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ABSTRACT. We characterize which 3-dimensional Seifert manifolds admit tran-
sitive partially hyperbolic diffeomorphisms. In particular, a circle bundle over
a higher-genus surface admits a transitive partially hyperbolic diffeomorphism
if and only if it admits an Anosov flow.

1. INTRODUCTION

This paper deals with the problem of classification of partially hyperbolic
diffeomorphisms in dimension 3. This program was initiated by the works of
Bonatti-Wilkinson ([BoW]) and Brin-Burago-Ivanov ([BBI]). These results were
also motivated by an informal conjecture, due to Pujals, which suggested that
there were no new transitive partially hyperbolic examples to discover in dimen-
sion 3 (see [BoW, CHHU, HP3]).

The first topological obstructions to the existence of partially hyperbolic dif-
feomorphisms comes from [BI] where the existence of partially hyperbolic dif-
feomorphisms in S3 is excluded. Other topological obstructions related with
the existence of partially hyperbolic diffeomorphisms in 3-manifolds with fun-
damental group with polynomial growth can be derived from the work of [BI];
see also [Pa]. In [HP1, HP2], the first two authors provided a classification of
partially hyperbolic diffeomorphisms in 3-manifolds with solvable fundamen-
tal group giving an affirmative answer to Pujals’ conjecture in such manifolds.
Notice that these include Seifert fiber spaces whose fundamental group is of
polynomial growth, in particular, circle bundles over the sphere and the torus.

Even though Pujals’ conjecture turned out to be false ([BoPP, BoGP, BoGHP]),
there is still (at least) one pertinent question which remains open and is in the
spirit of this conjecture.

Question 1. If a 3-manifold whose fundamental group is of exponential growth
admits a partially hyperbolic diffeomorphism, does it admit an Anosov flow?

Since the examples in [BoPP, BoGP, BoGHP] are obtained starting with an
Anosov flow, they do not provide a negative answer to the previous question.
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This question seems hard in view that for the moment we do not know which 3-
manifolds admit Anosov flows and more or less the same obstructions we know
for the existence of Anosov flows are obstructions for the existence of partially
hyperbolic dynamics.

This paper grew out of the motivation to answer the question in a specific
family of manifolds: circle bundles over higher genus surfaces, or more gener-
ally, Seifert fiber spaces. The simplest sub-family where the question of exis-
tence of transitive partially hyperbolic diffeomorphisms was unknown was Σg ×
S1 where Σg is a closed surface of genus g ≥ 2. By a classical result of Ghys ([Gh])
we know that such a manifold does not admit Anosov flows.

We deal in this paper with partially hyperbolic diffeomorphisms in Seifert
fiber spaces. For notational simplicity, and for the convenience of the reader
not familiar with Seifert fiberings in all generality, we start by studying the (ori-
entable) circle bundle case which is more elementary, though most of the main
ideas extend rather directly to the Seifert fiber setting (others do require some
further study and we finish the paper with a section which extends the results to
the more general setting). The strategy is to show that the dynamical foliations
that a partially hyperbolic diffeomorphism carries are (after isotopy) transverse
to the circle fibers. This allows us to provide some obstructions on the topology
of the circle bundle that we expose later. Let us mention that this work also mo-
tivates the study of horizontal foliations on Seifert fiber spaces to understand
partially hyperbolic dynamics and this is very much related with the study of
representations of surface groups in Homeo(S1), a rather active subject whose
interest has been renewed in the recent years (see e.g. [Bow, Mann] and refer-
ences therein).

The consequence of our main results which is easiest to state is:

Theorem. If a circle bundle over a surface Σ of genus ≥ 2 admits a transitive par-
tially hyperbolic diffeomorphism, then it admits an Anosov flow. In particular,
Σ×S1 does not admit transitive partially hyperbolic diffeomorphisms.

The obstruction can be stated in terms of the Euler number of the fiber bun-
dle and says that a circle bundle over a higher genus surface admits a transitive
partially hyperbolic diffeomorphism if and only if its Euler number divides the
Euler characteristic of Σ. See Theorem A below.

In the Anosov flow case, the corresponding statement for Σ×S1 follows from
the classification result of Ghys [Gh] (see also [Ba] for the extension to Seifert
fiber spaces). The proof we give here does not provide a classification, but is
different even in the Anosov flow case. The results in this paper were partially
announced in [HP3].

1.1. Precise Statements of Results.

1.1.1. Circle bundles. Consider M an orientable circle bundle over an orientable
surface Σ of genus g ≥ 2. See subsection 2.4 for precise definitions.
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Every circle bundle over Σ can be obtained from Σ× S1 by removing a solid
torus of the form D ×S1 (with D ⊂ Σ a two dimensional disk) and regluing by a
map preserving the vertical fibers and giving rise to a new 3-manifold M which
is a circle bundle over Σ in a trivial way. The number of turns a meridian of the
form ∂D × {t } gives around a fiber after being sent by the gluing map is called
the Euler number of the bundle and is denoted by eu(M) (see [CC, Chapter 4 of
Book II] or [Hat] for more detailed information about this concept).

The unit tangent bundle T 1Σ over Σ is well known to satisfy eu(T 1Σ) = χ(Σ)
where χ(Σ) denotes the Euler characteristic. Also, it is direct to show that eu(Σ×
S1) = 0.

The main result in this context is the following:

Theorem A. Let M be an orientable circle bundle over Σ, an orientable surface of
genus g ≥ 2, admitting a transitive partially hyperbolic diffeomorphism. Then,

there exists k ∈Z such that eu(M) = χ(Σ)
k ∈Z.

Remark. This condition on the Euler number is equivalent to say that the circle
bundle is a finite cover of the unit tangent bundle.

See subsection 2.1 for the definition of partially hyperbolic diffeomorphism.
In particular, we require that the tangent space T M of M splits into three non-
trivial bundles, one uniformly contracting, one uniformly expanded and the
third one satisfies a domination condition with respect to the other two. This
is sometimes called in the literature pointwise strong partial hyperbolicity. We
say that a diffeomorphism f is transitive if there is a point x ∈ M whose f -orbit
is dense.

A direct consequence is the following:

Corollary 1.1. Let M be a circle bundle over Σ, a surface of genus g ≥ 2, then M
admits a transitive partially hyperbolic diffeomorphism if and only if it admits
an Anosov flow.

Proof. The time one map of an Anosov flow is partially hyperbolic and if the flow
is transitive and not a suspension, then the time one map is also transitive. The
main result of [Gh] implies that an Anosov flow in a circle bundle must be transi-
tive (and not a suspension), thus, the reverse implication is trivial. The first one
follows directly since by lifting the geodesic flow in negative curvature to finite
covers one can construct Anosov flows in all bundles with the corresponding
Euler numbers admitted by Theorem A. �

There are many conditions weaker than transitivity that also allow us to ob-
tain the same result. These appear in the statement of Theorem 3.1 below, so
beyond transitivity we also obtain:

Theorem B. Let M be a circle bundle over Σ, a surface of genus g ≥ 2, admitting
a partially hyperbolic diffeomorphism which
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• either is dynamically coherent, or,
• is homotopic to identity.

Then, eu(M) = χ(Σ)
k ∈Z.

See subsection 2.1 for a definition of dynamical coherence: it is related to
the integrability properties of the bundles involved in the partially hyperbolic
splitting.

1.1.2. Seifert fiber spaces. We now consider the more general case of partially
hyperbolic systems defined on Seifert fiber spaces. Quotienting each fiber of
a Seifert fiber space M down to a point defines a projection from M to an ob-
ject Σ which is topologically a surface, but which is most naturally viewed as a
2-dimensional orbifold [Sco, Cho]. In this paper, every orbifold discussed will
be 2-dimensional. Apart from a few known “bad” orbifolds, every orbifold may
be equipped with a uniform geometry which is either elliptic, parabolic, or hy-
perbolic. Even though Σ does not have the structure of a smooth manifold, its
unit tangent bundle T 1Σ is a well-defined smooth 3-manifold and the natural
projection T 1Σ→Σ defines a Seifert fibering. One may also define the geodesic
flow on T 1Σ. As is the case with surfaces, this flow is Anosov if and only if the
orbifold is hyperbolic.

If an orbifold is bad, elliptic, or parabolic, then a Seifert fiber space over this
orbifold has one of the model geometries corresponding to having virtually nilpo-
tent fundamental group [Sco]. Partially hyperbolic systems in these geometries
are already well understood [HP2]. Hence, we only consider hyperbolic orbifolds
here. Theorems A and B then have the following generalization.

Theorem C. Let M be a Seifert fiber space over a hyperbolic orbifold Σ such that
M admits a partially hyperbolic diffeomorphism which is either transitive, dy-
namically coherent, or homotopic to the identity. Then M finitely covers the unit
tangent bundle of Σ.

Barbot showed that such manifolds are exactly the Seifert fiber spaces which
support Anosov flows [Ba].

