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THE PROBLEM
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LESSON 1:  
THE DENSITY SUM IS THE 

BRIDGE

DiscreteContinuum



WHERE SPH STARTS

What is the density?

mi, xi, yiρ(x, y)

e.g. Lucy (1977), Gingold & 
Monaghan (1977), Monaghan (1992)

�(r) =
N�

j=1

mjW (|r� rj |, h)

h

Price (2012)



EXAMPLE: SPH VISUALISATION github.com/danieljprice/splash

Discrete

Continuum

<latexit sha1_base64="ztDjpsO9l24Jneox4QdPP69vZJg="></latexit>

A(r) =
X

j

mj

⇢j
AjW (|r � rj |, h) e.g. Gingold & Monaghan (1977)

c.f. Price (2007), PASA, 24, 159

http://GitHub.com/danieljprice/uvsph


EXAMPLE: SPH VISUALISATION github.com/danieljprice/splash

Credit: David Liptai (2019)
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Z
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X

j

mj

Z
W (|r � rj |, h)dze.g. column density

http://GitHub.com/danieljprice/uvsph


h1

h2

ADAPTIVE RESOLUTION LENGTHS

➤ Simultaneous equations 
for h, rho 

➤ requires iterative solution 

➤ can solve to arbitrary 
precision
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e.g. Hernquist & Katz (1989), Benz et al. (1990), Springel & 
Hernquist (2002), Monaghan (2002), Price & Monaghan (2007)
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EXAMPLE: GRAVITATIONAL FORCES Price & Monaghan (2007)
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Gravitational force “softening” 
with adaptive softening lengths

Adaptive softening with energy conservation 1349

Figure 1. The functional form of the modified potential (-), gravitational

force and the density profile using the cubic spline kernel. For r/h ! 2, the

smoothing is zero and the potential and force are exact.

3 L AG R A N G I A N F O R M U L AT I O N

The Lagrangian describing a self-gravitating gas is given by

L =
N

∑

b=1

mb

(

1

2
v

2
b − !b − ub

)

, (14)

where ! is the gravitational potential (5) and u is the thermal energy

per unit mass. The equations of motion may be obtained through

the Euler–Lagrange equations

d

dt

(

∂L

∂va

)

−
∂L

∂ra

= 0, (15)

giving

ma

dva

dt
=

∂L

∂ra

. (16)

The advantage of using a Lagrangian to derive the equations of

motion is that, provided the Lagrangian is symmetrized appropri-

ately, momentum and energy conservations are guaranteed. Varia-

tional principles have been used extensively to derive conservative

SPH formalisms for relativistic fluid dynamics (Monaghan & Price

2001), magnetohydrodynamics (Price & Monaghan 2004) and in

the case of a spatially variable smoothing length (Monaghan 2002;

Springel & Hernquist 2002).

An adaptive softening length formalism may be derived by writ-

ing the gravitational part of the Lagrangian in the form

Lgrav = −
∑

b

mb!b,

= −
G

2

∑

b

∑

c

mbmcφbc(hb), (17)

where φbc refers to φ(|rb − rc|). Swapping indices in the double

summation shows that equation (17) is equivalent to averaging the

softening kernels in the form

Lgrav = −
G

2

∑

b

∑

c

mbmc

[

φbc(hb) + φbc(hc)

2

]

. (18)

The derivative of equation (17) is given by

∂Lgrav

∂ra

= −
1

2

∑

b

∑

c

mbmc

[

∂φbc(hb)
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∣
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h

∂|rbc|
∂ra

+
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∂hb

∣

∣

∣

∣

r

∂hb

∂ra

]

, (19)

where

∂|rbc|
∂ra

=
r b − r c

|r b − r c|
(δba − δca). (20)

We relate the smoothing length to the particle coordinates, assuming

h = h(ρ), using

∂hb

∂ra

=
∂hb

∂ρb

∂ρb

∂ra

, (21)

where ρ is the density calculated by a summation over neighbouring

particles in the form

ρa =
∑

b

mbW (|ra − r b|, ha) , (22)

where W is the density kernel. The relationship between h and ρ

means that this is a non-linear equation for both ha and ρa which can

be solved self-consistently for each particle. The iterative method

we use for doing so is described in detail in Section 4.2. The spatial

derivative of equation (22) is

∂ρb

∂ra

=
1

%b

∑

d

md

∂Wbd (hb)

∂ra

(δba − δda) , (23)

where W is the density kernel and % is a term accounting for the

gradient of the smoothing length given by

%a =

[

1 −
∂ha

∂ρa

∑

b

mb

∂Wab(ha)

∂ha

]

. (24)

Using equations (20), (21) and (23) in equation (19) and simpli-

fying, we have

∂Lgrav

∂ra

= −ma
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b
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[
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2

[

ζa
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]

. (25)

The quantity ζ is defined as

ζa ≡
∂ha

∂ρa

∑

b

mb

∂φab(ha)

∂ha

. (26)

where ∂φ/∂h can be tabulated (or calculated) directly for the partic-

ular smoothing kernel used. For the cubic spline, the expression is

given in Appendix A.

