partitioned Z ., t°=[1T].

" Andrews and Ploberger (1994).

12



Finally, we consider locd power under the non-stochastic version o A3.1/3.2(c) i€,

R =M7?M{% = R(m) finite norstochastic; O[0,1]; {R(): mO(0, 1]}

[mT]

norsingular. Hence R R{¢, = G,y = & (1), where & (1= R(JFR' (N isalso
finite norstochastic on [0, 1] and {(m): TO(0,1]} is positive definite. &) will

similarly be dencted by the dternate natation &7, as convenient.

THEOREM 2. Suppa@e Asaumptions 3.2(a) — (d) hold. Also suppcse that the limit matrix

{&(1): 0[0,1]} isa cortinuows and dfferentiable matrix function o 1t Then
W, (1= Q (D= ¢ (07 ¢"(D1;
where ¢7(1) is defined on TtIM by
g1 = (I, ~RR) ™ RHG(M) - & (G(D) + H(m))

and  H(m)=(, -5)] [dFONE - %[ ([dFEn(E . (33)

PROOF OF THEOREM 2. Inthis case we have , ; = oM ;j/zln(t/T) , implying DGP
Y, =XB, +u, with B, =3 +9, ;. Thiscan be rewritten, by letting Z, denote the
T x k matrix comprised of thefirst t rows of X, zeros theredter, and droppng,

for notational convenience, the second subscript on d, as

y:XB+X262 toe +XT—16T—1+XT6T +Uu
EXB+(Zz _21)52 +ee +(ZT _ZT—1)5T +tu.

Defining AZ, =Z,-Z,_, thenyields
T
Piy/o = > PiAZ, /o +Pu/o;
t=2

where the limit processof P/u/o, 1 = [1iT], followsinstantly from the first

part of Theorem 1 as

13



Pu/o = ¢(m) = (I, ~RR) VRHG(M) - £(MG(D)). (3.4)

Now, let M, =X'Z,=Z;Z,,and ndethat Z:Z, =M fort<t;, whilefort>t

Z'Z =M,.Then,forO<t<T,

PiZ,5/0=(M,-M,M7M ) ¥(Z,Z, -M MM ) 8/0

_JM =M MM )M, -M MM )30, T<t
M, -M MM )M, -M MM )8/ , T=t.

A cetain amourt of rearrangement, and applying Assumption 3.2(a), then

yields, for T <t,

PT'ZtBt/O' = (| = M ]T/Z’M -_rlM 1/2)_]/2M ]T/Z'M t_]/2,
x(1, =ME MMM M ()

=(I, -RIR)V?RIRY (I, ~RIR)RIN(/T);
whilefor T > 1t,

PIZ,8,/0 = (1, ~MY? MM 212 M 3232 M3 M ).

Hence forO<t<T,

(I ~RIR) R, -RR)N(H/T), <t

, (3.5)
(I ~RIR)¥ RIRRINW/T), T2t

P‘[,Ztét/o- :{

implying, for 2<t<T,

~(I, ~RIR)*RIAGN(YT), t>T

P'AZ .3, /0 = ,
(I, -R'R) RIMAGN(t/T), t<T

where R,R! =G, and R,R! -R,,R!, =M ¥*x X'M*? = AG, . Thus

14



T , T
Y P/AZ,8, /o= (1, -RIR ) RIS AGn(Y/T)
=2 t=2

] (3.6)
(I, —RIR) ¥R T AG,N(Y/T).

t=1+1

Now, let T=1/T and s=t/T; andrecdl that R ,R{q = Gy = G(9)
where & (1= R(DFR' () is continuovs diff erentiable norstochastic by

asumption. Hence, for arbitrary h (0O<h<'s),

Cin =Gy _, #(9-4(s=h)
h h
Setting h=1/T onthe LHS of this expresson, and olserving that
AG, =AG 4, =G G[(S_im , then yields

TAG,,, = IImf(s) -5 (s—-h) _ d.s(s) ’
h ds

by definition. Hence, for O<r, <r, <1,

[r,T] [r,T]
AGNWYT) =2 > 186 = [ 1428 pgas=[*(@ o9
t=[rT]+1 t =[rT]+1

Applying thisresult, and Assumption 3.2(b), to (3.6) then yields
> PIAZ,3, /0 = (1, - RR) R (d(9)n(9
-0 ~RR) PR (SN
which in combination with (3.4) establi shes

Py /6 = g%() = (1, - RR) 2 RHG(1) - 7 (MG(D)
(1, =R R (@)
- (L =~ RRY PR (dF @S-

15



Rearanging the seaond and third terms and applying the CMT then establi shes

the Theorem.

