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Based on dimensional analysis and finite element calculations, several
scaling relationships in the indentation of shape memory alloys with a
sharp conical indenter were obtained. These scaling relationships illustrate
the dependence of the indentation response on the material properties
of shape memory alloys, such as phase transition and plastic deformation.
It is shown that the yield stress and strain-hardening exponent of trans-
formed martensite play important roles in the indentation response,
in addition to the phase transition properties. Additionally, the general
relationships between indentation hardness and phase transition stress,
maximum transition strain, martensite yield stress and the strain-hardening
exponent of shape memory alloys were obtained. The results show that
the indentation hardness of shape memory alloys is not proportional to the
phase transition stress or to the martensite yield stress, and cannot be used
directly to measure the phase transition stress or the yield stress of shape
memory alloys.

Keywords: indentation; indentation hardness; shape memory alloys; finite
element modelling

1. Introduction

Indentation tests have been used for nearly 100 years to find the hardness of
materials, and the measurement has been significantly improved in recent years
due to modern indentation instruments with high precision and ease of operation.
Many authors have discussed how to obtain the mechanical properties of the
materials at small length scales from the load–displacement curves of micro- and
nano-indentations [1,2]. For example, the hardness and Young’s modulus of
materials can be obtained from the peak load and the initial slope of the unloading
curves [3]. More recently, indentation tests have been use to probe the mechanical
properties of some advanced materials and biological materials [4–13].
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Shape memory alloys (SMAs), such as near-equiatomic NiTi alloys, have
many engineering applications in micro-electro-mechanical systems, bio-medical
devices and implants, seismic protection devices and aerospace structures due to their
super-elasticity, shape memory effect, good biological compatibility and damping
capacity [14–18]. Although the mechanical properties of bulk SMAs can be obtained
from macroscopic tests, there is still a growing interest in probing their mechanical
properties by micro- and nano-indentations due to its application at small scales
[19–24]. However, since a phase transition from austenite to martensite and vice
verse occurs in SMAs during indention loading and unloading, the indentation of the
alloys is much more complicated than that of ordinary metals without any phase
transition. Some key questions need to be answered before the indentation tests
are used to probe the mechanical properties of shape memory alloy. For example,
are the general indentation relationships for SMAs the same as those for ordinary
metals without phase transition? Can we take the indentation hardness of SMAs as
a material property and deduce some mechanical properties from measuring their
hardness, as in the cases of ordinary elasto-plastic and visco-elastic solids [6,25,26]?
Based on dimensional analysis for the indentation hardness of ordinary metals
[6,25,26], questions on spherical indentation of SMAs with a low indentation force
without involving any plastic deformation of the alloys have been answered [7,8,11].
However, sharp conical indentation of SMAs has not been discussed due to the
complexity caused by the plastic deformation of transformed martensite near the tip
of the sharp indenter.

In this paper, we will try to answer some key questions about the indentation
of SMAs with a sharp conical indenter using dimensional analysis and finite element
calculations. Firstly, several scaling relationships for the indentation of SMAs with
a sharp conical indenter are obtained from the dimensional analysis. Then, detailed
numerical simulations are performed by the finite element method. Based on the
calculated results, the effects of phase transition stress, maximum phase transition
strain, martensite yield stress and the strain-hardening exponent on the maximum
force and contact depth of sharp conical indentations are discussed. Finally, the
quantitative relationships between the indentation hardness and phase transition and
martensite plastic deformation of SMAs are illustrated in the figures obtained from
our numerical simulations.