The derivation of the SPH pressure force from the thermal en-

ergy term in the Lagrangian (equation 14) in the case of a spatially

variable smoothing length has been described in detail else-

where (e.g. Monaghan 2002; Springel & Hernquist 2002; Price &

Monaghan 2004) and we simply use the result here. The final

equations of motion take the form

dva

dt
= −G

∑

b

mb

[

φ′
ab(ha) + φ′

ab(hb)

2

]

ra − r b

|ra − r b|

−
G

2

∑

b

mb

[
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∂Wab(ha)
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+
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∂Wab(hb)
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]

−
∑

b
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[

Pa

ρ2
a%a
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+
Pb

ρ2
b%b
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]

. (27)

C© 2006 The Authors. Journal compilation C© 2006 RAS, MNRAS 374, 1347–1358

Diverges if particles come too close!



EXAMPLE: IMAGE INTERPOLATION github.com/danieljprice/denoise

Discrete Continuum (fixed h)
<latexit sha1_base64="PakDfi+d0KFG0dsU9rzSoskNQzs="></latexit>

I(x, y) =
X

i

X

j

I(xi, yj)W (|x� xi|, |y � yj |, h)�x�y

➤ Faint astronomical images: noise proportional to intensity 

➤ Pretend pixels are SPH particles 

➤ Interpolate to find continuum image 

➤ Can we use adaptive smoothing lengths to reconstruct the smooth image?
Price, in prep

<latexit sha1_base64="KOlexlMltiFRM4FYgblUi9a3w54="></latexit>

h /


1
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Continuum (adaptive h)

http://GitHub.com/danieljprice/uvsph


EXAMPLE: IMAGE DENOISING github.com/danieljprice/denoise

Ménard et al. (2020) arXiv:2006.02439

http://GitHub.com/danieljprice/uvsph


EXAMPLE: RADIO ASTRONOMY github.com/danieljprice/uvsph

SPH interpolation

Current state of the art using 
radio astronomy software

Inverse 
FFT
Uvsph image

Image 
deconvolution

Credit: C. Pinte Credit: D. Price

http://GitHub.com/danieljprice/uvsph


LESSON 2:  
USE THE LAGRANGIAN



FROM DENSITY TO HYDRODYNAMICS

LagrangianLsph =
X

j

mj


1

2
v2j � uj(�j , sj)

�

1st law of thermodynamicsdu =
P

�2
d�

+

density sumr�i =
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+
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!
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= �rP

�

◆

equations
of motion!

d
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�L

�v

◆
� �L

�r
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+
Euler-Lagrange equations



EXAMPLE: RELATIVISTIC HYDRODYNAMICS

Lagrangian

1st law of thermodynamicsdu =
P

�2
d�

+

density sumr�i =
X

j

mjrWij(h)

+

=

d

dt

✓
�L

�v

◆
� �L

�r
= 0

+
Euler-Lagrange equations

equations
of motion!
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Monaghan & Price (2001) 
Liptai & Price (2019)



EXAMPLE: SMOOTHED PARTICLE MAGNETOHYDRODYNAMICS

Lsph =
X

b

mb


1

2
v2b � ub(⇢b, sb)�

1

2µ0

B2
b

⇢b
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Z
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◆
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⇢2b
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dt
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b

mb

✓
Sij

⇢2

◆

a

+

✓
Sij

⇢2

◆

b

�
rj

aWab,

Sij =

✓
P +

B2

2µ0

◆
�ij �

BiBj
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Price & Monaghan 2004a,b,2005, Price 2012, Tricco & Price (2012), Tricco, Price & Bate (2016)



WHAT THE LAGRANGIAN GIVES US

YouTube “the most beautiful idea in physics”

Noether’s theorem

Emmy Noether 1882-1935



THE MINIMUM ENERGY STATE

SPH particles 
know how to stay regular

dvi

dt
= �

X

j

mj

 
Pi

�2i
+

Pj

�2j

!
riWij

What happens to a random particle arrangement?

e.g. Price (2012), see also Oger+2016 and Lind+(2016) for particle shifting techniques for incompressible flow



WHY BETTER GRADIENTS ARE A BAD IDEA

Corollary: Better to use a worse 
gradient operator but conserve 

momentum

Improving the gradient operator 
leads to WORSE results

dvi

dt
=
X

j

mj

 
Pi � Pj

�2j

!
riWij

Abel 2010, Price 2012
TRUST THE LAGRANGIAN!

CONSERVATION REIGNS SUPREME!