COROLLARY. Suppae Asaumptions 3.2(a) — (d) hald, except now n(1) = {1(Tt< 1) .
Then the limiting kehaviour of W, ([)) is as described by Theorem 2 above, with
FH( now given by

Gl —G)E , m<sT

(I, -&)oE , m>m. (3.7)

H(m) = {
PrROOF. The orollary isreadily obtained onsubstitution d n(m) =&1(mt< 1) into
(3.3). Alternatively, sincethe DGPisnow just y = XB+Z"8+u, where Z" isthe T x
k matrix comprised of thefirst ™ =[1T] rows of X, zeros thereafter, it foll ows that
Ply/o =P,Z"8/o +Pu/o, wherethelimit processof P;Z"8/c proceals diredly
from (3.5) onrepladng sby 1 and applying R, ;, = R(1) . Rearanging the
resulting expresson as

(I _%(]%n)_l/zcjzglgr(l « G, TSTH

PiZ'3/o :{uk ~RR)FRA, ~G)GE T

then establi shes the Coroll ary.

REMARKS: 1. Obviously, when Hy is true we have n(-) = 0, and thus Q"())= Q()I.
Otherwise { Q"(m), M O (0,1) } iswell-defined, and dstinct from the null
distribution provided Ttis bounded away from zero o one, since /(1) = 0 for Ttequal
to zero or one, bu is otherwise nortzero in genera. The presence of the
“norcentrality” fador () in thelimiting processQ’ (1) thus establi shes that tests
based on{ W, (), tJN }, such as SlEanV\lr(T[) and W, (Tt,,,) , have nontrivia

power.
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The exception, d courseg, isthat of asingle brea occurring at the very beginning or
end d the sample. This can be seen most easily from the Corollary: setting T =0 or 1

in (3.7) obviously makes (1) identicdly zero for al 1t

2.0nceagain, if the regresors are stationary such that (1)) = 1, then the limiti ng
processdescribed here reduces to a variant of that described in Andrews (1993. In
particular, Theorem 2 is a generalization d Andrews (1993,equation 5.4 applied to

pure structural change in the linear model.

4. The Chi-square approximation

Reoonsider the null limiti ng distributions of Theorem 1. In general these are non
standard, and depend nd only onthe dimension d the parameter vedor S, and the
upper and lower bounds T, and 11, , but onthe asymptotic “behaviour” of the
regresors as well, through the limit matrix Ry The distributions can be simulated, for
agiven regresor “type”, bu tabulation o criticd vauesisreatively paintless In
consequence, the dhasen test must be performed with criticd values obtained by
simulation ona cae-by-case basis; or via some form of bodstrap (see, for instance,

Hansen, 1996; or by approximation.

Itis, of course, well known that, subjed to the usual regularity condtions, the statistic
W; with bre&kpoint T fixed independently of the sample convergesin dstribution
under Hy to a dhi-square with k degrees of freedom. The same result, relying only on
Asaumptions 3.1, can be seen to proceed diredly from the first part of Theorem 1.
Whil e this does nat particularly asgst with the problem of obtaining criticd values for
tests, such asthe Sup a AveF, that are cnstructed as functions of W; over arange of
possble bregkpoints 1, it does suggest that a chi-square goproximation may be worth

investigating.
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Accordingly, consider the AveF statistic, W, and its null limiting distribution as
established in Theorem 1. Denate the latter by S= S(r,, 11,) .

