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Abstract. We show that in the absence of periodic centre annuli, a

partially hyperbolic surface endomorphism is dynamically coherent and

leaf conjugate to its linearisation. We proceed to characterise the dy-

namics in the presence of periodic centre annuli. This completes a clas-

sification of partially hyperbolic surface endomorphisms.
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1 Introduction

The dynamics of non-invertible surface maps are less understood than

their invertible counterparts. In [HH19], it is shown that certain classes

of partially hyperbolic surface endomorphisms are leaf conjugate to linear

maps. Such a comparison to linear maps cannot be achieved in general,

with [HH19], [HSW19] and [HH20] all constructing examples which do not

admit centre foliations. Further, [HH20] introduces the notion of a periodic

centre annulus as a geometric mechanism for failure of integrability of the

centre direction. In this paper, we show that periodic centre annuli are

the unique obstruction to dynamical coherence, and give a classification up

to leaf conjugacy in their absence. We further give a characterisation of

endomorphisms with periodic centre annuli, completing a classification of

partially hyperbolic surface endomorphisms.

Before stating our results, we recall preliminary definitions. A cone family

C ⊂ TM consists of a closed convex cone C(p) ⊂ TpM at each point p ∈ M .

A cone family is Df -invariant if Dpf (C(p)) is contained in the interior of

C(f(p)) for all p ∈ M . A map f : M → M is a (weakly) partially hyperbolic

endomorphism if it is a local diffeomorphism and it admits a cone family Cu

which is Df -invariant and such that 1 < ‖Dfvu‖ for all vu ∈ Cu. We call

Cu an unstable cone family. Let M be a closed oriented surface. A partially

hyperbolic endomorphism on M necessarily admits a centre direction, that
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is, a Df -invariant line field Ec ⊂ TM [CP15, Section 2]. The existence of

this line field and orientability in turn imply that M = T2.

The homotopy classes of endomorphisms play a key role in their classi-

fication. To each partially hyperbolic endomorphism f : T2 → T2, there

exists a unique linear endomorphism A : T2 → T2 which is homotopic to

f . We call A the linearisation of f . If λ1 and λ2 are the (not necessarily

distinct) eigenvalues of A, then A is one of three types:

• if |λ1| < 1 < |λ2|, we say A is hyperbolic if,

• if 1 < |λ1| ≤ |λ2|, we say A is expanding, and

• if 1 = |λ1| < |λ2|, we say A is non-hyperbolic.

When A is hyperbolic or expanding, then we have the Franks semiconjugacy

H : T2 → T2 from f to A [Fra70].

The existing classification of surface endomorphisms relies on integrability

of the centre direction. We say a partially hyperbolic endomorphism of T2

is dynamically coherent if there exists an f -invariant foliation tangent to

Ec. Otherwise, we say that the endomorphism is dynamically incoherent.

Though an endomorphism does not necessarily admit a centre foliation, it

always admits a centre branching foliation: an f -invariant collection of C1

curves tangent to Ec which cover T2 and do not topologically cross. A

construction of such an object tangent to a general continuous distribution

is carried out in §5 of [DS08].

Suppose that f, g : T2 → T2 are partially hyperbolic endomorphisms

which are dynamically coherent. We say that f and g are leaf conjugate if

there exists a homeomorphism h : T2 → T2 which takes centre leaves of f

to centre leaves of g, and which satisfies

h(f(L)) = g(h(L))

for every center leaf L of f . In [HH19], it shown that if f : T2 → T2 is a par-

tially hyperbolic surface endomorphism whose linearisation A is hyperbolic,

then f is dynamically coherent and leaf conjugate to A.

There also exist dynamically incoherent partially hyperbolic surface en-

domorphisms. The first known examples were constructed in [HSW19] and

[HH19] and are homotopic to non-hyperbolic linear maps. Examples homo-

topic to expanding linear maps were later constructed in [HH20], leading to

the result that every linear map on T2 with integer eigenvalues λ1, λ2 sat-

isfying |λ2| > 1 is homotopic to an incoherent partially hyperbolic surface

endomorphism. A geometric mechanism for incoherence called a periodic

centre annulus was introduced in [HH20]. A periodic centre annulus is an

immersed open annulus X ⊂ T2 such that fk(X) = X for some k > 0 and

whose boundary, which must consist of either one or two disjoint circles, is

C1 and tangent to the centre direction. We further require that a periodic



CLASSIFICATION OF PARTIALLY HYPERBOLIC SURFACE ENDOMORPHISMS 3

centre annulus is minimal, in the sense that there is no smaller annulus

Y ( X with the same properties.

Of the incoherent examples constructed in [HH20], an interesting class are

those homotopic to linear maps which are homotheties or non-trivial Jordan

blocks, which themselves as maps on T2 are not partially hyperbolic. Our

first result is that such linearisations are, in a sense, defective.

Theorem A. Let f : T2 → T2 be a partially hyperbolic endomorphism with

linearisation A : T2 → T2. If f does not admit a periodic centre annulus,

then the eigenvalues of A have distinct magnitudes.

In light of the preceding theorem, the absence of a periodic centre annulus

implies that the linearisation is itself a partially hyperbolic endomorphism.

In this absence it then makes sense to talk of leaf conjugacies of a map to

its linearisation. A main result of this paper is that periodic centre annuli

are the unique obstruction to classification up to leaf conjugacy.

Theorem B. Let f : T2 → T2 be partially hyperbolic. If f does not admit

a periodic centre annulus, then f is dynamically coherent and leaf conjugate

to its linearisation.

To give a comprehensive classification of partially hyperbolic surface en-

domorphisms, we look to understand dynamics of endomorphisms with peri-

odic centre annuli. Our setting for this classification bears some similarity to

diffeomorphisms on T3, where centre-stable tori are known to be the unique

obstruction to both dynamical coherence and leaf conjugacy [Pot15; HP14].

The analogue of a periodic centre annulus in this other setting is a region

between centre-stable tori. A classification of such diffeomorphisms is given

in [HP17], where it is shown that there are finitely many centre-stable tori

and the dynamics on the regions between such tori take the form of a skew

product. The finiteness of periodic centre annuli also holds in our setting,

and while not difficult to prove, is essential for our classification.

Theorem C. Let f : T2 → T2 be a partially hyperbolic endomorphism.

Then f admits at most finitely many periodic centre annuli X1, . . . , Xn.

We can follow the same procedure as [HP17] to show that the dynamics

on a periodic centre annulus also takes the form of a skew product. This

result is stated as Proposition 5.1 and discussed in Section 5, though as it

is a straightforward adaption, its complete proof is deferred to an auxiliary

document [HH].