Corollary 1.2. A Seifert fiber space over a hyperbolic orbifold admits a transitive
partially hyperbolic diffeomorphism if and only if it admits an Anosov flow.

Some of the most studied orbifolds are the so-called “turnovers.” A turnover is
a sphere with exactly 3 exceptional points added. Seifert fiberings over turnovers
were the last family for which the Milnor-Wood inequalities were generalized
[Nai], and Brittenham showed specifically that these manifolds do not support
foliations with vertical leaves [Bri]. In this setting, we may therefore state a re-
sult which does not rely on transitivity or any dynamical assumption other than
partial hyperbolicity.

Theorem 1.3. A Seifert fiber space over a turnover admits a partially hyperbolic
diffeomorphism if and only if it admits an Anosov flow.
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Corollary 1.4. There are infinitely many Seifert fiber spaces which support hori-
zontal foliations, but do not support partially hyperbolic diffeomorphisms.

1.2. Organization of the paper. Section 2 introduces some known facts that we
will use in the course of the proof of our main results. In section 3 we state the
result which establishes, under some assumptions (including being transitive,
or dynamically coherent) that the dynamical (branching) foliations carried by
partially hyperbolic diffeomorphisms must be (homotopically) transverse to the
fibers of the circle bundle and work out some preliminaries for the proof. This
result is proved in sections 4 and 5. Then, in section 6 we use this facts to give the
obstructions in the Euler number of the bundle to admit such partially hyper-
bolic diffeomorphisms. Finally, in section 7 we extend the results to the general
Seifert fiber case.

Acknowledgements: We thank Christian Bonatti for several remarks and ideas
that helped in this project and in particular for his help in the proof of Lemma
4.11. We also thank Harry Baik, Jonathan Bowden, Joaquín Brum, Katie Mann
and Juliana Xavier for several helpful discussions.

2. PRELIMINARIES

2.1. General facts on partially hyperbolic dynamics. Let M be a 3-dimensional
manifold and f : M → M a C 1-diffeomorphism. We say that f is partially hyper-
bolic if there exists a D f -invariant continuous splitting T M = E s ⊕E c ⊕E u into
1-dimensional subbundles and N > 0 such that for every x ∈ M :

‖Dx f N |E s‖ < min{1,‖Dx f N |E c‖} ≤ max{1,‖Dx f N |E c‖} < ‖Dx f N |E u‖.

It is absolutely partially hyperbolic if moreover, there exists constants 0 <σ< 1 <
µ such that:

‖Dx f N |E s‖ <σ< ‖Dx f N |E c‖ <µ< ‖Dx f N |E u‖.

It is possible to change the Riemannian metric so that N = 1 and we will do so.
See [Gou].

One calls E s and E u the strong stable and strong unstable bundles respectively.
These integrate uniquely and give rise to foliations F s and F u called respec-
tively the strong stable and strong unstable foliations ([HPS]). The leaf of F s or
F u through a point x will be denoted by W s(x) or W u(x). The center bundle E c

may not be integrable into a foliation (though being one-dimensional it always
admits integral curves).

When the bundles E s ⊕E c and E c ⊕E u integrate into f -invariant foliations we
say that f is dynamically coherent, in this case, E c integrates into an f -invariant
foliation obtained by intersection. We will sometimes consider a lift f̃ to M̃ , the
universal cover of M and we shall use X̃ to denote the lift of X whatever X is. For
Y contained in a metric space Z we define Bε(Y ) := {z ∈ Z : d(z,Y ) < ε}.
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We refer the reader to [HP3] and references therein for a more detailed ac-
count. In particular, for a proof of the following fact from [BI] that we will use
repeatedly:

Proposition 2.1. For every ε > 0, there exists C > 0 such that if I is an arc of F̃ u

or F̃ s then
volume(Bε(I )) ≥C length(I ).

The proof of this proposition relies heavily on the construction of branching
foliations performed in [BI] which we review next.

2.2. Branching foliations. In this subsection we introduce the concept of branch-
ing foliations and summarise the results from [BI] we will use.

A branching foliation F on M tangent to a distribution E is a collection of
immersed surfaces tangent to E so that:

• every L ∈ F is an orientable, boundaryless and complete (with the in-
duced riemannian metric) surface,

• every x ∈ M belongs to at least one L ∈F ,
• no two surfaces of F topologically cross each other,
• it is invariant under every diffeomorphism of M whose derivative pre-

serves E and a transverse orientation,
• if xn → x and Ln is a leaf of F containing xn then Ln → L (uniformly in

compact sets) and x ∈ L ∈F .

We will use:

Theorem 2.2 (Burago-Ivanov). Let f : M → M be a partially hyperbolic diffeo-
morphism such that E s ,E c ,E u are orientable and their orientation are preserved
by D f . Then, there exist branching foliations F cs and F cu tangent respectively
to E s ⊕E c and E c ⊕E u .

Remark. The diffeomorphism is dynamically coherent if and only if F cs and
F cu have no branching: each point belongs to a unique surface of the collection
(see [HP3]).

To apply foliation theory, we will need the following result which is also one
of the key points behind Proposition 2.1. A symmetric statement holds for F cu .

Theorem 2.3 (Burago-Ivanov). For every ε> 0 there exists a foliation Wε tangent
to a distribution ε-close to E s ⊕E c and a continuous map hε : M → M such that
d(hε(x), x) < ε for all x ∈ M and such that when restricted to a leaf of Wε the map
hε is C 1 onto a leaf of F cs .

Indeed one has (see [HP3] and references therein):

Fact 2.4. The lift h̃ε of hε to M̃ when restricted to a leaf of W̃ε is a diffeomorphism
onto its image (a leaf of F̃ cs). Moreover, these diffeomorphisms vary continu-
ously as one changes the leaf.
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Fact 2.5. The foliation Wε is Reebless1 for all small ε ([CC]). In particular, when
lifted to the universal cover, the space of leaves Lε of the foliation W̃ε is a 1-
dimensional, possibly non-Hausdorff simply connected manifold. Using the
maps hε and its lift h̃ε to the universal cover one deduces that the space of leaves
of F̃ cs is also a 1-dimensional, possibly non-Hausdorff simply connected man-
ifold.

2.3. Torus leaves. In this section we review a result of [RHRHU] showing that in
our context the branching foliations F cs and F cu cannot have torus leaves. No-
tice that there exists an example inT3 where such leaves do exist [RHRHU2]. The
following is a simplified version of a more general result from [RHRHU] which is
enough for our purposes.

Theorem 2.6 (Rodriguez Hertz-Rodriguez Hertz-Ures). Assume that a partially
hyperbolic diffeomorphism f : M → M has a torus T tangent to E s ⊕E c , then, M
fibers over S1 with torus fibers.

Notice that this implies that if M does not fiber over S1 with torus fibers then
neither the branching foliation F cs from Theorem 2.2 nor the approximating
foliations Wε given by Theorem 2.3 can have torus leaves.

2.4. Circle bundles. The paper will first deal with the circle bundle case for which
there are some simplifications in the notations and for which some results are
easier to state. Later in section 7 we shall remove this unnecessary hypothesis
and work in general Seifert fiber spaces.

Recall that a circle bundle is a manifold M admitting a smooth map p : M →Σ

(in our case, Σ is a higher genus surface) such that the fiber p−1({x}) for every
x ∈ Σ is a circle and there is a local trivialization: for every x ∈ Σ there is an
open set U such that p−1(U ) is diffeomorphic to U × S1 via a diffeomorphism
preserving the fibers.

Notice that the fundamental group of the fibers fits into an exact sequence
which is a central extension of π1(Σ) by Z:

0 →π1(S1) ∼=Z→π1(M) →π1(Σ) → 0

Recalling that, if the genus of Σ is g ≥ 2, then the fundamental group π1(Σ)
admits a presentation:

π1(Σ) =
〈

a1,b1, . . . , ag ,bg |
g∏

i=1
[ai ,bi ] = id

〉
,

one obtains that π1(M) admits a presentation:

π1(M) =
〈

a1,b1, . . . , ag ,bg ,c |
g∏

i=1
[ai ,bi ] = ceu(M) , [ai ,c] = id , [bi ,c] = id

〉
,

1See also [HP3, Section 5] for more details on how this follows from Novikov’s theorem.
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where eu(M) is the Euler number of the circle bundle. See [CC, Book II, Chapter
4] for more details on the Euler number and the fundamental group of M . Let
us just end by noticing that the center of π1(M) is the (cyclic) group generated
by the fundamental group of the fiber, called c in the above presentation. As the
center is a group invariant and in this case is isomorphic to Z one knows that
every automorphism of π1(M) will send c to either c or c−1.

Finally, let us point out that circle bundles over surfaces of genus ≥ 2 do not
fiber over S1 with torus fibers so that Theorem 2.6 will imply that a partially hy-
perbolic diffeomorphism on such an M cannot have a torus tangent to E s ⊕E c

or E c ⊕E u .