The “chi-square-adjusted” version d the AveF statistic proceals by the simple
expedient of matching the first and second moments of its limiti ng distribution unaer

Ho to those of the X, . That is, we construct

W =k ++/2kZ,,, where Z,, :\A_IF_TES()S);
: : — [2k —
implying W =k + \E(\M—E(S)). (4.0

Then, under Hp and the assumptions of Sedion 3.1,

_ N 2K .
We(m, ) M- S(m,m) 2 k+,/@(8(m,ﬂ2)—E(S)),

where, by construction, E(S.) =k, and V(S,) = 2k . The proposed test procedure is
then to rejed Ho, for observed values of W.° in excessof the chosen percentil e of the

X{,, distribution. Thiswill be cdled the “AveF,” test.

Naturally, the AveF. test will have actual asymptotic size dose to naminal provided
the & and X(Zk) distributions are sufficiently congruent. It thus remainsto oltain the

mean and variance of 1, T,); and to evaluate the extent to which the (1, T0)

2

distribution can be said to “match” the X, .

4.1 Mean and variance of the AveF limiting distribution under H,

Let G(m) dencte the Generalized Brownian bridge G(m) — & (m)G(1) , and recall that

Q(=q(ly q() where ¢(1) = (I, = RR,) *R,'B(M) = (4, - &) V2 &(m), mON .
Also observe that, for
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S=S(m, A
(T, 71,) -

2

! _[zg(r)dr , (4.2)
-,

E(S) = f jiz(Q(r))dr, (4.3)
T, — TG

L)

- [ [ E(QQ(s))dsdr .

and  E(S) = o Tr1)

o _11_[1)2 E]_T[zg(r)dr;[z)(r)dr =
(4.9

Rewrite G(1) in the usua manner as &(m) = (I, - &) G() - &.D(1) , where
D(m) £ G(1) - G(m) is by definitionindependent of G(1). Then

&(NG(9 =[(1, - £)6(r) - £DO)](1, - £)G(s) - %D(9)]

=[0- )(D(r s)+G(s) - 40()]
x[G ()1, —(D(r) + D(r,9))4 ]

where, for r > s, G(s), D(r), and D(r,s) = G(r) —G(s) are mutually independent,
with variance-covariance matrices £(9), |, — £(r), and 4(r) — £(9), respedively. We

therefore have the following Lemma and Coroll ary.
LEMMA 4.1. For r,s[0,1],andr =s,

E(G(r)G(9))=(1,—-£)4%.
COROLLARY 4.1. For r J[0,1], and it ,

@) ~N(0.4-4") O ¢(m~N(O,1I,).

The marginal distribution, and expedation, d Q()=q(Drq( is now obvious: for
fixed r 0N 0(0,) Q(r) ~XG,,, and E(Q(r)) =

The mvariance kernel E(Q(r)Q(s)) could similarly be derived by writing Q(r)Q(s)
= B(r)' (& - &) G(NG(9)' (£ - &) ®(s) interms of G(s), D(r), and D(r, s), and
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colleding al terms with nonzero expedation, after the manner of LEMMA 4.1 above.
However, amuch lesstedious approach uses the following Lemmato rewrite Q(r) in
terms of aGBM on |0, 1).

LEMMA 4.2. The vedor process () defined on[0, 1) by
K(m 2 (1, - &) "6(m ~N(0,5(, - 45) ™)

has covariancekernel E(K(r)X"(9)) =& (1, — &) " =V(K(9) for r = s.
K(YisthusaGBM on]0, 1).

PROOF OF LEMMA 4.2. That the marginal distribution d k(1) isas tated is evident

onsimplifying (1, - &)™ (£, - &)1, - &) ™. The ovariance kernel isjust

E(X(NK'(9) = - &) E(GNG(S ), -K)™
=(L,—) 7 LU, _fs)_l

for r s by LEMMA 4.1. Likewise, for r <s wefindthat E(G(r)G(9)') =

&1~ &) ., implying E(X(NK"(9) = (1, ~F) "G =V(K(r)).
We ae now realy to prove the fina Lemma and Theorem.

LEMMA 4.3. For Q()=q(q() asgivenin Theorem1, r,sJ(0,1),andr =>s,

E(QNQ9) =k +2tr( (1, =) % (1. = %) 7).