Unlike diffeomorphisms on T3, the fact that the dynamics on a periodic

centre annulus takes the form of a skew product is not a complete classifi-

cation in our setting, as it is not necessarily true that the annuli cover T2.
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This is seen in the examples of [HH20]. However, this is at least true for the

examples in [HSW19] and [HH19], and in fact holds for any endomorphism

with non-hyperbolic linearisation, as stated in the following result.

Theorem D. Let f : T2 → T2 be a partially hyperbolic endomorphism with

non-hyperbolic linearization A and with at least one periodic center annulus.

Then T2 is the union of the closures of all of the periodic center annuli of

f .

It then remains to characterise the dynamics when the linearisation is

expanding, where the annuli the collection of closed periodic centre annuli

will not cover T2. This is our final result, completing a classification of

partially hyperbolic surface endomorphisms.

Theorem E. Let f : T2 → T2 be a partially hyperbolic endomorphism which

admits a periodic centre annulus, and let X1, ..., Xn be the collection of all

disjoint periodic centre annuli of f . Let A : T2 → T2 be the linearisation

of f and suppose A is an expanding linear map, so that there is the Franks

semiconjugacy H : T2 → T2 from f to A. Then:

• The set

Λ =
⋃

i

⋃

k≥0

f−k(Xi)

is dense in T2 . If X is a connected component in this set, then X

is an annulus, and H(X) is either a periodic or preperiodic circle

under A.

• The complement

T2 \Λ

is the union of disjoint circles tangent to the center direction of f .

If S is a connected component of Λ, then S is a circle, and is either

periodic/preperiodic under f , or H(S) is a circle which is transitive

under A.

This result can be phrased as saying that either a point eventually lies

in a periodic centre annulus, where we understand the dynamics as a skew

product due to our earlier discussion, or it lies on an exceptional set of center

circles where the dynamics can be understood using the semiconjugacy.

The current paper is structured as follows. We begin in Section 2 by

studying how periodic centre annuli manifest within centre branching folia-

tions. In particular, a Reeb component or what we call a tannulus give rise

to periodic centre annuli. This characterisation is fundamental to the rest

of the paper, and in this process we prove Theorem C.
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We next establish Theorem A in Section 3. This is done by introducing

rays associated to branching foliations as a tool for relating the dynamics of

f to its linearisation A, an idea that is used only within that section.

Section 4 contains the proof of Theorem B. We use topological properties

of the branching foliation that were established in the preceding sections,

paired with the Poincaré-Bendixson Theorem, to establish dynamical co-

herence. A leaf conjugacy is then constructed with an averaging technique,

similar to [HH19].

We conclude the paper by proving both Theorems D and E in Section 5.

2 Tannuli and Reeb components

In this section, we characterise how periodic centre annuli can arise in

branching foliations. These are fundamental to proving the main theorems

of the paper, and we shall prove Theorem C in the process.

Let f : T2 → T2 be a partially hyperbolic surface endomorphisms. Lift

f to a diffeomorphism f̃ : R2 → R2, recalling that f̃ admits an invariant

splitting Eu⊕Ec [MP75]. For an unstable segment Ju ⊂ R2, define U1(J) =

{p ∈ R2 : dist(p, J) < 1}. The following result, which is the basis of ‘length

vs. volume’ arguments, is proved for the endomorphism setting in Section 2

of [HH19].

Proposition 2.1. There is K > 0 such that if J ⊂ R2 is either an unstable

segment or a centre segment, then

volume(U1(J)) > K length(J).

Recall that an essential circle C ⊂ T2 has a slope. This can be defined in

terms of the first homology group of T2

Lemma 2.2. Let X1, X2 ⊂ T2 be periodic centre annuli of f . Then the

boundary circles of X1 and X2 have the same slope. Moreover, these circles

do not topologically cross.

Proof. Let X1 and X2 be two periodic centre annuli. By replacing f with

an iterate, we may assume that X1 and X2 are f -invariant.

First suppose that X1 and X2 have different slopes. Let π : R2 → T2 be

the universal covering map. Since the slopes are different, we can find a lift

f to a map f̃ : R2 → R2 and connected components X̃1 of π−1(X1) and X̃2

of π−1(X2) such that f̃(X̃1) = X̃1, and f̃(X̃2) = X̃2. Then X̃1 and X̃2 each

lie a bounded distance from lines L1, L2 ⊂ R2 with different slopes. Then

X̃1 ∩ X̃2 lies inside finite parallelogram bounded by edges parallel to L1 and

L2. Thus X̃1 ∩ X̃2 has bounded volume. But this region is invariant, and so

a small unstable curve inside this region grows exponentially in length. By

Proposition 2.1, this is a contradiction.
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Now assume that the boundary circles of the annuli have the same slope

and that a boundary circle of X1 topologically crosses a boundary circle of

X2. Let f̃ be a lift of f and X̃1 be a connected component of π−1(X1) such

that f̃(X̃1) = X̃1. By lifting a point x ∈ X1 ∩ X2, we can find a point

x̃ ∈ X̃1 whose orbit under f̃ lies in X̃1 ∩ π−1(X2) for all time. Since only

finitely many connected components of π−1(X2) intersect X̃1 this means

that there is a connected component X̃2 of π−1(X2) which is periodic under

f̃ . Replacing f by an iterate, we may assume that f̃(X̃2) = X̃2.

Since the annuli X1 and X2 are of the same slope, the f̃ -invariant set

X̃1 ∩ X̃2 lies within a bounded neighbourhood of some line L. By making

a linear coordinate change on R2, we may assume that L is vertical, and

that the lifts X̃1 and X̃2 are both invariant under vertical translation. Let

L1 and L2 be lifts of boundary circles of X̃1 and X̃2, respectively, that

cross. Denote the connected components of R2 \L1 as U+ and U−. The

existence of a topological crossing means there is a compact set S that is

either a point or interval with S ⊂ L1 ∩ L2, such that L2 passes from U−

about a neighbourhood of one endpoint of S, and then enters U+ about

a neighbourhood of the other endpoints of S. Since both L1 and L2 are

invariant under vertical translation, then L2 also crosses from U− to U+

locally at S + (1, 0). By a connectedness argument, L2 must then have

crossed back from U+ to U− at some point q on L1 between S and S+(1, 0).

Since both L1 and L2 are C1, then there must be a disc bounded by a bigon

consisting of a segment along one of each of L1 and L2. Both edges of the

bigon lie somewhere along the lines between the crossings S and S + (0, 1).