2.5. Taut foliations on circle bundles. Let M be a circle bundle and let F be a
foliation on M which has no torus leaves. We remark that we use the convention
here that a foliation is a C 0,1+-foliation in the sense that it has only continuous
trivialization charts, but leaves are C 1 and tangent to a continuous distribution
(see [CC]).

Foliations without torus leaves in 3-manifolds are examples of what is known
as taut foliations. We will state a result of Brittenham [Bri] as it appears in [Ca]
(where a different proof in the case of circle bundles can be found). We remark
that Brittenham result is an extension of an old result of Thurston that was also
improved by Levitt (see [Le]). The proof of [Le] uses the hypothesis that F is C 2

but most of the proof (except the part where it is shown that there are no vertical
leaves) can be applied in the C 0,1+ case as they only use results of putting tori
in general position which are now available for C 0-foliations [So] (see also the
proof of [Gh, Proposition 2.3]).

We need some definitions, we say that a leaf L of F is vertical if it contains
every fiber it intersects. Equivalently, there exists a properly immersed curve γ
in Σ such that L = p−1(γ).

A leaf L of F is horizontal if it is transverse to the fibers (this includes the
possibility of not intersecting some of them).

Theorem 2.7 (Brittenham-Thurston). Let F be a foliation without torus leaves
in a Seifert fiber space M. Then, there is an isotopy ψt : M → M from the identity
such that the foliation ψ1(F ) verifies that every leaf is either everywhere trans-
verse to the fibers (horizontal) or saturated by fibers (vertical).

Of course, it is possible to work inversely and apply the isotopy to p in order to
have that F has the property that every leaf is vertical or horizontal with respect
to p ◦ψ−1

1 .

Remark. After Theorem 2.7 it makes sense, for a taut foliation F , to call a leaf
vertical if it has a loop freely homotopic to a fiber, and horizontal if it has no such
loop. We will adopt this point of view in what follows.
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3. VERTICAL LEAVES

Let M be an orientable circle bundle over an orientable surface Σ of genus
g ≥ 2. Let p : M →Σ denote the projection of this circle bundle.

We consider f : M → M to be a partially hyperbolic diffeomorphisms such
that the bundles E s ,E c ,E u are orientable and its orientation is preserved by D f .

Let F cs ,F cu be fixed branching foliations associated to f .
We will now say that a leaf L of F cs or F cu is vertical if its fundamental group

contains an element of the center of π1(M) (i.e., it contains a loop freely homo-
topic in M to a fiber of the circle bundle). See the remark after Theorem 2.7.

We state the following result which will be proved in the next sections.

Theorem 3.1. For f and M as above, under any of the following assumptions, the
branching foliations F cs and F cu have no vertical leaves:

(1) f is chain recurrent2, i.e., if U is a non-empty open set such that f (U ) ⊂U
then U = M;

(2) f is dynamically coherent, i.e., the branching foliations have no branch-
ing;

(3) f is homotopic to the identity;
(4) the action of f on π1(Σ) is pseudo-Anosov;
(5) f is absolutely partially hyperbolic.

In item (4) we are taking into account that f∗ : π1(M) → π1(M) preserves the
generator corresponding to the fibers, and therefore induces an action on π1(Σ)
via the fiber bundle projection p. The general case, where f may not be dynam-
ically coherent and the action onπ1(Σ) is reducible is still open, though we think
that the proofs we provide shed some light on how to attack it. Notice that re-
cently non-dynamically coherent examples have appeared in Seifert manifolds
([BoGHP]) but these have horizontal branching foliations.

Remark. To prove item (2) we give a general statement about vertical cs and cu-
laminations which works even if the diffeomorphism is not dynamically coher-
ent (see Proposition 4.12). Similarly, to prove point (4) we show a slightly more
general statement that may be useful in certain situations (see Proposition 5.2).

Using Theorems 2.7 and 2.3 we get the following result which is what we will
use to obtain our main theorem:

Corollary 3.2. Under any of the conditions (1)-(5) it follows that for every small
ε> 0 there exists a projection pε isotopic to p such that for Wε, the approximating
foliation to F cs , one has that every leaf is transverse to the fibers of pε.

The proofs are symmetric on cs and cu, so we concentrate on the cs-case.
Item (2) is the most involved and will be proved separately in section 4. The

2This includes as particular cases when f is transitive or volume preserving.
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rest of the items will be proved in section 5 and their proofs are independent of
section 4 with the exception of item (5).

3.1. Generalities. DefineΛcs ⊂ M to be the union of all vertical cs-leaves.

Proposition 3.3. The setΛcs is compact, f -invariant andΛcs 6= M.

Proof. The action of f on the fundamental group must preserve the center of
π1(M) and therefore, as leaves of F cs are sent to leaves of F cs , those which
contain a loop homotopic to a fiber are invariant.

To show that Λcs is closed, we work in the universal cover, and notice that if
a sequence xn → x and Ln are leaves through xn which are invariant under the
deck transformation generated by c (a generator of the center of π1(M)) then,
the same holds for a leaf L which is the limit (in the sense of uniform conver-
gence in compact sets). Therefore, L also belongs to the lift of Λcs and contains
x.

To show thatΛcs 6= M we will make an ad hoc direct argument3. An alternative
proof can be obtained by using the rest of the results in this section.

We follow an argument borrowed from [Ba2]. We work in the universal cover,
where the properties of the branching foliation imply that the space of leaves L

is a 1-dimensional (possibly non-Hausdorff) simply connected manifold where
π1(M) acts (see Fact 2.5).

If one assumes by contradiction that Λcs = M , one obtains that every leaf is
fixed by a generator c of the center of π1(M). As there are no torus leaves and c
commutes with every other element of π1(M), it follows that every element not
in the center ofπ1(M) acts freely on L . This implies, by a Theorem of Sacksteder
(see [Ba2, Theorem 3.3]) that L is a line and the action is by translations.

Moreover, if one chooses two elements g1, g2 inπ1(M) such that neither g1, g2

nor its commutator belong to the center of π1(M), one obtains a contradiction
since the commutator should act trivially, but it cannot have fixed points in L .

�

The reader only interested in item (1) of Theorem 3.1 can safely skip to sub-
section 5.1 for a direct proof.

To continue we will introduce the concept of quasi-isometrically embedded
submanifold. Given b > 0 we say that a submanifold L of a manifold M is b-
quasi-isometric if for every x, y ∈ L one has that:

dL(x, y) ≤ bdM (x, y)+b,

where dL denotes the metric induced by M on L and dM is the metric in M .

3Notice that if f is dynamically coherent, this follows directly by applying Theorem 2.7. Indeed, as
Λcs would be a vertical foliation one would be able to project the leaves to get a one dimensional
foliation in the surface, contradicting that it has genus ≥ 2.
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Proposition 3.4. Let Γ < PSL(2,R) be the set of deck transformations for a given
compact surfaceΣ and consider A = {ηi }i∈I a family of properly embedded copies
of Rwith the following properties:

• for every i ∈ I and g ∈ Γ one has that gηi ∈A ;
• for every i , j ∈ I (not necessarily different) and g ∈ Γ, the curves gηi and
η j do not have topologically transverse intersections;

• if ηik ∈A is a sequence such that ηik → η uniformly in compact sets, then
η ∈A .

Then, there exists b > 0 such that every curve in A is b-quasi-isometric.

The proof of this proposition is purely geometric and is relegated to an ap-
pendix. Similar results exist in the literature, see e.g. [Le2] or [Ca].

We use this to provide some basic facts about vertical cs-laminations. We will
say that Λ ⊂ Λcs is a sublamination if it is closed, f -invariant and saturated by
cs-leaves. We shall call a leaf L an accessible boundary leaf of Λ if it contains an
endpoint of a segment whose interior is contained in M \Λ. For a sublamination
Λ⊂Λcs , let Λ̃ denote the set of lifts of leaves inΛ to M̃ .

Lemma 3.5. LetΛ⊂Λcs be a non-empty sublamination. Then:

(1) there exists b > 0 such that the leaves of Λ̃ are b-quasi-isometric in M̃;
(2) the leaves of Λ̃ are parabolic, i.e. they have polynomial growth of area of

balls with respect to the radius;
(3) there exists a connected component U of M \Λ which is periodic and the

leaves ofΛ in the (accessible) boundary of U are periodic;
(4) every connected component U of M \Λwhich is periodic contains an un-

stable arc whose forward iterates remain far fromΛ.

We will prove this lemma by appealing to Theorems 2.3 and 2.7 and using
Proposition 3.4.

Proof. For the proof of items (1) and (2), let Wε be an approximating foliation to
F cs with small ε given by Theorem 2.3. As the map hε is close to the identity, for
every leaf L ∈ Λcs there is a leaf of Wε having a loop freely homotopic to a fiber
which is mapped onto L by hε. Therefore, the vertical sublamination of Wε maps
ontoΛcs . Applying Theorem 2.7 to Wε one obtains a sublamination which maps
toΛcs made of vertical leaves (up to changing the fibration by a homotopy).