PROOF OF LEMMA 4.3. First note that, in terms of <X ([,

QN = &) (% -4 &(1)
=K (=G =G 1 = HHWD)
=K1, = QYK

implying

20



QNQS) =K' (NG (I, = L) KK (947 (I, = L) K(9)
=(D(r.9+K(9)4 (1 =)(D(r,9) + K (9))
x K9 (I =LK ()

where, forr >s, D(r,s) = K (r) - k(s) isindependent of °A(s). Thus

E(QMNQ(9) = E(D'(r, 947 (1, - ) D(r, 9K (94 (1, - DK(9)
FE(H(94 711, - HFOK (9571, - L) K(9).

Applying the usual results® regarding expedations of prodicts of quadratic forms
in independent normal variables then yields

E(Q(NQ(9) =tr(V(D(r,9)4 (1, = Nr(V(K(9)& (1 - £))
+r(V(K(9)G (1 — V(K (9) L1 — )
+2tr(V(‘7((S))5?_l(| K —(Q)V((J((s))fs'l(l K _‘z)) )

where V(K (9) = (1, =)™ and V(D(r,9) = (1, =) " = &1, - )™
Substituting these into the preceading expresson then establi shes the Lemma.
THEOREM 3. Let 7/(r,s) denotethe scalar quartity

w470 -9 40,-9)") =u{(G 1) e 1)),
Then, for 0< T, <, <1 and S= (1, T,) asper (4.2),

E(S) =k,

M, T,

rW(r,s)ds+ 2W(s,r)ds dr ;. (4.5
[{ frieome ]|

™ o\ T r

2
d V(S)=——
o () (T[z_T[l)z{

8 For independent n-vedors x ~ N(0,V,) and y ~ N(0,Vy), and symmetricn x n Aand B,
E(x’Ax y'By) = tr(VxA)tr(V, B) and E(x’Ax XBXx) = tr(V A)tr(Vyx B) + 2tr(Vx AV, B).
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PrROOF OF THEOREM 3. E(S) = k ohtainsinstantly on substituting E(Q(r)) =k into
(4.3). With regard to the variance, rewrite (4.4) withr > sandr < streaed
separately, as

LRI

E(S") = ﬁ{ﬂ E...(QQ9)dsr + [ | EKS(Q(r)Q(s))dsdr};

where E,, (Q(r)Q(s)) =k* +2%/(r,s) and E, (Q(r)Q(s)) = k* +27/(s,r) from

Lemma4.3. Hence

E(S?) = nk—znl) f]”asdr +ﬁ{ jn]rwr,s)dsdr - Tj[nsz(s,r)dsdr}

(m, - T)? -
2 LRL] mm

- K2 L{Jﬂz[fwg,s)ds+ JIIZW(S, r)ds] dr } ;

+ 2
(M, -m)" |5 \n r
which onsubstitutioninto V(S) = E(S?) - k* establi shes the Theorem.

ReEMARK. We seethat, while the mean of (11, 1) invalves only the dimension d the
regresor vedor, its variance depends also onthe bound 1, and 11,, and onthe
limiti ng moment matrix (0. However, as already noted above, (1) can be
consistently estimated under Assumption 3.1(c) via the sample quantity

M- ¥’M M ;’/2' . Condtioning on the observed regressors accompli shes the same
result under A3.1(c). V(S), and hence W,°, can therefore be amputed onthe basis of

sample information alone. We return to this matter in more detail in Sedion 4.3.

On the other hand, if the stochastic processgenerating the regressorsis known then it
may be worth extending the solution o V(S) — particularly for certain simple caesin
which a dosed form expressonfor &{([)is avail able. Accordingly, we dose this
sedion by restating Lemma 4.3 and Theorem 3 for the specia case in which the
regresors are stationary in the sense required by Andrews (1993. The proof of

Corollary 4.4 can be foundin the Appendix.
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COROLLARY 4.3. For r = s and stationary regresors [ 5(m) = 1,

s(1-r)
r(l-s)’

E(Q(r)Q(9)) =k +2k (4.6)

COROLLARY 4.4. For stationary regresors .5(1) = 1,

8k
(T[2 - T[l)

V(S) =2k -

+ﬁ{(2(1— ) +|nTr2)|n]]_':—::+(2T[1 +In(1- m))'n%}
2k

+m{ Li,(m,) - Li,(1-m,) - Li,(m) +Li,(1- )}

k

0 — [e]
where Li,() denctes the dil ogarithm Li,(2) = [ -2 du = Z%-
z u k=1

REMARK. Under symmetric trimming (1T, = 1 —1g) V(S for stationary regressors

simplifiesto

8 . 4k
(m-m) (m,-m)?