We can also see that such a bigon whose vertices are at crossings of L1 and

L2 must have uniformly bounded volume: It must be bounded by 1 in the

vertical direction, and since it lies a uniform distance from a vertical line

L, it is also uniformly bounded in the horizontal direction. Since f̃ is a

diffeomorphism, then the open disc V is mapped again to a disc bounded

by another one of these particular bigons. Thus f̃n(V ) must have uniformly

bounded volume for all n. By considering a small unstable curve Ju ⊂ V ,

then Proposition 2.1 gives a contradiction. �

Let X ⊂ T2 be an open annulus. We define the width of X be the Haus-

dorff distance between its boundary circles. The preceding lemma allows us

to prove Theorem C.

Proof of Theorem C. We use what is basically the idea of local product

structure, but instead in the context of an unstable cone. Since Cu and

Ec are a bounded angle apart, then there is δ > 0 such that if a periodic

centre annulus X contains an unstable curve of length 1, then X must have

width at least δ. Since X is periodic, then by iterating a small unstable
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curve within X, we see that X must contain an unstable curve of length 1.

Thus any periodic centre annulus has width at least δ. But by the preceding

lemma, all periodic centre annuli are disjoint, so by compactness there can

only be finitely many. �

Periodic centre annuli will be easier to understand if we can consider them

as a part of branching foliation.

Lemma 2.3. There exists an invariant centre branching foliation Fc
bran

of

T2 which contains the boundary circles of all periodic centre annuli.

Proof. Let X ⊂ T2 be a periodic centre annulus. Begin with any invariant

centre branching foliation Fc
bran

of T2. As mentioned in the introduction,

the existence of such a branching foliation is given in Section 5 of [DS08].

Then we can construct Fc
bran

by cutting a leaf at each point it crosses a

boundary of circle of X and completing these cut segments to leaves of

Fc
bran

by gluing the boundary circles of X to each component. We also

retain the leaves which do not cross the boundary circles of X, and obtain

a branching foliation of Fc
bran

which do not cross the boundary circles of X.

We can then freely add these circles to Fc
bran

to obtain a branching foliation

which contains X. There are finitely many periodic centre annuli whose

boundaries do not cross each other, and so we can repeat this process to

add all periodic centre annuli to Fc
bran

. �

For the remainder of this section, we will take Fc
bran

to be an invariant

centre branching foliation contain all periodic centre annuli. Recall that a

branching foliation also has an associated approximating foliation Fc
ε as in

[DS08]. Then the slope of Fc
ε is necessarily rational, and so either the fo-

liation is the suspension of some circle homeomorphism or contains a Reeb

component. In the dynamically incoherent example of [HH19] and [HSW19],

the periodic centre annuli correspond to Reeb components in the approxi-

mating foliation. In the example of [HH20] and the dynamically coherent

but not uniquely integrable example of [HSW19], the centre curves form

what we call an tannulus, due to its similarities to a collection of translated

graphs of the tangent function. Rigorously, a tannulus is a foliated closed

annulus such that every leaf in the interior is homeomorphic to R and which

when lifted to a foliation on a strip I × R ⊂ R2, is such that the leaves

tend to one boundary component of I×R with y-coordinate approaching ∞

when followed forwards, and then tending toward the other component with

y-coordinate approaching −∞ followed backwards. We say that an annulus

in Fc
bran

is a Reeb component or tannulus if its approximation in Fc
ε is such

an annulus.
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Recall that if A is the linearisation of f , then Fc
bran

is almost parallel to

an A-invariant linear foliation A. Let π : R2 → R be a linear projection

which maps each leaf of A onto R.

Lemma 2.4. The image and preimage of a Reeb component in Fc
bran

under

f is a Reeb component. Similarly, the image and preimage of a tannulus in

Fc
bran

is a tannulus.

Proof. Lift Fc
bran

to R2. Reeb components and tannuli in Fc
bran

cannot map

to annuli foliated by circles, so it remains to show that a Reeb component

cannot map to tannulus and vice versa. Observe that if L is a leaf of Fc
bran

contained in a Reeb, then π(L) is an interval of the form [a,∞) for some

finite constant a. however, if L′ is contained within a tannulus, then π(L′) is

all of R. Then πA(L) is a half-bounded interval, and πA(L′) is all of R. Since

f is a finite distance from A, we cannot have f(L) = L′ or f(L′) = L. �

We now show that the presence of Reeb components and tannuli necessi-

tate the existence of a periodic centre annulus.

Lemma 2.5. If X is a tannulus or Reeb component of a branching foliation

Fc
bran

, then there is k ≥ 0 such that fk(X) is periodic.

Proof. If Fc
bran

contains a Reeb component, then since Fc
bran

can contain

only finitely many Reeb components, there is a periodic Reeb component.

If Fc
bran

contains a tannulus, denote this tannulus as X. If Ju ⊂ X is

an unstable curve, then fk(Ju) grows unbounded in length, implying that

fk(X) must have width bounded below by some δ > 0 for all sufficiently large

k. However, it is clear from their definition that all tannuli can intersect

only on their boundary. Thus there can only be finitely many tannuli of

width δ, so that fk(X) is periodic for all sufficiently large k. �

Corollary 2.6. If there exists a centre branching Reeb component or tan-

nulus, there exists a periodic centre annulus.

Since Reeb components and tannuli are the only components of a rational-

slope branching foliation which could have non-circle leaves, we also have

the following.

Corollary 2.7. If f does not admit any periodic centre annuli and A has

rational eigenvalues, the leaves of any invariant centre branching foliation

are circles.

The converse of this characterisation is also true—that a periodic centre

annuli is necessarily a centre Reeb component or tannulus—though the ideas

used to see this are precisely those we use to prove dynamical coherence in

Section 4. Since the converse is not needed for our results, we do not include

a proof in this paper.
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3 Degenerate linearisations

In this section, we prove Theorem A. To relate the dynamics of the en-

domorphism to its linearisation, we introduce the notion of a ray associated

to a branching foliation, which will only be used in this section.

Let f0 : T2 → T2 be a partially hyperbolic endomorphism, and for the

remainder of this section, suppose that f0 does not admit a periodic centre

annulus. Let A be the linearisation of f0. If A has real eigenvalues, then

by replacing f0 by an iterate, we may assume that eigenvalues of A are

positive. Proving Theorem A then amounts to ruling out the possibilities

that A has complex eigenvalues, is a homothety, or admits a non-trivial

Jordan block, where in the latter two cases we may assume the eigenvalues

of A are positive.

Lift f0 to a diffeomorphism f : R2 → R2, and let A also denote the lift

of the linearisation. Further, lift the centre direction and unstable cone of

f0 to R2, and denote them Ec and Cu. Up to taking finite covers, we can

assume that Ec and Cu are orientable, and by replacing f by f2, that Df

preserves these orientations. Similarly, we assume that A is an orientation

preserving linear map.