We will use that h̃ε in the universal cover is close to the identity and is a dif-
feomorphism when restricted to each leaf of W̃ε (see Fact 2.4). In particular, it is
enough to show items (1) and (2) for vertical leaves of W̃ε.

To show (1) one needs to notice that the projection of the vertical leaves by pε
is a family of curves in the surface that are in the hypothesis of Proposition 3.4.
As all fibers have bounded length, the result follows.

To show (2) one has to notice that the length of the fibers is uniformly bounded
and therefore the volume of the ball of radius R of a vertical leaf in the universal
cover is quadratic in R. (See also the Remark after [Ca, Theorem 4.56].)
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We turn now to items (3) and (4).
Take an unstable arc I whose interior is in M \Λ and has one endpoint x0 ∈Λ.

As the length of forward iterates of I increases and each connected component
of M \Λ containing an unstable arc of length ≥ ε has volume bounded from
below, we know that the connected components of M \Λ are periodic.

Moreover, each periodic component of M \Λ can have at most finitely many
accessible boundary leaves for a similar reason, so one obtains (3).

To complete the proof of (4) consider an arc I tangent to E u which without
loss of generality we assume its interior is contained in a fixed connected com-
ponent of M \Λ and whose endpoint x0 belongs to a fixed accessible bound-
ary leaf L. If the half unstable leaf W u+ (x0) (i.e. the connected component of
W u(x0)\{x0} containing I ) is not completely contained in U it follows that there
is a compact interval J tangent to E u in U whose endpoints x0 and y0 belong to
accessible boundary leaves. Iterating forward one obtains arbitrarily large un-
stable arcs contained in U whose distance to the boundary of U is at least ε (the
size of local product structure boxes). Taking limits, one completes the proof of
(4). �

4. DYNAMICALLY COHERENT CASE

In this section, f : M → M will be a dynamically coherent partially hyperbolic
diffeomorphism of a circle bundle M with f -invariant foliations W cs and W cu

tangent respectively to E cs and E cu . We will prove item (2) of Theorem 3.1 by
contradiction, so we assume that there existsΛcs a vertical sublamination of W cs

to reach a contradiction. As in the previous section, we assume that E s ,E c ,E u

are orientable and that their orientations are preserved by D f .
Dynamical coherence will only be used at a few specific points. In subsection

4.4, we further discuss this usage as it is the subtlest part of the proof of Theorem
3.1.

4.1. An invariant annulus. Using the orientation of the bundles, define W s+(x)
to be the positively oriented connected component of W s(x) \ {x} with the point
x added. Similarly, one defines W s−(x), W u+ (x) and W u− (x).

Consider a minimal sublamination Λ⊂Λcs . Lemma 3.5 item (3) implies that
there exists a periodic component U whose boundary leaves are also periodic.
Without loss of generality we will assume that f (U ) = U and f (L) = L for L a
boundary leaf ofΛ.

For x ∈ L we define Jx to be the closed segment of W u(x) whose interior is
contained in U and such that one endpoint is x and the other endpoint (if it
exists) belongs to Λ. We can without loss of generality assume that Jx ⊂ W u+ (x).
Let `x ∈ (0,∞] denote the length of Jx . Clearly, `x =∞ means that W u+ (x) \ {x} ⊂
U .

We show here:
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Lemma 4.1. There exists an essential closed annulus X ⊂ L such that f k (X ) is
contained in the interior of X for some k > 0.

Proof. By a volume argument, one can show that the set {x ∈ L : `x ≥ 1} is com-
pact in the topology of L. Let X ⊂ L be a compact annulus such that `y < 1 for
all y ∉ X .

There is δ > 0 such that `x ≥ δ for all x ∈ X . By the expansion of E u , there is
k ≥ 1 such that ` f k (x) > 1 for all x ∈ X . This implies that f k (X ) ⊂ int(X ). �

4.2. Finding a circle. Using that f is dynamically coherent, we can define a cen-
ter foliation in L by intersecting it with the foliation W cu and choosing the con-
nected components of the intersections. Let F c denote this center foliation.
The purpose of this subsection is to show that there is a fixed circle leaf of F c .
A σ-curve will be an arc in a leaf of Fσ with σ = s,c,u. As the bundles are all
oriented, one can choose an orientation on σ-arcs. A concatenation of s and
c-curves is coherently oriented if one can parametrise the concatenation so that
each time one considers a c-curve the parametrisation has the same orientation
as E c (see figure 1).

s

cccs

c

FIGURE 1. The concatenation on the left is coherently oriented
and the one on the right is not.

We will need the following consequence of a graph transform argument which
we state without proof (see [HPS] for similar arguments):

Lemma 4.2. Consider a closed curve η contained in a compact forward invariant
subset of a fixed cs-leaf L with the following properties:

• it is made from finitely many alternated c and s-curves;
• the curves are coherently oriented;
• the length of forward iterates is bounded.

Then, the forward iterates of η converge to a fixed circle c-leaf γ in L.

We use this lemma to establish the existence of a circle leaf. It is instructive
to see how this proposition fails in the non-dynamically coherent example of
[RHRHU2].
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Proposition 4.3. There exists a circle leaf γ of F c in L which is fixed by f .

Proof. As the annulus X given by Lemma 4.1 is compact, one can cover it by
finitely many local product structure boxes. As there cannot be circle s-leaves,
one has that there exists `0 > 0 so that every s-curve of length ≥ `0 is not entirely
contained in X .

Claim. Either there is a circle leaf of F c fixed by f in X , or there exists `1 > 0 so
that every c-curve of length ≥ `1 is not entirely contained in X .

Proof of claim. Cover X with local product structure boxes. As X is compact, it
follows that it can be covered with finitely many such boxes. We will show that
if a c-curve intersects a box twice, then one can apply Lemma 4.2 to obtain a
closed curve γ of F c which is fixed by f . If each c-curve intersects each box at
most once, then it is easy to see that there exists `1 > 0 as in the conclusion of
the claim.

Indeed, consider a curve η̂⊂ X intersecting the same local product structure
box twice. By joining the endpoints with a stable curve, one can construct a
coherently oriented closed curve η and so to apply Lemma 4.2 it is enough to
show that the length of f n(η) remains bounded.

Assume that the length of f n(η) is not bounded, then, there must be some n ≥
1 and a local product structure box which f n(η) intersects at least three times.
As X is an annulus and f n(η) has no self-intersections, it follows that there must
be some center arc inside f n(η) which can be closed by a stable curve into a
nullhomotopic curve. This gives a contradiction and proves the claim. �

The rest of this proof is devoted to showing that the second possibility in the
above claim actually implies the first one.

Using the finite cover of X by local product structure boxes, one can construct
a circle η in X made up of finitely many alternated c-curves αi and s-curves βi .
In principle, the orientation of the c-curves αi may differ, but we will show that,
under the assumption of dynamical coherence, one can remove center curves
until all of them are oriented in the same way (and then Lemma 4.2 gives the
desired circle). Clearly, the iterates of η have bounded length as they remain in
X and the c-curves and s-curves have uniformly bounded length.

The important point of dynamical coherence is that we can ensure that for
every ε> 0 there exists δ> 0 such that if two points x0, y0 are in the same stable
leaf at distance less than δ, then their c-curves of length ≤ `1 remain at distance
less than ε.

Assume then thatαi andαi+1 have different orientations andβi is a stable arc
joining the endpoint x0 of αi and the start point y0 of αi+1. By iterating forward
and using the contraction of βi we may assume that βi has length smaller than
δ, and therefore the arcs αi and αi+1, being oriented differently fit in a map
φ : [0,1]2 → X such that:

• φ(0,0) = x0 and φ(0,1) = y0, and φ({0}× [0,1]) =βi ,
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• the arcs φ({t }× [0,1]) are stable and of length smaller than ε,
• either φ([0,1]× {0}) = αi (with reversed orientation) or φ([0,1]× {1}) =
αi+1 (with the correct orientation).

s

s

αi αi+1

αi+2

FIGURE 2. Cutting a curve in the concatenation.

Without loss of generality (by changing slightly the choices) one can assume
that in the last item it is not possible that both possibilities occur, i.e. by choos-
ing the initial curve so that no pair of endpoints of c-curves belong to the same
stable leaf.

Therefore, one can remove one of the center arcs (say, αi if φ([0,1]× {0}) =αi )
and cut αi+1 by eliminating βi and changing it from the stable arc made by the
concatenation of βi−1 and φ({1} × [0,1]) which joins an endpoint of αi−1 and
an endpoint of the new αi+1. This procedure allows one to reduce the number
of c-curves whenever two consecutive curves are not coherently oriented, and
therefore, after finitely many steps one finds a circle made up of alternated s and
c-curves all of which are coherently oriented. Lemma 4.2 then yields the desired
fixed circle leaf. �

4.3. No vertical leaves. Proposition 4.3 provides a circle leaf γ in L which is fixed
by f . By construction, this circle belongs to a leaf F of W cu which is also fixed by
f .