V(S) =2k - {(21‘[1+Inn2)ln%+Liz(nz)—Liz(T[l)}.

Thus even for this smplest case we do nd quite obtain a dosed form solution. We
conclude that for more complex regressor models it may well be more straightforward

to compute (4.5) numerically, even asuming known limiti ng matrix &(0L

4.2 Comparison: the S; limiting distribution vs the chi-square

The question d whether, under Ho, the X(Zk) distributionisa dose enough match for
the limiti ng distribution o W,° to provide “reasonably accurate” approximate
asymptotic criticd values is examined by simulating the respedive distributions for a

variety of regressor types. The six designs included were:
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() a aonstant plus avariable distributed iid N(0,1);

(i)  a onstant plus adeterministic linea trend;

(i)  design (ii) plusavariable distributed iid N(0,1);

(iv) a mnstant plusavariable distributed iid N(0,1) for the first half of the sample,
N(1,1) for the seoond half;

(v) a onstant plus avariable distributed iid N(0,1) for the first half of the sample,
N(0,2) for the second half; and

(vi) amnstant, plusarandam walk variable generated as the awmulative sum of a
vedor of iid N(0,1) variates.

These designs will be referred to as the “stationary”, “linear trend”, “trend + N(0,1)",
“step-stationary”, “ step-heteroscedastic”, and “randam walk” designs, respedively. In
addition, it will be convenient to refer to the limiti ng process(1y, 10,) as the “AveQ”

distribution; its chi-square aljusted variant (1, 1) isthen “AveQ.”.

AveQ and AveQ. were simulated over 10000repetitions for ead of the six designs.
Eadch AveQ “draw” was obtained by simulating the limit processQ(m) (equation (3.1))
over thegrid M(N ) defined by [, 1-1] n {t=j/N:j=0,1...,N} withmg =0.1.
We set N = 5000for designs (i) — (v), sincefor these caes () and hence V(S) are
norstochastic and reed oy be computed once For design (vi) we set N = 2500,since
in this case Theorem 1 hdds only condtionally, making it necessary to recompute the
process ([, andin particular the limiti ng variance V(S), every repetition. In either
case V(S) was computed over the n = 4001(2001) possble breakpointsin (N ) by a
doulde sum over #/(i/T, j/T) along thelines of (4.9) below. The wrrespondng
AveQ. draw follows viatransformation (4.1). The simulated AveQ. distribution
functions for each design are mmpared with the correspondng chi-square df

(cumulative distribution function) in Figure 1.
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Figure 1. Smulated cdf of the AveQ, statistic for designs (i) iid N(0,1); (ii) linear trend,

(iii) trend dusaniid N(0,1); (iv) stepped iid namal; (V) step-heteroscedastic; and
(vi) randanwalk.

25



We seethat, in eat case, the greatest differencein the afsisin the left-handtail, due
to the non-zero probability of obtaining & < 0 after applying transformation (4.1) to S
However, in the right-hand tail the mrrespordence isremarkably close. We dso nae
that the probabili ty of obtaining S < 0 dminishes as the number of regressors
increases, implying that the worst case for thiskind d “pile-up” at zero would
correspondto asingle regresor (k = 1) design. Otherwise the chi-square distribution
with k degrees of freedom appearsto be afairly good approximation for the acual
limiti ng distribution o W,°.

The “actual 5% sizes’ reported are the observed probabili ty that S, exceeds the 95"
percentil e of the X(zk) distribution. The reported probabiliti es thus estimate the true
asymptotic size of the AveF test condwcted with chi-square aitical values for each of
the designs. We note that, while dl of these simulated sizes are below the nomina 5%
significancelevel, nore ae significantly different® from 5%. The AveF. test thus
seanslikely to have dlightly lower size “asymptotically” (and hence we exped,
dightly lower power) than would properly be the cae. The difference, however,
would appea to befairly marginal. We conclude that the chi-square gproximationis

areasonable solution to the problem of obtaining criticd values for the AveF test.