Recall that there exists an invariant centre branching foliation of R2 which

descends to T2, as is constructed for surfaces in Section 5 of [DS08]. More-

over, given small ε > 0, the leaves of this branching foliation lie less than

ε in C1-distance from an approximating foliation Fc
ε which also descends

to T2. This implies that Fc
ε lies a finite distance from a linear foliation of

R2, and thus, so does Fc
bran

. Moreover, from Lemma 5.2, the absence of

periodic centre annuli implies that Fc
ε descends to the suspension of a circle

homeomorphism. This is already enough to rule out the case of complex

eigenvalues.

Lemma 3.1. The linearisation A of f has real eigenvalues.

Proof. An invariant centre branching foliation Fc
bran

which descends to T2

is a finite distance from a linear foliation of R2. Since f and A are a finite

distance apart, this linear foliation must be A-invariant. A linear map of R2

with complex eigenvalues preserves no such foliation. �

Now we begin to consider to the homothety and Jordan block cases.

Lemma 3.2. The linearisation A must have an eigenvalue greater than 1.

Proof. Let U ⊂ R2 be a small neighbourhood open neighbourhood. If the

A has no eigenvalue greater than 1, then the volume of A−n(U) is bounded.

Since f is a finite distance from A, the volume of f−n(U) can grow at most

polynomially. But U contains some small unstable curve Ju, and so by
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Proposition 2.1 implies that the volume of f−n(U) must grow exponentially,

a contradiction. �

Using the orientation on Ec, we can talk about forward centre curves

emanating from a point. Given a branching foliation Fc
bran

and a leaf L ∈

Fc
bran

through the origin, we call the forward half of L to be all points

on L forward of the origin. Recall that a ray is a subset of R2 given by

{t · v ∈ R2 : t ≥ 0} for some non-zero vector v ∈ R2.

Lemma 3.3. Let Fc
bran

be an invariant branching foliation. Then there

exists a unique ray R(Fc
bran

) emanating from the origin such that if L ∈

Fc
bran

passes through the origin, the forward half of L lies a finite distance

from R(Fc
bran

).

Proof. Let Fc
ε be an approximating foliation of Fc

bran
. By taking T Fc

ε to

be transverse to Cu, T Fc
ε has a natural orientation that is consistent with

with that of Ec. Since Fc
ε descends to T2, it lies a finite distance from a

linear foliation of R2. Thus the forward half of the leaf Fc
ε (p) lies close to

some ray R(Fc
ε ) emanating from the origin. Let L ∈ Fc

ε and J ⊂ L be a

subcurve obtained by taking all points forward of some point q ∈ L. Since

we know Fc
ε in fact descends to a suspension, then J lies a finite distance

from R(Fc
ε ).

Now the forward half of a leaf of Fc
bran

is a finite distance from some

forward segment J contained in a leaf L ∈ Fc
ε as described in the preceding

paragraph. Thus any forward half a leaf of Fc
bran

also lies forward half of L

is a finite distance from R(Fc
bran

) := R(Fc
ε ). �

Recall that there can be many invariant centre branching foliations, and

by using the explicit constructions of [DS08], we have two concrete examples

as follows. Using the orientations on Cu and Ec, we may roughly view Cu

locally as vertical and Ec horizontal. One can obtain a branching foliation

by taking the maximal highest forward centre curve through a point q ∈ R2

and gluing it to the lowest backward centre curve through q. We denote

this branching foliation as Fmax. A second (though not necessarily distinct)

branching foliation can be obtained by flipping this construction, and gluing

the lowest forward to the highest backward curves. We denote this branching

foliation Fmin.

Consider now the space S of rays. Since each ray may be assocated to a

unit vector in R2, the space S is homeomorphic to a circle. We specifically

work with S rather than projective space RP 1 in order to handle the Jordan

block case. Observe that a line on R2 quotients down to a pair of antipodal

points on S, so that the complement of this line in S has two connected

components.
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Lemma 3.4. There exists a line γ ⊂ R2 such that one connected compo-

nent S+ of S \ γ contains R(Fc
bran

) for any centre branching foliation. In

particular, this component contains both R(Fmax) and R(Fmin).

Proof. Since an invariant centre branching foliation is approximated by a

suspension, there there exists a circle C0 ⊂ T2 passing through (0, 0) ∈ T2

which is transverse to the centre direction. By redefining the unstable cone

sufficiently large, we can further assume that C0 is tangent to Cu. The lift

C ⊂ R2 of C0 passing through the origin in R2 then lies close to a line γ.

The line γ divides the ray space S into two connected components S− and

S+, and the curve C divides R2 into two half spaces Γ− and Γ+.

If a leaf of the lifted center branching foliation intersected the lifted circle

C, then by transversality a leaf of a sufficient close approximating foliation

would also intersect twice. However, a Poincaré-Bendixson argument shows

this is not possible (see Proposition 4.2 in the next section for a similar

argument). Thus, as a forward centre curve through the origin intersects

C at the origin, any such curve must lie entirely in either C− or C+. The

orientations on the transverse Ec and Cu then imply then that all forward

centre curves from the origin all in fact lie in all must lie on only one of these

half spaces, which we take to be C+. Now if a ray lies a finite distance from

a forward centre curve, then it necessarily lies in Γ+, or is one of the two

points corresponding to γ itself. However, every forward centre curve lies

close to a curve obtained by lifting a circle in a suspension on C0, so such a

ray cannot be one of the points corresponding to γ. �

By giving an orientation on S we obtain the usual notion of ‘clockwise’

and ‘counterclockwise’ on the circle. We assume without loss generality that

the path from R(Fmax) to R(Fmin) that is contained in S+ ⊂ S points in

the clockwise direction. From a natural perspective this means that the ray

R(Fmin) lies clockwise from R(Fmax).

Lemma 3.5. There are smooth foliations Fcw and Fccw of R2 which descend

to T2 such that:

(1) both T Fcw and T Fccw are a small distance from the centre direction,

and are transverse to Cu

(2) with respect to the orientation given by Cu, T Fcw lies below Ec and

T Fccw above Ec

(3) the rays R(Fcw) and R(Fccw) are contained in S+ ⊂ S

(4) the path from R(Fmin) to R(Fcw) that is contained in S+ goes in the

clockwise direction, while the path from R(Fmax) to R(Fccw) that is

contained in S+ goes in the counterclockwise direction.
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(5) if A has distinct eigenvalues, then R(Fcw) and R(Fccw) are not tan-

gent to the A-invariant directions.

Proof. We shall start by finding Fcw. Let F
c
ε be an approximating foliation

associated to Fc
bran

. Then Fc
ε descends to a suspension of homeomorphism

on some circle C0 ⊂ T2 which is transverse to Ec. Now take a smooth

distribution Ecw to lie sufficiently close to Ec so that it remains transverse

to the unstable cone, but that with respect to the orientation on the unstable

cone, lies strictly below Ec.