This claim about conservation is disputed



LESSON 3:  
ERRORS GO INTO THE 

PARTICLE DISTRIBUTION 
CONSERVATION REIGNS SUPREME!

This claim about conservation is disputed



TENSILE INSTABILITY: NEED POSITIVE PRESSURES

MHD

Sij =

✓
P +

B2

2µ0

◆
�ij �

BiBj

µ0

This is known as the 
tensile instability in 
SPH: occurs when 
net stress is negative



LESSON 3: ERRORS GO INTO THE PARTICLE DISTRIBUTION
➤ Calculations keep going, even when they’re screwed up...

Orszag-Tang Vortex in MHD (c.f. Price & Monaghan 2005, Rosswog & Price 2007, Price 2010)

In SPH,
“screwing it up” => NOISE

In grid codes,
“screwing it up” => CRASH

ERRORS GO INTO THE PARTICLE DISTRIBUTION!



LESSON 4:  
ENTROPY MUST INCREASE  



EXAMPLE: SHOCK CAPTURING TERMS
➤ Lagrangian implies no dissipation 

➤ Shock jump conditions imply entropy 
increase at discontinuities
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Entropy change is positive definite!

First law of thermodynamics



EXAMPLE: NON-IDEAL MAGNETOHYDRODYNAMICS
Wurster, Price & Ayliffe (2014), 
Wurster, Price & Bate (2016)

Entropy guaranteed to 
increase => stable

➤ Partially ionised plasmas (ions, electrons, neutrals)

ENTROPY MUST INCREASE!

<latexit sha1_base64="760fB0K6ZzaTOtS0GFN3n0ro90Q="></latexit>
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EXAMPLE: ANISOTROPIC DIFFUSION Biriukov & Price (2019), MNRAS 483, 4901

Entropy not 
guaranteed to increase 
=> unstable

Isotropic diffusion Anisotropic diffusion

Two first derivatives

Direct second 
derivatives

Exact solution

Entropy guaranteed to 
increase => stable

<latexit sha1_base64="Zm6+HamMWXMsJOgT0Ob6SRroYis="></latexit>
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LESSON 5:  
PARTICLES ARE NOT REAL



MAGNETIC FIELDS WITH SPH?
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SMOOTHED PARTICLE MAGNETOHYDRODYNAMICS

Price, Tricco & Bate (2012)
Gravitational collapse of a rotating, magnetised cloud

<latexit sha1_base64="qWK/rbtFxCz81ynMCbw4oBqxvU8="></latexit>

dvi

dt
= �

X

b

mb

✓
Sij

⇢2

◆

a

+

✓
Sij

⇢2

◆

b

�
rj

aWab

d

dt

✓
Ba

⇢a

◆
= �

X

b

mb(va � vb)
Ba

⇢2a
·raWab

➤ Use the Lagrangian! 

➤ Obtain discretised 
MHD equations 

➤ Better to think in terms 
of partial differential 
equations, not particles
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PARTICLES ARE NOT REAL. FAKE NEWS!



EXAMPLE: “ISSUE” WITH KELVIN-HELMHOLTZ INSTABILITIES

Lesson: Don’t look at particle plots!



THE RIGHT WAY TO THINK ABOUT IT

1D Sod shock tube with artificial viscosity

➤ Shock capturing 
dissipation terms 
required at 
discontinuities 

➤ Artificial viscosity 
applied at shock 

➤ What about the 
contact 
discontinuity?



ANALOGY WITH RIEMANN SOLVERS

➤ Godunov-type solvers 
would add conductivity at 
the contact discontinuity 
(Monaghan 1997) 

➤ Add analogous “artificial 
conductivity” term to 
ensure smooth pressure 
across discontinuous 
jumps in density and 
temperature (Chow & 
Monaghan 1997, Price 
2008)

1D Sod shock tube with artificial conductivity



MUST TREAT DISCONTINUITIES PROPERLY Price (2008)

Without conductivity With conductivity

This issue has nothing to do with the Kelvin-Helmholtz instability!



LESSON 6:  
USE WISDOM FROM ALL 
NUMERICAL METHODS

WE ARE MAKING BIG PROGRESS. RESULTS 
STARTING TO COME IN. MAKE SPH GREAT AGAIN!