4.3 Practical issues: implementing the test

The greatest practicd obstade to use of the dhi-square gproximationisthe neal to
compute the limiti ng variance V(S). In theory, if the processgenerating the regressors
is known then V(S) can be derived as aknown function d 14, and 11, — though the
derivation would have to repeated for ead case. On the other hand, even the simplest
(stationary regressor) case does naot allow a dosed form solution for V(S). Analogous
results for other regresor types are nat likely to be any lesscomplex; and, d course,
would apply only to the regressor “model” under consideration. Furthermore, the use

of such aresult in pradice necessarily assumes that the chasen regressor model is

® Asauming the usual standard error of estimation of a propartion; in this case equal to 0.0022.
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correct, at least to the extent of yielding the gpropriate limiti ng moment matrix. Use

of asample-based alternative is therefore aguably more robust, as well as being more
general, since it makes no assumptions beyondthose of Section 3.1; and, in particular,
does naot require us to passess pecific information regarding the process stochastic or

otherwise, generating the regressors.

Accordingly, consider the estimation o V(S) viathe sample quantiti es ' (s) and
£ (r), where & (r) M ;¥?M oM 22 P &(r) uncer A3.1(c). Then

79 =4 1) (G- 1)) T 29
implying

V(S :ﬁ{]ﬂz['[rﬁ(r,s)dﬁ Jn;'(s,r)ds] dr} 4.7

L L r

isa onsistent estimator of V(S). The limiti ng distribution d W is acordingly
unaltered by the use of VV(S) rather than V(S). That s,

2k

T W -l M- s (43

W (T, 1) =k +

under Assimption 3.1; with W.° now denating our “estimated” statistic, and E(S)

replaced by k.

Repladng A3.1(c) by A3.1(c') implies V (S) converges only wealy to the now
stochastic quantity V(S); however thisis aufficient for (4.8) to hdd condtionally, as
discussed in the Remarks concluding Section 3.1.

With regard to the omputation o V (S), first note that (4.7) can also be written,
because of the “stepped” nature of 7’ (r,s) , as
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V(S) = —{z ZW(l/T j/T) + z ZW(j/T |/T)} (4.9)
1=T J=Ty i=1y j=i+1

wheret; = [y T], 1, = [1LT], andn =1, — 14 + 1 isthe number of breakpoints possble

in the trimmed sample™. Rewriting ¢ (r,s) as tr(D,,;,D;%, ) where

Dy M7, ~M 7, r O[m, ], then yields

7©=2{3 Suoor)$ 3 u(oro)

iI=Ty =14 1=7y j=i+l

T, T

2l $vio07)+ 5 $uio07)

1=1q |=1q J=T4i=]+1

+ iz Tzz Etr(DiDj‘l). (4.10)

N ifh=s

N
S| R

V(S) isclealy nat difficult to compute. Indeed, the doutle sum in (4.10) is generally
most efficiently obtained by constructing the n x n matrix of traces D'D , where
D=[vecD, vecD,,, -- vecD,|andD=[vecD;’ vecD;,, - vecD|;and
summing over the % n(n—1) elements below the principal diagonal. Though it
appeas cumbersome, this procedure takes lessthan a seaondfor the sample sizes
typicdly encountered in pradical work; particularly sincethe cmponent matrices
(M v PO, L], and M ) would namally have dready been computed in the
construction d the test statistic. Thisis particularly evident if we use (3.2) to rewrite

(2.3) as
W, =W (1/T) =67%y'(Z M;* = XM DN (M'Z; -M7X)y,

where 62 = y'P,y isa mnsistent estimator of 02 urder Hy, and D' = (M *-M ) ™.

The AveF statistic W, (11, T1,) is then computed as

va(nl M) = Z\M

TTl
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with the k2 xn matrices D and D being constructed as by-prodtcts.

However, for the most part it turns out to be more efficient to compute W, (11, 11,) as

theratio of quadratic forms y'P,y/y'P,y, wherethe T x T matrix

=23 (2 XMADAM Z; -M X))

=T,

P,

is constructed, along with D and D , from scratch. The steps involved in computing
the AveF, test statistic and performing the test are then as foll ows.