For concreteness, this construction may be done as follows. Let Xc be

the (continuous) vector field consisting of unit vectors that point in in the

direction of Ec with the same orientation as Ec, and let Xu be any vector

field consisting of unit vectors lying inside of the cone family Cu and with

the same orientation as the cone family. If ε > 0 is small, then the vector

field defined by X = Xc − εXu consists of vectors close to Ec but rotated

slightly clockwise away from Cu. This vector field is continuous and not

smooth in general. By a small perturbation (much smaller than ε), we can

approximate X by a smooth vector field Xcw such that its vectors are close

to Ec but rotated slightly clockwise away from Cu. This smooth vector field

then defines Ecw.

As a smooth distribution, Ecw integrates to a smooth foliation Fcw. The

return map of the flow along T Fcw to the circle C0 must then have a lower

rotation number than that of the return map of T Fc
ε , implying that R(Fcw)

lies a small clockwise distance in S from R(Fmin). With this, we obtain the

third and fourth properties. The last property can be satisfied by refining our

perturbation: If R(Fcw) happened to point in the expanding A direction,

then another small clockwise perturbation of T Fcw will integrate to the

desired foliation.

By instead perturbing Ec to Eccw lying strictly above Ec, the resulting

distribution integrates to the desired Fccw by a similar argument. �

The foliations Fcw and Fccw are thought of as clockwise and counterclock-

wise perturbations to the centre direction, respectively. To illustrate to the

reader the objects we are considering in S, below is a figure of the ray space

S indicating the relationships we have established from the rays of Fmax,

Fmin, Fcw and Fccw.

The next step is to iterate these perturbed foliations backward. Given

any foliation F of R2 which descends to T2, define a foliation f−n(F) of R2

by f−n(F)(p) = f−n(F(fn(p))). This sequence of foliations Fn does not

necessarily descend to a foliation on T2, but we now show that it still has

an associated ray. Observe that since the linearisation A is an orientation



CLASSIFICATION OF PARTIALLY HYPERBOLIC SURFACE ENDOMORPHISMS 13

R(Fcw)

R(Fccw)

R(Fmax)

R(Fmin)

γ

γ

Figure 3.1. A depiction of the ray space S and the points we are

considering in S.

preserving linear map, it induces an orientation preserving map S → S,

which we also denote as A.

Lemma 3.6. Let F be either Fcw or Fccw, and define L ∈ f−n(F) to be the

leaf of f−n(F) through the origin. Then the forward half of L lies a bounded

distance from the ray R(f−n(F)) := A−n(R(F)). This distance is uniformly

bounded for all n and choices of L.

Proof. If L ⊂ R2 is the line containing R(F), then using the fact that A is

a finite distance from f , it is straightforward to see that any leaf of f−n(F)

is a bounded distance from A−n(R(F)). This distance is naturally bounded

across all choices of L. To see uniform boundedness for all n, we refer the

reader to §2 of [HH19]. The proof of this property there again uses the finite

distance between f and A to show the result under the assumption that A

is hyperbolic and R(F) is not tangent to the contracting eigendirection of

A. When A has an eigenvalue of 1, then the proof is nearly identical, and

uses the final property of Lemma 3.5. When A is expanding, the argument

is easier. �

Suppose further now that TF is transverse to Ec and Cu, as is the case

for Fcw and Fccw. Then the tangent lines Tf−n(F) converge to the centre

direction as n → ∞. Since f is partially hyperbolic there exists a centre cone

family, that is, a cone family transverse to Cu which contains both TF and

Ec, and that is invariant under Df−1. This cone family inherits a Df−1-

invariant orientation from the orientation on Ec. Using this orientation, we

consider the sequence of curves Ln emanating from the origin given by the

forward half of the leaf of f−n(F) through the origin. By an Arzela-Ascoli

argument, this sequence has a convergent subsequence in the compact open

topology. The limit of such a subsequence is then a complete forward centre

curve emanating from the origin. We use this to prove the following.
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Lemma 3.7. We have limn→∞(A−n(R(Fcw))) = R(Fmin) and

limn→∞(A−n(R(Fccw))) = R(Fmax).

Proof. We prove the first limit, the second follows by similar argument.

Let Ln be the forward half of the leaf in f−n(Fcw) that passes through

the origin. By the discussion preceding the lemma, the sequence Ln has a

convergent subsequence, and the limit L of this subsequence is a complete

forward centre curve through the origin. By Lemma 3.6, the limit L lies

a uniformly bounded distance from limn→∞A−n(R(Fcw)), which we note

does exist since A cannot have complex eigenvalues. Thus, if we can show

that L is actually the forward half of a leaf in Fmin, we will have proved the

result.

Recall that T Fcw lies strictly below Ec with respect to the orientation

on Cu. Since this orientation is preserved by Df , then Tf−n(F) lies strictly

below Ec for all n. Thus the limit L must in fact be the lowest forward

centre curve through the origin. This is, by definition, the forward half of a

leaf of Fmin, giving the result. �

The final observation we need to make is that the dynamics of the map

A : S → S is determined by the eigenvalues of the linearisation. An invari-

ant line of A quotients down to an antipodal pair of fixed points in S. If

A has distinct eigenvalues, the eigenline corresponding to the greater eigen-

value corresponds a pair of attracting fixed points, while the other eigenline

becomes two repelling fixed points. If A is a homothety, the induced map on

S is the identity. When A has a non-trivial Jordan block, the map has just

one pair of fixed points which are each attracting on one side and repelling

on the other. Each of these behaviours is demonstrated in Fig. 3.2, and they

allow us rule out the remaining cases.

A =

(

λ1 0
0 λ2

)

A =

(

λ 0
0 λ

)

A =

(

λ 0
1 λ

)

Figure 3.2. The dynamics of the map A : S → S. From left to

right are the cases when A has distinct eigenvalues, A is a homo-

thety, and when A has a non-trivial Jordan block.
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Proof of Theorem A. The possibility of A admitting complex eigenvalues

was ruled out in Lemma 3.1.

Next suppose that A is a homothety, so that its induced map S → S is

the identity. Thus A−n(R(Fcw)) = R(Fcw) 6= R(Fmin), which contradicts

the fact that limn→∞(R(Fcw)) = R(Fmin) by Lemma 3.7.

