MTH 1035 - Solution to Handout — Abstract Vector Spaces

Definition of an abstract vector space (taken from Elementary Linear Algebra by Anton and
Rorres).

Let V be an arbitrary nonempty set of objects on which two operations are defined: addition,
and multiplication by scalars. By addition we mean a rule for associating with each pair of
objects u and v in V an object, called the sum of u and v; by scalar multiplication we mean
a rule for associating with each scalar k and each object u in V an object ku, called the scalar
multiple of u by k. If the following axioms are satisfied by all objects u, v, win V and all scalars
k and m, then we call V a vector space and we call the objects in V vectors.

Rulel Ifuandvareobjectsin V,thenu+visalsoin V.
Rule2 u+v=v+u
Rule3 u+(WV+w)=Uu+v)+w

Rule4 There is an object 0 in V, called a zero vector for V, such that

O0+u=u+0=u foralluinV.

Rule5 Foreachuin V, thereis an object —u such that
u+(-u)=(-u)+u=0

Rule6 If kis any scalar and u is an object in V, then kuisin V.
Rule7 k(u+v)=ku+kv

Rule8 (k+m)u=ku+mu

Rule9 k(mu)=(km)u

Rule10 lu=u

We sometimes write ¢ -v to emphasize the scaling operation.
Exercise. Do the following sets satisfy the definition of a vector space under the most sensible
choices of addition and scalar multiplication?

(1) R?

2) R3

B) R

4) C

5G) N

6 Q

(7 z

(8) Aset X = {v} with exactly one element.

(9) Aset
Beatles = {John, Paul, George, Ringo}
with the operations that if ¢ is a real number and v, w are elements of Beatles, then
t-v=John and v+w = Ringo.

(10) The set of all sequences of real numbers.
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(11) The set of all bounded sequences of real numbers.
(12) The set of all increasing sequences of real numbers.

(13) The set of all “Fibonacci-like” sequences.
That is sequences of real numbers of the form {x,}7” , where x+2 = X1 +x, foralln > 1.

(14) The set of polynomials.

(15) The set of all real-valued functions defined on R.

(16) The set of all real-valued continuous functions defined on R.

(17) The set of all real-valued functions defined on R with the property f(0) =7.

(18) The set of all real-valued functions defined on R with the property f(0) = 0.

(19) The set of all real-valued functions defined on R with the property f(0) = f(1).

(20) The set of all real-valued differentiable functions defined on R with the property
f'(0)=0.

(21) The set of all real-valued differentiable functions defined on R with the property
f(0) = £(0).

(22) The set of all real-valued differentiable functions defined on R with the property
') =f.

(23) The set of all Lipschitz functions defined on R.

(24) The set of all linear functions from R to R".
Answer.

(1-3) Theset R, R?, R3, orindeed any R4 for d > 1is a vector space under the standard coordinate-
wise rules for addition and scaling.

(4) The set C is a vector space under the usual complex addition and multiplication of a real
number with a complex number.

(5-7) The sets N, Q, and Z are not vector spaces under the usual definition of scalar multipli-
cation. For instance, 1 is an element of N but v/2 -1 is not an element of N. The same
holds for  and Z.

(8) If a set has exactly one element, v, then the addition and scaling operations must be
v+v=vand ¢t-v=vforany f € R, so that Rules 1 and 6 hold. All of the other rules reduce
down to the fact that v=v and so they also hold. Hence, the set V = {v} is a vector space.
Note, that the only element of this space is the zero vector, 0 and so V = {0}.

(9) If ve Beatles and v # John, then 1-v # v and so Rule 10 does not hold.