1. Obtain 6* and M from the OL S regresson ony on X, and seled 1y and Tt

2. Compute, for eath T =[mT],...,[T,T], Z;, M., D,, €t cetera, and hence
construct P,, D and D.

3. Calculate the AveF statistic W, (11, 11,) = y'P, y/6? ; and estimate its variance
using (4.10).
A 2k .
4. Compare the AveF, statistic W (11, Tr,) = k + \E(\Nr(nl,nz) ~ k) with
critica values from the X distribution with k degrees of freedom.

5. Conclusion

This paper derives the genera distributional theory for the Sup- and AveF tests for a
structural break of unknown timing in the parameters of the linea regresson model
under asumptions that permit most common types of regresors. With the limiting
distributions heavily dependent on a design-dependent limiti ng matrix, we then
propcse and evaluate asample-based chi-square “adjustment” to the AveF test to
allow the use of standard chi-square aiticd values. The chi-square distribution

10 Naturally, V' (S) asgivenin (4.9) isidentica to the expresson that would be obtained for V (W )
under the assumption of non-stochastic X and normally distributed disturbances.
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functionisfoundto be areasonably accurate approximation to the true limiti ng
distribution d the two-moment modified mean Wald statistic for all the designs
considered. The problem of obtaining useable criticd values for a diagnaostic-style test
of structural change might thus be described as (almost) more-or-less ®lved, at least

for these and similar designsin the cntext of the linear model.

Of course, more work needs to be undertaken to seehow well the X(Zk) distribution
matches the finite sample distribution d W°. In ather words, will t he use of chi-
square criticd valuesin conjunctionwith the W,* statistic dso result in finite sample
sizes acceptably close to naminal? Furthermore, whil e the AveF, test necessarily has
the same asymptotic locd power asthe AveF, the dfed of the chi-square aljustment
onfinite sample power shoud also be investigated.

Finally, we have restricted ou attentionto ore-off change in the structural parameters
in the linea regresson model. The ansequences of relaxing each o all of the

assumptionsinvolved would provide ample scope for further work.

Appendix
PROOF OF COROLLARY 4.4. Dired substitution d (4.6) into (4.5) yields

2k Cl1-r ¢ s r (°1-s
V(S) = ds+ ds|dr ;.
S (nz—nl)z{-[[ r Jl—s S 1—r-r[ S S] r}

T L

Using Jl;'s'ds: Ins—s and Jlids: -s—In(1-s) weobtain,for0<a<b<1,
s -s

b b b
JL 1—Sdsdr:'[L{Inb—bﬂ—lnr}dr
al-r: s al—r
b

2 2 —
:a__b_+{a_b+|n1_a}(l—b+|nb)— Llnr dr
2 2 1-b a 1-r
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and

Pl-r{ s _fl-r
iTilTSdsdr _i T{a+|n(1—a)—r—|n(1—|r)}o||r

:(b—21)2_(a—21)2 {a b+|nz}(a+ln(l 2)) j "In(1-r)dr .

a

The remaining integrals are solved in terms of the dil ogarithm function as

S r * (Inr . .
_a[ Elnr dr :'e[ {E—Inr}dr =[Li,@-r)]. +[r-rInr], and

j " In@-r)dr —J{w—ln(l—r)}dr =[-Li, (N +[r +@-1)In@-n];

a a

so that, after rearanging and coll eding terms,

b ba_ —
jL 17 dsar :Z(a—b)+1(b—a)2 +a|n9+(1—b)lnu
21-ri s 2 a 1-b

+Inb|n1_—g — Li,(1-b) +Li,(1-a)

1-a
and sdr—2a by+=(b—a +a|n +(1-b)In——
i : J (a-b) ( )2 (1-b)in_—
+In(1—a)|nE - Li,(a) +Li,(b).
a
Hence
b b S
—_— ddr+ —dsdr
-a[l r-r[ S -[ - 1-s

= (b-a)? - 4(b-a) +2aln> + 2(1-b) In1 =2
a 1-b

+Inblnﬁ+ln(l—a)ln9+ Li, (b) - Li,(1-b) - Li,(a) + Li,(1-a).
- a

Repladng a by 1, and b by T, then yields the stated resullt.
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