Lemma 4.4. There exists a circle leaf α of F c in L distinct from γ.

Proof. As the leaf L belongs to a minimal sublamination, L must accumulate on
itself. As the leaves L and F are both vertical, the connected components of their
intersections are compact and therefore are circles. Since F intersects L at γ, it
will intersect in a different circle α 6= γ when L accumulates on itself. �

Let Y and Z be the connected components of L \γ. We assume that the curve
α given by Lemma 4.4 is contained in Y . Without loss of generality we may as-
sume that Y contains W s+(y) \ {y} for some y ∈ γ.

Define W s+(γ) =⋃
x∈γ W s+(x) and define V ⊂ L as the open annulus between γ

and α.
Using the ideas of [BoW, Section 2.1] one gets:
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Lemma 4.5. The equality Y = W s+(γ) \γ = ⋃
n∈Z f n(V ) holds.

Proof. The stable foliation W s on L has no compact leaves and the curves α
and γ are both transverse to W s . By a Poincaré-Bendixson argument, one may
use these properties to show that the annulus V is trivially foliated by stable
segments. In other words, both V and α are subsets of W s+(γ) \γ, and so⋃

n∈Z
f n(V ) ⊂ W s

+(γ) \γ ⊂ Y .

Up to replacing f by an iterate, we may assume that f (α) is contained in V .
If

⋃
n∈Z f n(V ) is a proper subset of Y , then there is a point y ∈ Y lying on its

boundary. In particular,

dist(y, f −n(α)) = dist(y, f −n(V )) → 0

as n →∞. By considering the local product structure near y , there is, for each
large n, a small stable segment In ⊂ W s(y) which has one endpoint on f −n(α)
and the other on f −n+1(α). Then, { f n(In)} is a sequence of stable curves, each
connectingα to f (α) and whose lengths tend to zero. Asα and f (α) are disjoint,
this gives a contradiction. �

Corollary 4.6. The curves f n(α) converge uniformly to γ as n →∞.

Define W s+(α) =⋃
x∈α W s+(x) and note that V = Y \W s+(α).

Recall the notation Jy and `y defined above.

Lemma 4.7. The length `y is uniformly bounded for y ∈W s+(α).

Proof. As the set X in the proof of Lemma 4.1 is compact, there is n ∈Z such that
X ∩Y ⊂ f n(V ). This shows that `y ≤ 1 for y ∈ f n(W s+(α)). �

We now consider unstable holonomies. For ε> 0, define the local stable man-
ifold W s

ε (x) = {y ∈W s(x) : ds(x, y) < ε}.

Lemma 4.8. For any y ∈ L and z ∈ W u(y), there is ε > 0 and a continuous map
hu : W s

ε (z) → L such that hu(x) ∈W u(x) for all x ∈W s
ε (z).

Moreover, for any C > 0, there is a uniform value of ε > 0 such that the above
holds for all points with du(y, z) <C .

Proof. This follows from standard properties of foliations and the fact that W u

is uniformly transverse to L. �

Define an annulus A =⋃
x∈α Jx .

Lemma 4.9. Any stable leaf intersects A in at most one point.

Proof. Suppose y ∈ A and z ∈ W s+(y)∩ A. Then let [y, z] represent the compact
stable segment between the two points. Without loss of generality, assume no
other points in [y, z] intersect A. That is, [y, z]∩ A = {y, z}.

Let I be the largest connected subset of [y, z] such that y ∈ I and for which
there is a well-defined unstable holonomy hu : I → L. If x ∈ I \ {y, z}, then x ∉ A
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and therefore hu(x) ∉ α. From this, one may show that hu(I ) ⊂ W s+(α). By the
previous two lemmas, there is a fixed ε> 0 such that if x ∈ I , then W s

ε (x)∩[y, z] ⊂
I . It follows that I = [y, z].

By considering the orientation of E s , one sees that hu(I ) must exit one side of
α and return to α on the other side. Since the circle α cuts the cylindrical leaf L
into two pieces, such a path is not possible. �

Define W u+ (γ) =⋃
x∈γW u+ (x).

Corollary 4.10. Any stable leaf intersects W u+ (γ) in at most one point.

Proof. For a point z ∈ W u+ (γ), the image of the holonomy hu : W s
ε (z) → L is a

continuous curve hu(W s
ε (z)) which crosses from one side of γ to the other. By

corollary 4.6, this curve intersects f n(α) for all large n. Consequently, W s
ε (z)

intersects f n(A) for all large n.
If W s(z) intersects W u+ (γ) in another point, ẑ, then there are ε and n such that

f n(A) intersects W s
ε (z) and W s

ε (ẑ) in two distinct points, and lemma 4.9 gives a
contradiction. �

This contradicts the following general lemma and completes the proof of item
(2) of Theorem 3.1.

Lemma 4.11. There is z ∈W u+ (γ) such that W s+(z) intersects W u+ (γ) in at least two
distinct points.

Proof. First, if W u+ (γ) were complete as a submanifold, it would accumulate at a
point in M , implying the result . Therefore, assume it is not complete.

Look at the holonomy of the center foliation inside W u+ (γ) in a small neigh-
bourhood ofγ. Trivial holonomy would imply that W u+ (γ) is complete (see Lemma
4.5 or [BoW]). Therefore, the holonomy is non-trivial and there is a circle in
W u+ (γ) close to γ and transverse to the center direction. Up to changing the ori-
entation of E c , we have the following property: if x̂ ∈W u+ (γ) and y ∈W c+(x̂), then
y ∈W u+ (γ).

The incomplete submanifold W u+ (γ) accumulates at a point z0 ∉ W u+ (γ). As
W u+ (z0) is not compact, there is a small plaque P in a leaf of the cs-foliation such
that W u+ (z0) intersects P in an infinite set. We further assume that the center
and stable foliations have local product structure on P . There is a convergent
sequence of points zk ∈W u+ (z0)∩P and, for each k, a sequence yk,` ∈W u+ (γ)∩P
such that lim`→∞ yk,` = zk .

Case one: all yk,` lie on the same local center leaf. Then, all zk also lie on the
same local center leaf, and one can find indices k,`,m such that zm ∈W c+(yk,`).
This implies that zm ∈W u+ (γ), a contradiction.

Case two: there are yk,` on different center leaves. Call the two points y and ŷ .
Then, either W c+(y) intersects W s(ŷ) or W c+(ŷ) intersects W s(y). In either case,
the intersection is in W u+ (γ) and the result is proved. �
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4.4. Further comments on the proof. There are two points where dynamical
coherence is used in the proof. One is to be able to apply Lemma 4.2. The most
crucial one is to establish Proposition 4.3, in particular, to show that if two c-
curves start close, then they remain close in a compact set. This last point fails
in general as can be seen in the example of [RHRHU2]. However, there is a state-
ment that can be shown with essentially the same ideas (and we will use it for
studying the absolute partially hyperbolic case) and works even if the cs and
cu-directions integrate into general branching foliations.

Proposition 4.12. Any minimal sublamination Λ of the vertical cs-lamination
Λcs is disjoint from the vertical cu-laminationΛcu .

5. PROOF OF THEOREM 3.1

In this section we complete the proof of Theorem 3.1. This section is inde-
pendent from section 4 except from subsection 5.4.

5.1. Transitive case. In this subsection we establish Theorem 3.1 under assump-
tion (1).

Remark. As mentioned earlier, if f is transitive (i.e. has a dense orbit) or is vol-
ume preserving, then it satisfies property (1).

Proposition 5.1. If f verifies property (1) of Theorem 3.1 thenΛcs =;.

Proof. Proposition 3.3 implies thatΛcs is a compact f -invariant set which is not
entirely M . Choose some small ε> 0 and consider the set

Uε =
⋃

x∈Λcs
F u
ε (x)

Here, F u
ε (x) denotes the open ε-neighborhood of x in its strong unstable leaf

with the induced metric.
As f −1(F u

ε (x)) ⊂ F u
λε

( f −1(x)) for some λ < 1, it is enough to show that Uε is

open to obtain that f −1(U ε) ⊂Uε. Since f is chain-recurrent, this implies that if
Λcs 6= ; then Uε = M for all ε> 0, but this is impossible sinceΛcs 6= M .

To show that Uε is open, recall thatΛcs is saturated by leaves of F cs and there-
fore at each x ∈ Λcs one can choose a small open disk D inside a leaf of F cs

contained in Λcs and containing x and by local product structure one has that⋃
y∈D F u

ε (y) is an open set. �

5.2. Homotopic to identity case. Here we establish item (3) of Theorem 3.1. We
consider f : M → M to be homotopic to the identity. Then, we can lift f to
the universal cover M̃ of M to obtain a diffeomorphism f̃ : M̃ → M̃ which is
at bounded distance from the identity.