Finally, suppose that A has a non-trivial Jordan block. Then the map

A : S → S has only two fixed points, each of which is repelling on one side

and attracting on the other, as illustrated in Fig. 3.2. Only one of these

points can lie in the component S+ of S \ γ, and so R(Fmax) and R(Fmin)

must both be this fixed point. Then one of R(Fcw) and R(Fccw) lies on

the side of this fixed point that is attracting under A, and the other, the

side that is repelling. Without loss of generality we may assume then that

A−n(R(Fcw)) converges to R(Fmax) = R(Fmin), but that A−n((R(Fccw)))

converges to the point antipodal to R(Fmin). This once again contradicts

Lemma 3.7. �

With Theorem A proved, we conclude the section by using the tools we

have developed to establish a property that will be used in the construction

of a leaf conjugacy. We relax our assumption that A is expanding, so that

we are assuming that A is any linearisation f of a partially hyperbolic en-

domorphism without periodic centre annuli. We have shown that A must

have eigenvalues of distinct magnitude, so let Ac denote the linear foliation

of T2 associated to the smaller eigenvalue of A.

Lemma 3.8. Any invariant centre branching foliation Fc
bran

is a bounded

distance from Ac on the universal cover.

Proof. We have shown that A must have distinct eigenvalues. The map

A : S → S then has two pairs of fixed points, each pair corresponding to the

eigenvalues λc and λu of A, with λc < λu. By the last item of Lemma 3.5, the

rays R(Fcw) and R(Fccw) are not any of the fixed points of A : S → S. Then

R(Fmax) = limn→∞(A−n(R(Fcw))) and R(Fmin) = limn→∞(A−n(R(Fccw)))

are both fixed points associated to λc. Only one such fixed point lies in

S+, so R(Fmax) = R(Fmin). Since any forward centre curve must lie in

between a cone region bounded be the lowest and highest forward centre

curves, and this region must lie a finite distance from R(Fmax), it follows

that R(Fc
bran

) = R(Fmax) for any invariant centre branching foliation Fc
bran

.

Since R(Fmax) is a fixed point associated to λc, then Fc
bran

is a finite distance

from Ac. �
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4 Coherence and leaf conjugacy

In this section, we prove Theorem B. Let f0 : T2 → T2 be partially

hyperbolic. We assume for the remainder of this section f0 does not admit

any periodic centre annulus. Lift f0 to f : R2 → R2, and similarly lift the

linearisation of f0 to A : R2 → R2. As an abuse of notation, we denote

Fc
bran

and Fc
ε as the lifts of the branching and approximating foliations

respectively. Since f0 does not admit any periodic centre annuli, then by

Theorem A, the linear map A has distinct real eigenvalues λ1, λ2. Let A
c be

the linear foliation of R2 associated to the smaller eigenvalue of A. Similarly

let Au be a linear foliation associated to λ2. Define a projection πu : R2 → R

to be a linear map which maps each line of Au onto R and whose kernel is

the leaf of Ac through the origin. We will later use a projection πc : R2 → R

which is defined analogously.

Lemma 4.1. There is C > 0 such that if q ∈ Fc
bran

(p), then |πu(p)−πu(q)| <

C.

Proof. The branching foliation Fc
bran

is almost parallel withAc by Lemma 3.8,

which implies that leaves of Fc
bran

are a uniformly bounded distance in πu

direction. �

Recall from the introduction that there exists an unstable foliation Fu

on R2. A key step in proving that Fc
bran

is in fact a true foliation will

be showing that leaf segments of Fu grow large in the πu-direction under

forward iteration. When A is hyperbolic or non-hyperbolic (cases defined in

the introduction), this property of Fu can be proved by using the Poincaré-

Bendixson Theorem and ‘length vs. volume’ arguments, as is done in Section

2 of [HH19]. When A is expanding, it becomes difficult to compare growth

rates of centre and unstable curves, so length vs. volume arguments are

less practical. Instead, we will use the Poincaré-Bendixson Theorem paired

topological properties of Fc
ε , which are now well understood due to the

results in Section 2.

Proposition 4.2. If L ∈ Fc
ε , then L can intersect each leaf of Fu at most

once.

Proof. Suppose that a curve in Fc
bran

intersects a leaf of Fu more than

once. Since this curve of Fc
bran

is transverse to Fu, then by the Poincaré-

Bendixson Theorem, Fu must have a leaf which is a circle. As Fu is a

foliation consisting of lines, this is a contradiction. �

Since Fc
bran

contains no periodic centre annuli, then Fc
ε contains no Reeb

components or tannuli, so Fc
ε is the lift of a suspension. This implies the

following property.
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Lemma 4.3. The leaf space R2 /Fc
ε of Fc

ε is homeomorphic to R. More-

over, the corresponding homeomorphism can be chosen to satisfy the follow-

ing property: There exists a deck transformation τ ∈ Z2 such that if Lc

corresponds to l ∈ R in the leaf space, then τn(Lc) corresponds to l + n.

We will frequently identify a leaf in Fc
ε with its corresponding represen-

tative in R. If X ⊂ R2, define Uη(X) = {x ∈ R2 : dist(x,X) < η}.

Lemma 4.4. If L ∈ Fc
ε , then each of the connected components of Uη(L)\L

contains a leaf of Fc
ε .

Proof. The only foliations lifted from T2 which do not satisfy the desired

property are those which admit Reeb components and tannuli. If Fc
bran

contained either of these, f would admit a periodic centre annulus. �

A Cu-curve is a curve tangent to Cu; we will use Cu-curves instead of

unstable curves to utilise the compactness of T2. Since the unstable cone and

centre direction are a bounded angle apart, then a Cu-curve must ‘progress’

some amount in the leaf space of Fc
ε . This is captured in the following

lemma.

Lemma 4.5. There is δ > 0 such that given a leaf L ∈ Fc
ε which corresponds

to l ∈ R, the following property is satisfied: if Ju is a Cu curve of length 1

with an endpoint on L, then the endpoints of Ju lie on leaves which are at

least δ apart in the leaf space of Fc
ε .

Proof. We begin by establishing the property for a single leaf. Let η > 0

be very small. Then since Ec and Cu are a bounded angle away from each

other, if p ∈ L and Ju is a unit length Cu curve with p as an endpoint, then

Ju is not contained within Uη(L). By Lemma 4.4, Ju intersects a leaf L̂. If

l̂ corresponds to L, then define δl = |l̂ − l|.

Now consider [0, 1] ⊂ R in the leaf space. Since [0, 1] is compact, the

existence of δl for each l ∈ [0, 1] implies that there is δ > 0 such that all

leaves in [0, 1] satisfy the property in the proposition. Now suppose that

L ∈ Fc and that Ju is a Cu curve of unit length with an endpoint on L. If

τ is as in Lemma 4.3, then τn L ∈ [0, 1] for some n, so the claim holds for

τn L. Since the unstable cone commutes with deck transformations, τn(Ju)

is a Cu curve of unit length with an endpoint on τn L, so the property holds

for L. �

This progression of unstable curves in the leaf space of Fc
ε then implies

that large unstable curves will be long in the πu-direction.