(10) If V is the set of all sequences of real numbers and {x,}, {y,} € V and ¢ € R, then define
vector addition by adding the sequences term by term, and scaling by scaling each term
by t. That is, the addition of {x,} and {y,} is defined to be a sequence {z,} where z, =
Xn + yp for all n and the scaling of {x,} by ¢ € R is defined to be a sequence {s,} where
sp = tx, for all n. One can verify that this set is vector space by checking the rules term
by term. For instance,

(1an} + (by}) + {ca} = {an} + (1bn} + fcn})

holds because
(an+bp)+cp=an+(by+cp)
for each individual 7.
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(11) Assume addition and scaling are defined as in (10). Then most of the rules follow by the
same reasoning as in (10). The only ones to check are Rules 1 and 6. Suppose {x,} and
{yn} are bounded sequences. Say C and D are constants such that

lxpl<C and |y,l<D
for all n. Then, by the triangle inequality,
|Xn+ ynl < [Xpl +1ynl <C+D

for all n. This shows that the sequence {x, + y,} is also bounded. Hence the set satisfies
Rule 1. If r € R, then
[txpl <[|C
for all n, and the sequence {rx,} is bounded as well. This shows that the set satisfies Rule
6. Hence, the set of bounded sequences is a vector space.
Note: the vector space in (11) is a subset of the larger vector space given in (10). This
is an example of a subspace of a vector space.
(12) Thesequence {1,2,3,4,5,---} is an increasing sequence. If we scale this sequence by —1 €
R, the result is {-1,-2,-3,—-4,-5,---} which is not an increasing sequence. Hence, this
set does not satisfy Rule 6.
(13) Asin (10), the addition of {x,} and {y,} is defined to be a sequence {z,} where z,, = x,+ y,,
for all n and the scaling of {x,} by ¢ € R is defined to be a sequence {s,} where s, = tx,
for all n. If the sequences {x,} and {y,} are Fibonacci-like, then

Zn+2 = Xp42 T Yne2
=Xp+1tXnt Ynt1t+ Vn
SXne1tYne1tXnt+Yn
=Zp+1 7+ 2,y
showing that {z,} is Fibonacci-like, and
Sn+2 = [Xp+2
= t(Xp+1+ Xn)
=tXp+1 +EXp
=Sn+1t Sn
showing that {s,} is Fibonacci-like. Hence, the set satisfies Rules 1 and 6. All other rules
hold as in (10) and so the set is a vector space.
(14) The addition of two polynomials is a polynomial and scaling a polynomial by a real con-

stant yields a polynomial. Hence, Rules 1 and 6 holds. All other rules can be checked
pointwise. For instance, if f and g are polynomials then f + g = g+ f since

f)+gx)=gx) + f(x)

for all x € R. Hence, the set is a vector space.

(15) This is a vector space by similar reasoning as in (14).

(16) The sum of continuous functions is continuous and scaling a continuous function by
constant results in a continuous function. Hence, one may verify that this set is a vector
space.



(17)

(18-22)

(23)

(24)

If f is an element of this set, then f(0) =7. If g=2- f, then g(0) = 14 # 7, so g is not an
element of this set. Hence, Rule 6 fails.
One may verify that all of these are examples of vector spaces. For instance, if f and g
are functions as in (22) and ¢ € R, then

(f+8' 0= M+g'0=fM+gM)=(f+0)
so f + g is an element of the space and
(- N =tf O =tfD)=(t-HD)
so t- f is an element of the space.
We assume here that all functions are defined on the same domain. We showed in a
previous worksheet that if f and g are Lipschitz then f + g is Lipschitz. If f is Lipschitz
with constant L and ¢ € R, then

(E- X)) =@ HDI=1tfx)—tf D=1t f(x) = fFI =< [t]IL
so t- f is Lipschitz with constant |£|L. This shows that Rules 1 and 6 hold. The other rules
hold as in (14).

Recall from a previous worksheet that a function f: R — R" is linear if

i) f(x+y) =fx)+f(y forall x,y € R™, and
(i) f(tx)=tf(x)forall xe R" and teR.
If f and g are linear, then
(f+ex+y=fx+y)+gx+y)

=fX)+fy)+gx)+gWy)
=fxX)+gx)+f(+gly)
=(f+X)+(f+8))

and

(f +9)(tx) = f(tx) + g(tx)
=tf(x)+tg(x)
=t(f(x) +g(x)
=i(f+8X)

which together show that f + g is a linear function from R™ to R” and so Rule 1 holds.
Similar equations show that if ¢ € R is a constant, then c- f is a linear function and so
Rule 6 holds. The other rules may be verified pointwise at each point x € R”. Hence, this
set is a vector space.

Proof exercises for an abstract vector space.