2. Dimensional analysis

A simple material model with strain hardening is adopted in this work for shape
memory alloys. In the idealised material, the deformation of the material due to
phase transition from austenite to martensite and the deformation due to the plastic
yielding of the transformed martensite are described by a ‘two-step shaped’ idealised
stress–strain curve under uniaxial loading, as shown in Figure 1. Following this curve
from the origin, phase transition will occur when the transition stress �AM is reached.
The maximum strain caused by complete transition is denoted by "tr. Continuous
loading will result in elastic deformation of the transformed martensite until
the stress reaches the yield stress of the martensite, �My. EA and EM represent
the Young’s moduli of the austenite and martensite phases, respectively. Here, the
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deformation due to phase transition is treated as perfect without hardening, but the

plasticity of martensite is described as strain-hardening and the stress–strain curve
after yielding under the uniaxial tension is described by the power law:

� ¼ K"n, for � � �My, ð1Þ

where K is the strength coefficient and n is the strain-hardening exponent. Since

K¼ �My(EM/�My)
n, we can just use EM, �My and n to describe the stress–strain

relationship of the transformed martensite.
Experimental studies have indicated that there is a certain asymmetry between

tension and compression for SMAs [27]. We do not distinguish this difference in this
paper for simplicity, which implies that the material under uniaxial compression

is assumed to obey the idealised model as well. Considering that the material under
an indenter is mainly in compression, such an assumption will not affect the results

significantly. Therefore, an isotropic hardening behaviour is assumed under three-

dimensional loading conditions. During the forward austenite to martensite
transition process, the volume of the material reduces slightly [28,29]. This small

volume change might mildly influence the mechanical behaviour of this material
[30–32]. For the sake of simplicity, and considering that its value is much smaller

than that of the transformation-induced shear strain, the transformation-induced
volume strain is neglected in this material model. Additionally, interaction between

the plastic deformation and phase transition might exist in SMAs [33,35], which

is neglected in this simplified model. To include this interaction effect and the
transformation-induced volume change, a much more complicated constitutive

model is required. Having said that, this simplified material model can well quantify
the two major deformation behaviors due to phase transition from austenite to

martensite and due to plasticity of the transformed martensite, which is clearly
demonstrated in published experimental papers [30,33]. Only the indentation

n=0.5

n=0.3

EM

EA

n=0.1

σ

σMy

σAM

ε

εtr

Figure 1. Idealised loading stress–strain curves of SMAs, which include martensite plastic
deformation for different values of strain-hardening exponent n.
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responses under loading, such as the maximum indentation force, ‘pile up’ or

‘sink in’ behaviours and hardness, are investigated in this paper. Therefore, there is

no need to deal with the deformation behaviour under unloading, i.e. no need to

consider the deformation due to reverse phase transition. Based on all these

considerations and simplifications, the deformation due to phase transition during

loading in the model, the ‘first step’ in Figure 1, can be treated as a special ‘plastic

deformation’, which follows von Mises plasticity. It is worth mentioning that Zhang

et al. [34] applied an opposite strategy to consider both phase transition and

plasticity by treating plastic strain as a special ‘the strain due to phase transition’.

They customised the ABAQUS build-in super-elasticity model for SMA. Similarly to

our simplified model, the interaction between plastic deformation and phase

transition was not considered in the Zhang et al. [34] model.
Based on the idealised material model, the dimensional analysis for the

indentation response of SMAs with the plastic deformation of transformed

martensite is outlined below.
For a rigid conical indenter of a given half angle � and a shape memory alloy

idealised as shown in Figure 1, the indentation force F during loading process

depends on the mechanical properties of SMAs qualified by the material parameters

�AM, �My, n, EA, EM, �A (Poisson’s ratio of austenite), �M (Poisson’s ratio of

martensite) and "tr, and the geometrical parameter h (indentation depth) and �,
as well as the coefficient of friction � between the indenter and the alloy, i.e.

F ¼ fLð�AM, �My, "
tr, n,EA,EM, �A, �M, h, �,�Þ: ð2Þ

Similarly, the contact depth hc during the loading process can be also formulated as

a function of these parameters, i.e.