ARTIFICIAL VISCOSITY AS A GODUNOV-TYPE SCHEME

un+1
i − un

i

Δt
= −

F*i+ 1
2

− F*i− 1
2

Δx

F* =
1
2 [F(uL) + F(uR)] −

vsig

2
(uR − uL)

∂u
∂t

+ ∇ ⋅ [F(u)] = 0

du
dt

= −
∇ ⋅ F(u)

ρ
dua

dt
= − ∑

b

mb [ Fa

Ωaρ2
a

⋅ ∇aWab(ha) +
Fb

Ωaρ2
a

⋅ ∇aWab(hb)]
−∑

b

mb

ρab
vsig(ua − ub) ̂rab ⋅ ∇aWab,

➤ Finite volume method 

➤ SPH

Monaghan (1997), Chow & Monaghan (1997)

u = [v, e]T

Local Lax-Friedrichs flux

Implies both artificial viscosity AND artificial conductivity
c.f. Chow & Monaghan (1997), Price (2008)



EXAMPLE: SHOCK CAPTURING WITH RECONSTRUCTION + SLOPE LIMITERS

AV+ slope limitersartificial viscosity, 
no slope limiters

e.g. Inutsuka (2002), Cha & Whitworth (2003), Price @ SPHERIC 2019



EXAMPLE: OVERDAMPING OF WAVES IN DUST-GAS MIXTURES

Price & Laibe (2020), also 2018 SPHERIC proceedings

Dust–gas mixtures in SPH 3931

Figure 1. Dust and gas velocities in the DUSTYWAVE test after 10 wave periods, using K = 1000 with 2 × nx particles without reconstruction and with and
without the slope limiter (see labels). Reconstruction avoids the need to resolve h ∼ tscs (resolved at nx = 1024 particles). Exact solution shown in red.

to the analytic damping rate while still remaining effective at shocks
(see below). More dissipative limiters, all bring back some degree
of overdamping. No limiter apart from our entropy fix was found to
guarantee positive entropy.

3.1.2 Convergence

Fig. 4 shows the L1 error (1/N
∑

|vx − vx, exact|) as a function of the
number of particles per wavelength for the 1D DUSTYWAVE problem.
Without reconstruction, convergence is flat at low resolution (nx ≤
256) because the wave is almost completely damped, becoming
second order only after the h < csts criterion is satisfied (nx !
1000). With reconstruction and the slope limiter, we find second-
order convergence for nx ! 32, once the wave is sufficiently resolved
for gradients to be accurate.

3.2 DUSTYSHOCK

Fig. 5 shows the results of the DUSTYSHOCK test from LP12a at
three different numerical resolutions (bottom to top). Lehmann &
Wardle (2018) also proposed a dusty shock test, but their test is
for the intermediate regime where the drag is moderate. Here, we
are interested in the strong drag regime, where the stopping time is
negligible.

We set up the problem as usual with gas with x < 0 set up with
(ρ, P, vx) = (1.0, 1.0, 0.0) and gas with x > =0 set up with (ρ, P,
vx) = (0.125, 0.1, 0.0). We performed the test in both 1 and 3 D, but
only show results from the 3 D calculation since, as for the wave
test, they are very similar to those obtained in 1 D. In 3 D, we set the
particle spacing using nx × ny × nz gas particles for x ∈ [ − 0.5, 0.0],
and nx/2 × ny/2 × nz/2 gas particles in x ∈ [0.0, 0.5] to resolve the
8:1 density contrast without introducing highly anisotropic initial
particle distributions. As for the wave test, we crop the domain in
the y and z directions to match the particle spacing, using ny = 24
and nz = 24. We initialise the dust as copies of the gas particles,
assuming a dust-to-gas ratio of unity. We apply artificial viscosity
as usual using the modified version of the Cullen & Dehnen 2010
switch (see Price et al. 2018 for details).

Fig. 5 shows results using the default approach (left-hand col-
umn), which at low resolution (bottom left-hand panel) produces
a solution appropriate for a smaller drag coefficient. Applying
reconstruction with no slope limiter (middle column) the numerical
solution is much closer to the exact solution (red line), resolves
shock discontinuities to within ∼3 h, but produces an unphysical
oscillation ahead of the shock front. The right-hand column shows
that the slope limiter eliminates such oscillations.The remaining
defects in the solution (e.g. at x = −0.02) can be seen to disappear
as the numerical resolution is increased (right-hand column, bottom

MNRAS 495, 3929–3934 (2020)

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article-abstract/495/4/3929/5838057 by guest on 21 June 2020



SUMMARY: THE PROBLEM
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THE SOLUTION: 6 LESSONS IN SPH
1. Use the density sum to bridge discrete and continuum 

2. The Lagrangian helps you satisfy conservation laws 

3. Particle noise is good heuristic for SPH going wrong 

4. Ensure stability by positive definite entropy 

5. Don’t think of particles as “real”, instead think about discretising 
partial differential equations with the Lagrangian 

6. Use wisdom from other methods
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CONSERVATION REIGNS SUPREME!

This claim about conservation is disputed

ERRORS GO INTO THE PARTICLE DISTRIBUTION!

ENTROPY MUST INCREASE!

PARTICLES ARE NOT REAL. FAKE NEWS!

THE DENSITY SUM IS REALLY THE FUNDAMENTAL  
AXIOM IN SPH!