(1

Show that v+v=2v.



Answer.

v+v=1-v+v (by Rule 9)
=1-v+1-v (by Rule 9 again)
=(1+1)-v (by Rule 8)
=2-v (by real arithmetic)

(2) Show that v+v+v=3v (and argue why v+ v+ v makes sense as an expression).
Answer. For an abstract vector space, addition is only defined in terms of two elements.
Therefore if we wish to add three vectors together, we must first add two of them and
then add the third to the result. That is, if V is an abstract vector space and u, v, and w
are elements, then we may either add them as

(u+v)+w or u+(v+w).

Fortunately, Rule 3 tells us that the result is the same in either case. Therefore, we write
u+ v+ w as an abbreviation for (u+v) +w.

Now,
V+v)+v=(Vv+Vv)+1-v (by Rule 10)
=2-v+1-v (by Exercise 1)
=@2+1)-v (by Rule 8)
=3-v (by real arithmetic)

(3) Show thatifu+v=u+w, thenv=w.
Answer. The formulas u+ v and u + w both represent the same element of the vector
space V. Since addition is defined in terms of the objects of V (and not the formulas
representing them), it follows that if we add another vector to this element we get the
same result regardless of which formula we use. This is a long-winded way of explaining
that if
ut+v=u+w,

then
—u+ u+v)=—-u+u+w)

where —u is given by Rule 5. Applying Rule 3 to both sides gives
(ru+w+v=(-u+u)+w.
Applying Rule 5 to both sides gives
0+v=0+w.

Applying Rule 4 to both sides gives

as desired.
(4) Show that 0-v = 0. (Note the two different “zeros”.)



Answer. Since 0+ 0 = 0 for real numbers,

0+0)-v=0-v =

0:-v+0-v=0-v = (by Rule 8)
0-v+0-v=0-v+0 = (by Rule 4)
0-v=0 (by Exercise 3)

(5) Show that 7-0 = 0.

Answer. By Rule 4, 0+0=0in V. Then, scaling each side by ,
t-0+0)=¢t-0 =
t-0+t-0=¢t-0 = (by Rule 7)
t-0+t-0=¢t-0+0 = (by Rule 4)
t-0=0 (by Exercise 3)
(6) Show that (-1)-v=-v.
Answer. Note that
v+ (=1)-v=1-v+(-1)-v (by Rule 10)
=1+(-1)-v (by Rule 8)
=0-v (by real arithmetic)
=0 (by Exercise 5)

andv+ (-v) =0 by Rule 4. Hence,
v+ (=1)-v=v+(-V)
since each side is equal to 0. Exercise 3 implies that (-1)-v= —v.

(7) Show that if 7 is a non-zero real number and v is a non-zero vector, then ¢-v # 0.
Answer. We assume ¢ is non-zero. Our goal is then to show that

v#0 implies ¢-v#0.
Equivalently, we may prove the contrapositive:

t-v=0 implies v=0.
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Since, ¢ is non-zero, ; is a real number and

rv=0 =
1 1 . . .
n (t-v) = n 0 > (scaling both sides)
1 1 .
(;-t)-VZ;-O > (by Rule 9)
1 .
1-v= n 0 = (by real arithmetic)
1 .
v:;-o = (by Rule 10)
v=0 (by Exercise 4)
(8) Show thatif t-v=s-v, then eitherv=0o0r t=s.
Answer. We first show that (7 — s) - v = 0. Indeed,
t-v=s§sv =
[Vv+(=8)-v=5-V+ (=8 Vv = (adding a vector to both sides)
(t+(=8)-v=(s+(=8) v = (by Rule 8)
(t=s5)v=0-v = (by real arithmetic)
(t—s)-v=0 (by Exercise 4)

By the last exercise, if both ¢ — s and v are non-zero, then (# — s) - v is non-zero as well, a
contradiction. Hence, one of ¢ — s or v must be zero.