Lemma 4.6. If q ∈ Fu(p) and q 6= p, then supn |π
ufn(p)− πufn(q)| = ∞.
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Proof. Recall that the leaves of Fc
ε are uniformly bounded in the πu-direction.

This implies that for any constant D > 0, there is d > 0 such that if

p and q are on leaves that are a distance d apart in the leaf space, then

|πu(p) − πu(q)| > D. Let Ju be an unstable curve with endpoints p and

q. For large enough n, the iterate fn(Ju) has length greater than d/δ.

We can then decompose fn(Ju) into at least d/δ subcurves of unit length.

Each subcurve, by Lemma 4.5, progresses δ in the leaf space of Fc
ε . Since

fn(Ju) cannot intersect a leaf of Fc
ε twice, then fn(p) and fn(q) must lie

on leaves which are at least a distance d apart in the leaf space. Hence

|πufn(p)− πufn(q)| > D. �

Now given two leaves of Fc
bran

which are connected by an unstable curve,

the preceding lemma implies that these two leaves must grow apart in the

πu-direction under forward iteration by f . We use this argument to show

that leaves of Fc
bran

do not intersect, establishing coherence.

Proposition 4.7. Let f0 : T
2 → T2 be a partially hyperbolic endomorphism.

If f0 does not admit a periodic centre annulus, then it is dynamically coher-

ent.

Proof. Suppose there are two leaves L1, L2 ∈ Fc
bran

which coincide at a point

p ∈ R2. Consider the intervals πufn(L1) and πufn(L2). Since both of these

intervals contain πufn(p), their union is an interval, Lemma 4.1 implies that

the length of this interval is at most 2C. In particular, if q1 ∈ L1 and q2 ∈ L2

are points connected by an unstable segment, then |πufn(q1)− πufn(q2)| is

bounded. This contradicts Lemma 4.6.

The branching foliation Fc
bran

gives a partition of T2 tangent to Ec, and

therefore is a foliation Fc by Remark 1.10 in [BW05]. This foliation is f -

invariant. One can show that the foliation commutes with deck transforma-

tions, so Fc descends to the desired foliation on T2. Hence f is dynamically

coherent. �

Let Fc be the invariant centre foliation from the preceding proof.

Proposition 4.8. The foliations Fc and Fu of R2 have global product struc-

ture.

Proof. Proposition 4.2 gives uniqueness of an intersection between leaves

of the foliations. Observe that since Fc has no Reeb components, then

πc(Lc) = R for all Lc ∈ Fc. One can use Lemma 4.5 to show that if

Lu ∈ Fu, then πu(Lu) = R. By an Intermediate Value Theorem argument,

Lc must intersect Lu. �
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With dynamical coherence established, we complete the proof of Theo-

rem B by constructing a leaf conjugacy from f to A. When f has a non-

hyperbolic linearisation, then we do not necessarily have the Franks semi-

conjugacy. However, the leaf conjugacy can be obtained as an averaging of

a map that is obtained in the construction of the semiconjugacy.

Proposition 4.9. There exists a map Hc : R2 → Ac which sends a point

p ∈ R2 to the unique line in L ∈ Ac which satisfies

sup
n

dist(fn(p), An(L)) < ∞.

Moreover, Hc commutes with deck transformations, and the induced map

R2 → R2 /Ac is continuous.

Proof. This map is constructed in the construction of the Franks semicon-

jugacy in [Fra70]. The proof relies only on the fact that f and A induce

the same homomorphism on π1(T
2), and that the greatest eigenvalue of A

is greater than 1. This is the case for all partially hyperbolic surface endo-

morphisms. For a sketch of the argument, see Theorem 3.1 of [HP16]. �

Now we establish properties of Hc to show it is suitable for using an

averaging technique.

Lemma 4.10. We have Hc(q) = Hc(p) if and only if q ∈ Fc(p).

Proof. First, suppose that q ∈ Fc(p). Then |πufn(p) − πufn(q)| < C.

Then if L ∈ Ac is such that dist(fn(p), An(L)) is bounded, then as is

dist(fn(q), An(L)). Hence Hc(p) = Hc(q).

Now suppose that Hc(q) = Hc(p) but that q /∈ Fc(p). Then fn(p) and

fn(q) must both lie close to An(L) for some L ∈ Ac. This implies that

|πufn(p)−πufn(q)| is bounded. However, by global product structure, there

exists q̂ ∈ Fu(p)∩Fc(q). Since centre leaves are bounded in the πc-direction,

then |πufn(q̂)−πufn(q)| must bounded, so that |πufn(p)−πufn(q̂)| is also

bounded. This contradicts that q̂ ∈ Fu(p). Hence q ∈ Fc(p). �

For q ∈ Fc(p), let dc(p, q) be the distance of the leaf segment from p to q.

Lemma 4.11. There exists T > 0 such that if q ∈ Fc(p) and dc(p, q) > T ,

then |πc(p)− πc(q)| > 1.

Proof. This follows immediately from the fact that Fc is equivalent to the

suspension of a circle homeomorphism that is almost parallel to Ac. �

Finally, we construct the leaf conjugacy.
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Proof of Theorem B. Fix L ∈ Fc and let α : R → R2 be an arc length

parametrisation of L. For p ∈ L, let s = α−1(p). Let T be as in Lemma 4.11

and define h(p) as the unique point in Hc(L) which satisfies

πch(p) =
1

T

∫ T

0

πcα(s+ t) dt.

Define h on each leaf of Fc to obtain a map h : R2 → R2. This map h

is homeomorphism, and descends to the desired leaf conjugacy on T2. The

details of this argument are identical to that of Section 3 and the proof of

Theorem B in [HH19], where the map Hc takes the place of the Franks semi-

conjugacy H, with Proposition 3.2 and Lemma 3.3 replaced by Lemma 4.10

and Lemma 4.11 of the current paper. �

5 Maps with periodic centre annuli

With the preceding section having proven a classification in the absence of

a periodic centre annulus, we complete the classification by addressing those

with such annuli. That is, we prove Theorems D and E. Let f : T2 → T2 be

partially hyperbolic surface endomorphism which admits a periodic centre

annulus.

Central to our classification is the following proposition, which states that

the dynamics on a periodic centre annulus take the form of a skew product.

Proposition 5.1. Suppose f is a partially hyperbolic endomorphism of a

closed, oriented surface M and that there is an invariant annulus M0 with

the following properties:

(1) f(M0) = M0 and f restricted to M0 is a covering map;

(2) the boundary components of M0 are circles tangent to the center

direction.