Modulo taking an iterate, we can consider a fixed vertical cs-leaf L (given by
Lemma 3.5(3)) whose lift L̃ is quasi-isometrically embedded thanks to Lemma
3.5 (1). It follows that if one takes a strong stable arc J ⊂ L̃ its diameter after
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iterating by f̃ −n(J ) remains bounded by a polynomial in n (in fact, the growth is
at most linear). On the other hand, as the area of a ball of radius R in L̃ has area
bounded by a polynomial in R (cf. Lemma 3.5 (2)), one has that the area of the
ε-neighborhood of f̃ −n(J ) in L̃ is bounded by a polynomial in n.

This gives a contradiction with Proposition 2.1 as the length of f̃ −n(J ) is ex-
ponentially big with n.

Remark. This proof also holds if the induced action of f in the base is reducible
with no pseudo-Anosov component (see [Ca, Chapter 1]).

5.3. Homotopic to Pseudo-Anosov. We first show the following generalisation
of the main result in [BI].

Proposition 5.2. Assume that f : M → M is a partially hyperbolic diffeomor-
phism of a 3-manifold M and U ⊂ M is an open invariant set such that the image
of the morphism π1(U ) → π1(M) induced by the inclusion of U in M is abelian.
Assume moreover that there exists an unstable arc I ⊂U such that the iterates of
I remain at distance ≥ ε from ∂U . Then, the action of f∗ on π1(U ) has an eigen-
value larger than 1.

Proof. Fix Ũ , a connected component of the lift of U to the universal cover M̃
of M which is fixed by f̃ a lift of f . If f∗ does not have eigenvalues of modulus
larger than one, it follows that the diameter of a compact set in Ũ when iterated
forward by f̃ grows at most polynomially (see [BI]). Moreover, the ball of radius
R in M̃ intersected with Ũ has volume which is polynomial in R since the set of
deck transformations which fix Ũ is an abelian subgroup of π1(M).

Now, if one considers an unstable arc J ⊂ Ũ which projects to I as in the
statement of the proposition, its iterate f̃ n(J ) has length which is exponentially
big in n. As the diameter of f̃ n(J ) is bounded by a polynomial in n and its ε-
neighborhood is contained in Ũ , one reaches a contradiction with Proposition
2.1. �

Notice now that if the vertical lamination is non-empty and f acts as pseudo-
Anosov in the base surface, then, the vertical lamination has to be full (see [Ca,
Chapter 1] for a proof and more information on these concepts). In particular,
the fundamental group of the complement is cyclic (and generated by the cen-
ter of π1(M)). Using Lemma 3.5 (4) one is in the hypothesis of Proposition 5.2
which gives a contradiction as f∗ acts as the identity in the center of π1(M). This
completes the proof of item (4) of Theorem 3.1.

5.4. Absolute case. In this section we establish item (5) of Theorem 3.1.
As before, we will assume that Λcs is non-empty and work in a periodic leaf

L (cf. Lemma 3.5 item (3)) which we assume for simplicity that is fixed. We will
say that a curve in L is a c-curve if it is contained in the intersection of L with a
cu-leaf of the corresponding branching foliation.
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Using Proposition 4.12 one can see that inside L any c-curve intersects any
s-curve in at most one point (otherwise, one can proceed as in Proposition 4.3
to obtain a circle c-leaf). By local product structure, this implies:

Proposition 5.3. There is K0 > 0 and ε> 0 such that if J is any s or c-curve, then:

length(J ) < K0 area(Bε(J )).

As L is vertical we can isotope the fibers so that L is a union of fibers (Theorem
2.7) and without loss of generality assume each fiber has length bounded by 1.
For x, y ∈ L, let Cx denote the fiber through x and d(x, y) the distance measured
inside L. The above proposition gives:

Corollary 5.4. There is K > 0 with the following property. If x, y ∈ L with d(x, y) >
2, Ax,y is the closed annulus between Cx and Cy , and J is a c or s-curve in Ax,y

joining Cx to Cy , then length(J ) ≤ K d(x, y).

Absolute partial hyperbolicity implies the existence of σ<µ such that

‖D f |E s‖ <σ< ‖D f |E c‖ <µ, ∀x ∈ L.

Moreover, from compactness, one has that ‖D f ‖ >λ> 0 for all x ∈ L.
As there are no circle s-leaves and Proposition 4.12 implies there are no circle

c-leaves one gets by a Poincaré-Bendixson argument that given two fibers there
are s and c curves between them.

Let D > 0 be a very big constant (to be chosen at the end) and take points
x, y ∈ L with d(x, y) = D . Let J s be a stable curve in Ax,y joining Cx and Cy with
endpoints xs , y s , One deduces from Corollary 5.4 that length(J s) ≤ K D and that
length( f n(J s)) ≤ KσnD for some n ≥ 1 (to be specified at the end).

Consider two fibers through the endpoints of f n(J s) and choose a c-curve J c

joining those fibers with endpoints xc , yc inside the region delimited by them.
Using Corollary 5.4 again one gets

length(J c ) ≤ K length( f n(J s)) ≤ K 2σnD.

Then, it follows that:

length( f −n(J c )) ≤ K 2σn

µn D.

As f n(xs) lies in the same fiber as xc one gets:

d(xs , f −n(xc )) ≤λ−n ,

and an identical estimate for d(y s , f −n(yc )). The triangle inequality provides:

D −2 ≤ d(xs , y s) ≤ K 2σn

µn D +2λ−n .

Choose n > 0 so that K 2σn

µn < 1
2 . Then choose D large enough to produce a

contradiction.
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6. CIRCLE BUNDLES: PROOF OF THEOREMS A AND B

Admitting a horizontal foliation already imposes topological restrictions on a
circle bundle in the form of the Milnor-Wood inequality [CC, Book II, Chapter
4]. In this section we exploit that the cs-foliation is not only horizontal, but also
admits a non-zero vector field tangent to it. This imposes even stronger obstruc-
tions on the topology of the circle bundle, and implies that it finitely covers the
unit tangent bundle of a surface.

Remark. Notice that there exist foliations on circle bundles for which some
leaves are vertical but for which their tangent distributions are homotopic to hor-
izontal ones. As our arguments are from differential topology, the obstructions
carry on to this setting, so it would be enough to show that for a general partially
hyperbolic diffeomorphism, the center-stable (resp. center unstable) bundle is
homotopic to a horizontal one to obtain the obstructions here.

In this section we state our main result for the case of an orientable circle
bundle over an orientable surface (see subsection 2.4). Throughout this sec-
tion, Σ will denote a closed and orientable surface of genus greater than one.
We say that the bundle M → Σ is orientable if M is orientable as a 3-manifold.
We first give a proof in the case M = Σ×S1 and then continue with the proof of
the general case. The proof is organized as follows: in subsection 6.2 we show
an abstract result giving an obstruction for admitting horizontal vector fields in
a circle bundle. Then in subsection 6.3, we use the obstruction to show Theo-
rems A and B assuming that the bundles of the partially hyperbolic splitting are
orientable. Finally in subsection 6.4, we remove this hypothesis.

6.1. The trivial bundle case. Here we deal with the following case which admits
a simple proof. Even if it also follows from the more general setting we felt it de-
served to be explained first, as the general idea is in some sense a generalisation
of this case.

Theorem 6.1. For any surface Σ of genus g ≥ 2 the manifold M =Σ×S1 does not
admit a partially hyperbolic diffeomorphism without vertical leaves (cf. Theorem
3.1).

Proof. We assume by contradiction that there exists such a partially hyperbolic
diffeomorphism. We can assume without loss of generality that all bundles are
orientable and the orientation is preserved by f (otherwise, one takes a finite
cover and an iterate). As in Corollary 3.2, we know that there is a projection pε
isotopic to p so that every leaf of the approximating foliation Wε is transverse to
the fibers.

Consider a non-singular vector field X s generating the E s-bundle. On each
leaf of the approximating foliation Wε, the map hε allows one to pull back the
vector field X s to a vector field X̂ s (cf. Fact 2.4). The result is a continuous vector
field X̂ s tangent to Wε.
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FIGURE 3. Constructing a vector field in a section of the bundle.

Choose a surface S =Σ×{t } in M embedded orthogonally to all the fibers of pε
(i.e. S is a section of the bundle pε : M → Σ), and let’s call Y to the restriction of
the vector field X̂ s to S. Being horizontal, the projection of Y onto T S provides a
non-vanishing vector field Z , contradicting that S is a higher genus surface. This
completes the proof.

�

6.2. Classifying circle bundles via the Euler number. Recall from subsection
2.4 that the fundamental group of a circle bundle M over a genus g (g ≥ 2) sur-
face Σ admits the following presentation, where eu(M) is the Euler number of
the bundle:

π1(M) =
〈

a1,b1, . . . , ag ,bg ,c |
g∏

i=1
[ai ,bi ] = ceu(M) , [ai ,c] = id , [bi ,c] = id

〉
.

It turns out that the topology of the 3-manifold M is determined by the integer
eu(M) according to the following proposition (see [Hat]).