(9) Show thatif t-v=1t-w, theneither t=0orv=w.
Answer. If t =0, the conclusion holds. Therefore, we may assume that ¢ # 0. Then,

t-v=t-w =

1 1
- (t-v) = . (t-w) = (scaling both sides)
1 1
l.v=1l-w = (by real arithmetic)
V=W (by Rule 10)

(10) Show that if a vector space V has two distinct elements, then V has infinitely many ele-
ments.
Answer. If V has two elements, at least one of the elements is not the zero vector. Call
this element v. Every real number ¢ yields a vector ¢ -v, and as v # 0, Exercise 8 shows
that all of these vectors are distinct from each other. Hence, there are at least as many
elements of V as there are elements of R. As R is infinite, this shows that V has infinitely
many elements.



Bonus expert commentary: The real numbers are not just infinite, they are uncountable
meaning that they cannot be listed out as a sequence. The above reasoning shows that
any vector space V with at least two elements must also be uncountable. Since the sets
N, Z, and Q are all countable, they cannot be made into a (real) vector space under any
definition of addition or scaling.

(11) If V and W are vector spaces, show that the set V x W which consists of all pairs (v,w)
with vin V and win W is also a vector space. What are the operations?
Answer. For elements (v, wy) and (v2, wp) of V x W define addition by
(V1, W1) + (V2,W2) = (V] +V2, W) +Wp)
where the + operations on the right-hand side are the addition operations in V and W.
Similarly, define scaling by
t-(v,w)=(t-v,t-W)

where the - operations on the right-hand side are the scaling operationsin V and W. One
can show that V x W satisfies all of the rules for a vector space by using the corresponding
rules for V and W. For instance,

k-(m-(vyw)=k-(m-v,m-w) (by definition)
=(k-(m-v),k-(m-w)) (by definition)
=(k-m)-v,k-(m-w)) (by Rule 9 for V)
=(k-m)-v,(k-m)-w) (by Rule 9 for W)
=(k-m)-(v,w), (by definition)

and this shows that V x W satisfies Rule 9.

(12) Suppose V is a vector space, and consider the set Fib(V) of all Fibonacci-like sequences
of the form {v,}9> | where each v is an element of V and v,,1» = v;41 + v, foralln > 1. Is
Fib(V) a vector space?

Answer. Fib(V) is a vector space. The idea is to adapt the techniques used for Fibonacci-
like sequences of real numbers as introduced earlier in this worksheet. The only proper-
ties of real numbers that were used there are ones that hold for any vector space V.

(13) Find a set which satisfies Rules 1 to 9, but does not satisfy Rule 10.
Answer. Let V be a vector space with at least one non-zero element. (You can use V =R
if you like.) Keep the addition operation as is, but replace the scaling operation by

t-v:ﬁ

forall r e R and ve V. Then Rules 1 though 5 hold since they only concern the addition
operation, which was unchanged from before. Rules 6 holds as ¢-v = 0 is an element
of V. Rules 7 and 8 hold as 0 = 0+ 0. Rule 9 holds because 0 = 0. Finally, Rule 10 fails
because if v is a non-zero element, then 1-v=0 #v.

Bonus - Inner Product Spaces. Abstract vector spaces are an extension of the ideas of vectors
in R?. Whereas R has a dot product which takes two vectors v, w in R? and returns a real
number, no such operation exists in general for an abstract vector space. Informally speaking,
an inner product on an abstract vector space V is an operation which takes two vectorsv,we V
and returns a real number (v,w) and which behaves similarly to the dot product on R,



Bonus Exercises.

(1) Just as with abstract vector spaces, inner products should follow a few rules in order to
be “sensible”. What should those rules be?

(2) Adapt the proof of the Cauchy-Schwarz inequality (as given in Burkard’s course notes)
to this general setting. That is, if V' is an abstract vector space equipped with an inner
product, show that

v,w) =< vl lwll
where ||v|| is defined as the square root of (v, v).
Note that a detailed analysis of the proof of the Cauchy-Schwarz inequality will help
in determining what rules an inner product should have.
(3) Let V be the vector space of continuous function from [0,1] to R. Show that

1
8 :fo Fgndt

defines an inner product on this space.
(4) Show thatif f is any continuous function from [0,1] to R with

1 1 1
2 2
(t)dt <1 then f t°f(n)dt = —.
fo ! 0 / V5
(5) Find a function f such that both

1 1 1
2 dt =1 dftztdt:—.
fof() an A f) 75