(3) no circle tangent to the center direction intersects the interior U0 of

M0.

Then, there is an embedding h : U0 → S1×R such that the homeomorphism

h ◦ fk ◦ h−1 from h(U0) to itself is of the form

hfkh−1(v, s) = (A(v), φ(v, s))

where A : S1 → S1 is an expanding linear map and φ : h(U0) → R is

continuous. Moreover, if v ∈ T2, then h−1(v ×R) is a curve tangent to Ec.

This result is an analogue of the classification of dynamics of diffeomor-

phisms with centre-stable tori. In fact, the preceding theorem may be proved

by adjusting each of the arguments used in [HP17] to the current setting,

where one replaces the notion of a region between centre-stable tori with a

periodic centre annulus, both of which take the role of M0 in the statement
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above. Since this is long process which does not use any new ideas, it is

completed in an auxiliary document, [HH].

With the dynamics inside a periodic centre annulus understood, we turn

to outside of the annulus, and in particular the preimages of these annuli.

Let Fc
bran

be an invariant branching foliation which contains all the periodic

centre annuli, as in Lemma 2.3. Let A : T2 → T2 be the linearisation of f .

Then the lift of Fc
bran

to R2 lies close to the lift of some A-invariant linear

foliation A. Let λ1 be the eigenvalue of A associated to the foliation A, and

λ2 the other (not necessarily distinct) eigenvalue of A.

Lemma 5.2. Let S ∈ Fc
bran

be a centre circle. Then the preimage f−1(S)

consists of λ2 disjoint circles in Fc
bran

.

Proof. Since f is a covering map, f−1(S) consists of circles, each of which

is mapped onto S. These circles cannot be null-homotopic since they are

tangent to the centre. Let S ′ ⊂ f−1(S). Then since f(S ′) = S has the

same slope as A and f is a finite distance from A, then S ′ is also has the

same slope as A. Since the induced homomorphism of f on the fundamental

group of T2 is the same as that of A, then f |S′ : S ′ → S is a map of degree

λ1. Then as f has degree λ1λ2, the set f−1(S) must consist of λ2 distinct

circles. �

The remaining ingredient for our two classification theorems is that out-

side the orbits of periodic centre annuli are circles in Fc
bran

.

Proposition 5.3. Suppose that f admits a periodic centre annulus. Let

X1, . . . , Xn be the distinct, disjoint periodic centre annuli of f . The con-

nected components of the set

V = T \
⋃

i

⋃

k∈Z

fk(Xi)

are circles.

Proof. Let Fc
bran

be a branching foliation which contains the leaves that

saturate all periodic centre annuli and their boundaries. As V is the com-

plement of the preimages of these annuli, then V is also saturated by leaves

of Fc
bran

. A property of foliations on T2 is that if a leaf is not a circle, then it

lies inside a tannulus or Reeb component. By Section 2, the non-circle leaves

then lie only in periodic centre annuli or their preimages. Moreover, by a

Reeb compact leaf argument, the limits of accumulating boundary circles in

the preimages of periodic centre annuli is also a circle. This ensures that V

will be both a set saturated by leaves, and these leaves must be circles.

Let Y ⊂ V be a connected component, and suppose that Y has non-

empty interior. Since Y is saturated by leaves of Fc
bran

, then Y can a priori
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be either an annulus, or a ‘pinched annulus’, i.e., a deformation retract of an

annulus. Let the width of Y be the Hausdorff distance between its boundary

circles, as we used in Section 2. Then arguing similarly to Lemma 2.5, for all

sufficiently large k, fk(Y ) has width bounded from below. Then fn(Y ) must

be pre-periodic, so that V contains a periodic centre annulus, contradicting

the definition of V . �

We consider now the setting of a non-hyperbolic linearisation and aim to

prove Theorem D. This relies primarily on a length vs. volume argument.

Lemma 5.4. If A is nonhyperbolic, a periodic centre annulus has the slope

associated to the eigenvalue λ of A for which λ > 1.

Proof. Let X0 ⊂ T2 be a periodic centre annulus. Assume without loss of

generality that X0 is invariant, and lift X0 to a strip X ⊂ R2. Assume that

the claim is false, so that X0 has associated eigenvalue λ = 1. By making

an affine change of coordinates on R2, we can assume that the linearisation

takes the form A : (x, y) 7→ (λx, y) for the eigenvalue λ > 0 of A, and that

X ⊂ R×[0, 1]. Let U = [−1, 1] × [0, 1] ⊂ X̃. Lift f to a diffeomorphism

f̃ : R2 → R2 that fixes X.

Sublemma 5.5. There is D > 0 such that the set U satisfies

f̃n(U) ⊂ [−Dn,Dn]× [0, 1].

Proof. If C > 0 is the C0 distance between A and f , then An([−1, 1]×R) ⊂

[−1, 1]×R, so that f̃n([−1, 1]×R) ⊂ [−1−Cn, 1+Cn]×R, and so if D = 1,

then f̃n([−1, 1] × R) ⊂ [−Dn,Dn] × R. Since R×[0, 1] is f̃ invariant, then

f̃n([−1, 1]× R) ⊂ [−Dn,Dn]× [0, 1]. �

Now if Ju ⊂ U is a small unstable curve unstable curve, then by Propo-

sition 2.1, the volume of f̃n(U) must grow exponentially in n. However,

the sublemma above shows that the volume of f̃n(U) can grow at most

polynomially, giving a contradiction. �

This allows us to conclude the classification in the case of a non-hyperbolic

linearisation.

Proof of Theorem D. By Lemma 5.2 and Lemma 5.4, the preimage of the

boundary circle of a periodic centre annulus is a single circle. In turn, the

preimage of a single periodic centre annulus is a single annulus, which by

finiteness of the periodic centre must also be periodic. By Proposition 5.3,

the finitely many periodic centre annuli together with their boundary circles

cover T2. �

Finally, we complete the classification in the case of an expanding lineari-

sation.
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Proof of Theorem E. Suppose that A is expanding. Then as both eigenval-

ues of A are larger than 1, Lemma 5.2 shows that the preimage of a periodic

centre annulus is necessarily multiple disjoint annuli. By continually iterat-

ing backwards, we see that the orbit of a periodic centre annulus consists of

infinitely many annuli, and their union is dense by Proposition 5.3. Observe

that points within a given periodic centre annulus remain a bounded dis-

tance apart when iterated on the universal cover, implying that the image

of such an annulus under the semiconjugacy H is necessarily a circle. By

the semiconjugacy property, this circle will be either preperiodic or periodic

under A. Similarly, a circle S which is not in the orbit of the periodic centre

annuli will be mapped to circles by H. If S is not preperiodic or periodic

under f , then H(S) is necessarily transitive under A. �
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