Proposition 6.2. Let Σ be a closed and orientable surface (of any genus). Then

(1) For every n ∈Z there exists a circle bundle M →Σ such that eu(M) = n;
(2) Two circle bundles over Σ are homeomorphic under an orientation pre-

serving homeomorphism if and only if both have equal Euler number.
(3) If M is an oriented circle bundle over Σ and −M denotes the same mani-

fold but with the opposite orientation, then eu(−M) =−eu(M).
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As a corollary we get that the homeomorphism class of circle bundles over Σ
can be classified by the positive integer |eu(M)|. It holds that the Euler num-
ber of the unitary tangent bundle of Σ equals the Euler characteristic of Σ, i.e.,
|eu(T 1Σ)| = |χ(Σ)|, and also eu(M ×S1) = 0.

The next proposition can be interpreted as a generalization of the Hurwitz
formula for covering maps between surfaces which states that if h : Σ̂→ Σ is a
covering map, then χ(Σ̂) = |deg(h)| ·χ(Σ).

Let M̂ → Σ̂ and M →Σbe two circle bundles and H : M̂ → M a fiber preserving
map. Observe that by taking the quotient of M̂ and M by its fibers, this map gives
rise to another map h : Σ̂→Σ such that the following diagram commutes:

M̂
H−−−−→ My y

Σ̂
h−−−−→ Σ

Observe also that if a fiber Ŝ of M̂ is sent into a fiber S of M by H , then the degree
of H restricted to Ŝ is constant along all the fibers of M̂ . We will restrict to the
case where h = id, though the formula can be easily generalised to more general
settings. Notice that in this case, the degree of H coincides with the degree in
the fibers.

Proposition 6.3. In the previous setting with h = id, it holds that

deg(H)eu(M̂) = eu(M).

This is a special case of a more general theory of Euler numbers and covering
maps. See, for instance, [JN, §3]. For completeness, we include a short proof
using the fundamental groups.

Proof. Consider the following presentations for the fundamental groups of M̂
and M :

π1(M̂) =
〈

â1, b̂1, . . . , âg , b̂g , ĉ |
g∏

i=1
[âi , b̂i ] = ĉeu(M̂) , [âi , ĉ] = id , [b̂i , ĉ] = id

〉
,

π1(M) =
〈

a1,b1, . . . , ag ,bg ,c |
g∏

i=1
[ai ,bi ] = ceu(M) , [ai ,c] = id , [bi ,c] = id

〉
.

As H lifts the identity, the action on the presentation of the fundamental group
we wrote above verifies:

• for all i = 1, . . . , g there exists ia so that H∗(âi ) = ai c ia ,
• for all i = 1, . . . , g there exists ib so that H∗(b̂i ) = bi c ib ,
• and H∗(ĉ) = cn where n = deg(H).

Notice that this implies that H∗([âi , b̂i ]) = [ai ,bi ] for all i = 1, . . . , g .
It follows that if m̂ = eu(M̂) and m = eu(M) then:
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cm =
g∏

i=1
[ai ,bi ] =

g∏
i=1

[H∗(âi ), H∗(b̂i )] = H∗

(
g∏

i=1
[âi , b̂i ]

)
= H∗(ĉm̂) = ĉnm̂ ,

which implies nm̂ = m as desired. �

6.3. Proof of Theorems A and B: orientable bundles. Theorems A and B are a
consequence of the following more general result:

Theorem 6.4. Assume that M is an orientable circle bundle over an orientable
surface Σ of genus g ≥ 2. Assume that M admits a partially hyperbolic diffeomor-
phism such that the cs-foliation has no vertical leaves (in the sense of Theorem
3.1). Then, |eu(M)| = 2g−2

n for some n which divides 2g −2 =−χ(Σ).

In particular, this theorem applies to partially hyperbolic diffeomorphisms in
the hypothesis of Theorem 3.1 and therefore it implies both Theorem A and B.

In this section we prove Theorem 6.4 under the additional assumption that
the bundles E s ,E c ,E u are orientable so that we can apply Theorems 2.2 and 2.3.
In the next subsection we show that this is always the case.

Σ

TΣ

x ^X (x)s

FIGURE 4. A map from the bundle to the unit tangent bundle.

Proof. As in Corollary 3.2 we know that there is a projection pε isotopic to p so
that every leaf of the approximating foliation Wε is transverse to the fibers.

Consider a non-singular vector field X s generating the E s-bundle. The map
hε allows one to pull back this vector fields (cf. Fact 2.4) to obtain a continuous
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vector field X̂ s in each leaf of the approximating foliation Wε. Moreover, as hε is
a diffeomorphism when restricted to each leaf of Wε we have that the vector field
X̂ s is uniquely integrable (because E s is). Let φt be the flow generated by X̂ s .

We choose a fixed Riemannian metric in Σ and fix δ > 0 small so that, for
every x ∈ M one has that pε(φδ(x)) is in a small neighbourhood of pε(x). As X̂ s

is horizontal, we know then that pε(φδ(x)) 6= x and so we can construct for each
x ∈ M a vector v ∈ Tpε(x)Σ tangent to the geodesic from pε(x) to pε(φδ(x)).

We obtain a map H : M → T 1Σ which is continuous as all the choices were
continuous. Moreover, one has that if p : T 1Σ→ Σ is the canonical projection
then p ◦H = pε. Applying Proposition 6.3 we complete the proof. �

Remark. If the projection pε could be chosen to be smooth, then one could just
take the map M → T 1Σ given by x 7→ Dx pε(X̂ s(x)). As it is not a priori the case,
we need to make some slight adjustments to make the idea work. See figure 4.

6.4. The bundles are orientable. We consider the more general case where the
bundles E s ,E c ,E u can be non-orientable. We let q : M̂ → M be the smallest
degree covering which makes all the bundles orientable and choose f̂ : M̂ → M̂
a lift of some iterate of f . In the covering, Theorems 2.2 and 2.3 apply and so
we may use the results of Theorem 3.1 to show that the branching foliations are
horizontal (notice that hypothesis (1)-(5) in Theorem 3.1 still hold when one lifts
to a finite cover).

As M is orientable and Σ too, this means that M̂ is an orientable circle bundle
over an orientable surface Σ̂. This implies that ˆE cs and ˆE cu , being horizontal,
inherit the orientation of Σ̂ and as deck transformations preserve the orientation
of M̂ and of Σ̂ they must preserve the orientation of the bundles ˆE cs , ˆE cu , Ê u , Ê s

which implies that the bundles E s ,E c ,E u were orientable in the first place. This
concludes the proof. This same argument involving orientation also appears as
Lemma 7.1 in the next section.

7. GENERALIZATION TO SEIFERT FIBER SPACES

This section proves Theorem C and other results specific to Seifert fiberings.
Here, we assume the reader is familiar with the theory of Seifert fiberings and
2-orbifolds. See, for instance, [JN, Hat, Cho] for background.

Consider a partially hyperbolic diffeomorphism f2 defined on a closed 3-mani-
fold M2 with a Seifert fibering M2 → Σ2 where Σ2 is a hyperbolic orbifold. First
consider the case where everything is oriented. That is, M2, Σ2, the fibering, and
the bundles E u , E c , and E s all have orientations. Up to replacing f2 by an iter-
ate, further assume that f2 preserves the orientation of the bundles. By Theorem
2.2, there is a branching foliation F cs

2 tangent to E cs . We consider a leaf L of F cs
2

to be vertical if the embedding of its fundamental group π1(L) into π1(M2) con-
tains the cyclic subgroup generated by a regular fiber of the Seifert fibering. Our
first goal is to show that F cs

2 has no vertical leaves.
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As Σ2 is a hyperbolic orbifold, there is a finite covering Σ1 → Σ2 where Σ1 is
a hyperbolic surface. This induces a fiber-preserving covering M1 → M2 where
M1 is a circle bundle. An iterate of f2 lifts to a partially hyperbolic map f1 on M1

and the branching foliation F cs
2 lifts to a branching foliation F cs

1 on M1.
Assume f2 satisfies one of the properties (1)–(5) listed in Theorem 3.1. Then

f1 also satisfies the corresponding property and Theorem 3.1 implies that F cs
1

has no vertical leaves. As the covering M1 → M2 preserves fibers, F cs
2 has no

vertical leaves. The foliation results of Brittenham and Thurston (Theorem 2.7)
hold in the setting of Seifert fiberings, and the argument in subsection 6.3 may
be adapted to construct a map u which satisfies

M2
u−−−−→ T 1Σ2y y

Σ2
id−−−−→ Σ2.

Each regular fiber of M2 maps to a regular fiber of T 1Σ2 with a degree d which is
independent of the fiber. With a little work, one may show that each exceptional
fiber of M2 maps to an exceptional fiber of T 1Σ2 with the same degree d , and
from this show that M2 is a d-fold covering space of T 1Σ2.

This concludes the proof of Theorem C in the case where everything is ori-
entable. Before going to the non-orientable setting. We first analyse fiber-pre-
serving diffeomorphisms on M2.

Lemma 7.1. Suppose τ : M2 → M2 is a fiber-preserving diffeomorphism which
preserves the partially hyperbolic splitting for which E cs and E cu are horizontal.
Then the following are equivalent:

(1) τ preserves the orientation of any one (and therefore all) of
E u , E s , E cu , E cs ;

(2) τ preserves the orientation of the Seifert fibering;
(3) the induced map Σ2 →Σ2 preserves orientation.

Proof. If τ reverses the orientation of M2, then it is a map of degree -1. This
implies that the Euler number of M2 equals zero. Then the covering space M1

defined above also has Euler number zero which we have already ruled out in
the case of circle bundles. Thus, τmust preserve the orientation of M2. (See also
[EHN, Theorem 3.1].)

Since E cs is transverse to the fibering and both E cs and the fibering are ori-
ented, the derivative Dτ must either preserve both of these orientation or re-
verse both. As E cs is transverse to E u , Dτmust either preserve both orientations
or reverse both. Similar arguments hold for E cu with the fibering and for E cu

with E s . Altogether, these show that (1) and (2) are equivalent.
Since τ preserves the orientation of M2, (2) and (3) are equivalent as the dis-

tributions E cs and E cu (being horizontal) carry an orientation which is in corre-
spondence with the orientation of Σ. �
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Now, suppose f3 is a partially hyperbolic map defined on a manifold with
Seifert fibering M3 →Σ3 where Σ3 is an oriented hyperbolic orbifold. Then there
is a finite normal covering M2 → M3 and a lift f2 of an iterate of f3 so that the
fibering on M2 and all of the bundles in the splitting T M2 = E u ⊕E c ⊕E s are
oriented. The fibering on M2 is given by a map of the form M2 → Σ2 where Σ2

orbifold covers Σ3. Since Σ3 is oriented, any deck transformation τ : M2 → M2 of
the covering M2 → M3 induces an orientation preserving map onΣ2. Lemma 7.1
then shows that τ preserves the orientations of E u , E c , and E s , and the fibering.
Since this holds for all deck transformations, it implies that all of the bundles in
the splitting T M3 = E u ⊕E c ⊕E s are oriented as well as the fibering on M3. Thus,
f3 on M3 is already in the “everything is oriented” case and a lift to M2 is not
necessary. This shows that Theorem C holds for any Seifert fiber space over an
oriented hyperbolic orbifold.

The final case is a partially hyperbolic map f4 defined on a Seifert fibering
M4 → Σ4 where Σ4 is a non-orientable orbifold. Let Σ3 be the oriented double
cover of Σ4. Then the map Σ3 →Σ4 defines a fiber-preserving covering M3 → M4

and a lifted map f3 on M3. (See [JN, Corollary 3.2] for details.) Since M3 is
a double cover of M4, there is a deck transformation τ : M3 → M3 which in-
duces an orientation reversing map on Σ3. Lemma 7.1 implies that τ reverses
the orientation of fibers. As it is a deck transformation, τ has no fixed points and
therefore does not fix any fibers. This implies that M3 has exactly two copies
of every exceptional fiber in M4, and the Euler numbers satisfy eu(M3 → Σ3) =
2eu(M4 → Σ4). Using these properties and the fact that M3 is a d-fold cover of
T 1Σ3, one may show that M4 has the same Seifert invariant as a d-fold cover of
T 1Σ4. Since the Seifert invariant uniquely determines the space, M4 finitely cov-
ers T 1Σ4. This concludes the proof of Theorem C for a Seifert fibering over any
hyperbolic orbifold.

Proof of theorem 1.3. Suppose M →Σ is a Seifert fibering over a turnover. If Σ is
not hyperbolic, the results in [HP2, Appendix A] imply that M does not support
a partially hyperbolic system. Therefore, we restrict to the case that Σ is hyper-
bolic. Then, [Bri, Corollary 4 and Proposition 6] imply that the approximating
foliation to the cs-branching foliation has no vertical leaves. As in the last proof,
one can show that M finitely covers T 1Σ and therefore M supports an Anosov
flow. �

Proof of corollary 1.4. Consider a Seifert fiber space over a hyperbolic turnover
such that the fibering M →Σ has Seifert invariant

(0;(1,−1), (α1,β1), (α2,β2), (α3,β3))

with 0 < βi < αi for all i . Up to a choice of orientation, the Seifert invariant of
the unit tangent bundle T 1Σmay be written as

(0;(1,−1), (α1,1), (α2,1), (α3,1)).
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Suppose M covers T 1Σ. As both manifolds have unique Seifert fiberings, we
may assume this covering is fiber preserving. As both M and T 1Σ have the same
base orbifold, [JN, Proposition 2.5] implies that the fibering on T 1Σ has Seifert
invariant

(0;(1,−d), (α1,dβ1), (α2,dβ2), (α3,dβ3))

where the integer d is the degree of the covering. The properties of Seifert in-
variants then imply that dβi ≡ 1 mod αi for all i . For most choices of βi , no
such d with this property exists and so there are many Seifert fiber spaces over
Σwhich do not cover T 1Σ.

The exact conditions for M to support a horizontal foliation are complicated
to state [Nai]. See also [Ca, Section 4.11]. However, a sufficient condition is that
the inequality

β1

α1
+ β2

α2
+ β3

α3
< 1

holds [EHN, Theorem 3.5]. Using this, one may find many possibilities for M
which support horizontal foliations, but do not cover T 1Σ. For instance, if α≥ 5
is an odd number, then

(0;(1,−1), (α,1), (α,2), (α,1))

gives such an example. �

APPENDIX A. PROOF OF PROPOSITION 3.4

In this appendix we prove Proposition 3.4. The key point is to establish that
every curve in the family is a quasi-geodesic which is the purpose of the follow-
ing:

Lemma A.1. Let η : R→ H2 be a properly embedded curve and Γ < PSL(2,R) the
set of deck transformations for a given compact surface Σ. Assume that for every
g ∈ Γ it follows that gη and η do not have topologically transverse intersections.
Then, limt→+∞η(t ) exists in ∂H2. Moreover, if both components of H2 \ η have
infinite area, then limt→+∞η(t ) 6= limt→−∞η(t ).

Proof. See Levitt [Le2, Lemma 1] for a similar statement.
Since the curve is properly embedded, the accumulation points of sequences

η(tk ) with tk →∞ form a non-empty compact connected subset of the boundary
at infinity ∂H2 of H2. We will abuse notation and also use η to denote the image
η(R).

Assume first by contradiction that these accumulation points form a non-
trivial interval [a,b] with a 6= b. Choose a deck transformation g ∈ Γ such that
g [a,b] ⊂ (a,b). (Such a g exists because H2/Γ is compact.) Notice that as η and
gη do not traverse each other, gη cannot accumulate in g [a,b] without accumu-
lating in all the interval (a,b). This gives a contradiction.
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To conclude, we must rule out that the set of accumulation points is the whole
∂H2. In this case, we choose g ∈ Γ. As g is a hyperbolic element, it has an attrac-
tor and a repeller in ∂H2. One can choose a long arc η0 ⊂ η close to ∂H2 which
can be closed to a Jordan curve J by an arc α which is close to the boundary and
far from the attractor and the repeller of g . If η0 is sufficiently close to ∂H2 then
α can be chosen in such a way that gα∩α=; and such that there is a point in
the interior of J which is mapped in the interior of J . This implies that g or g−1

sends the interior of the Jordan curve into itself which implies the existence of a
fixed point of g in H2 which is a contradiction. This completes the proof of the
existence of limt→∞η(t ).

Let us call η+ = limt→+∞η(t ) and η− = limt→−∞η(t ). Assume that z0 = η+ =
η− and let D be the connected component of H2 \η whose only accumulation
point in the boundary ∂H2 is z0.

Our hypothesis implies that D has infinite area, and therefore there is a deck
transformation g ∈ Γ such that g D ∩D 6= ;. One must have that g z0 = z0 as
otherwise one would obtain a transverse intersection point between gη and η.
Without loss of generality, we assume that z0 = g− the repeller of g ; this implies
that say g−1D ⊂ D and if one considers D̂ =⋃

n>0 g n(D) one has that D̂ contains
a properly embedded curve ξ whose limits are g+ and g− = z0 which are differ-
ent. Choose g ′ ∈ Γ such that g ′ξ∩ ξ transversally (i.e. the points at infinity are
linked). This implies for large enough n > 0 that g ′ ◦g n(D) intersects g n(D), and
as g ′z0 6= z0 one obtains a transverse intersection of η with g−n g ′g nη, a contra-
diction. This completes the proof of the lemma. �

It follows from Lemma A.1 that every ηi ∈ A is bi -quasi-isometric for some
bi . As the familly is closed by taking limits it is a compact family of curves and
then the argument in [Ca, Lemma 10.20] applies verbatim to give Proposition
3.4.
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