hc ¼ gLð�AM, �My, "
tr, n,EA,EM, �A, �M, h, �,�Þ: ð3Þ

Among these governing parameters, EA and h have independent dimensions, and the

dimensions of other parameters can be represented by the product of powers of EA

and h. Then, similar to the dimensional analysis done by Cheng and Cheng [25,26],

the indentation force F and the contact depth hc during the loading process of

indentation can be written as

F ¼ EAh
2�1

�AM

EA
,
�My

EA
, "tr, n,

EM

EA
, �A, �M, �,�

� �
ð4Þ

hc ¼ h�2
�AM

EA
,
�My

EA
, "tr, n,

EM

EA
, �A, �M, �,�

� �
, ð5Þ

where, �AM/EA, �My/EA, "
tr, n, EM/EA, �A, �M, �, and � are dimensionless. From

Equations (4) and (5), it is deduced that the dimensionless indentation force F/EAh
2

and contact depth h/hc is independent of the indentation depth. It implies that the

indentation force F is proportional to the square of the indentation depth h and

the contact depth hc is proportional to the indentation depth h in the indentation

of SMAs with a sharp conical indenter. Similar conclusions have been drawn for

ordinary metals [2].
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For a rigid sharp conical indenter with a given half angle � (¼68�, which is used

to illustrate the essential physics of conical indentation following early work [36,37]),

neglecting the friction between the indenter and indented SMAs (i.e. set �¼ 0.0),

the dimensionless indentation force and contact depth are the functions of

parameters �AM/EA, �My/EA, "
tr, n, EM/EA, �A, and �M. Recent study on ordinary

metals found that the friction effect can be neglected if the indenter angle is larger

than 60� [38]. To emphasise the effects of phase transition and martensite plastic

deformation on the indentation, we assume that the Young’s moduli and Poisson

ratios of austenite and martensite phases are, respectively, the same and

vA ¼ vM ¼ 0:3 . Under these conditions, the scaling relationships between the

indentation force and the indentation depth and the material properties representing

the phase transition and martensite plastic deformation of SMAs can be respectively

simplified as

F

EAh2
¼ �3

�AM

EA
,
�My

EA
, "tr, n

� �
, ð6Þ

hc
h
¼ �4

�AM

EA
,
�My

EA
, "tr, n

� �
: ð7Þ

When the indentation displacement reaches the maximum indentation depth, the

maximum indentation force Fm and corresponding contact depth can be respectively

obtained from

Fm

EAh2m
¼ �5

�AM

EA
,
�My

EA
, "tr, n

� �
ð8Þ

hc
hm
¼ �6

�AM

EA
,
�My

EA
, "tr, n

� �
: ð9Þ

3. Finite element simulations

Finite element simulations using ABAQUS were carried out to illustrate the scaling

relationships given by Equations (8) and (9). Figure 2 shows the finite element model

used in the numerical simulation, where axi-symmetrical condition was applied and

�¼ 68�. The size of the entire model is much larger than that of the indention area,

and the bottom of the model is constrained in both the radial and axial directions.

As shown in Figure 2b, a very fine mesh with the shortest element side of 0.1mm
is employed in the indentation area to ensure the accuracy of the numerical

simulations. The number of four-noded axi-symmetrical elements used in the entire

model is 2940. The yielding of transformed martensite phase obeys the von Mises

yield criterion and different fixed displacement loads were applied on the rigid

conical indenter. In all the calculations, EA was taken as 50GPa and �A was 0.3.
Firstly, the linear relationships of Fm/EAhm versus hm and contact depth hc versus

hm deduced from Equations (8) and (9) are confirmed by the numerical simulations,

which include the phase transition and martensite plastic deformation of SMAs.
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The results are shown in Figures 3 and 4 for n¼ 0.0 and n 6¼ 0.0, respectively. The
linear relationships hold true for all the different prescribed conditions.

Figure 5 shows the relationships of the calculated dimensionless indentation force
Fm=EAh

2
m versus the dimensionless transition stress �AM/EA and the dimensionless

contact depth hc/hm versus �AM/EA for different values of the maximum transition

(a)

(b) 
F

θ

Figure 2. Finite element model for indentation simulations with a sharp conical indenter:
(a) the entire model; (b) the fine mesh near the tip of the indenter.
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strains "tr, the martensite yield stresses �My and the strain-hardening exponents n.
In the calculations, the applied maximum indentation depth hm was set as 500 nm
and the transition stress was prescribed to be less than the martensite yield stress
according to the idealised stress–strain curves shown in Figure 1. It is seen that the
dimensionless indention force Fm=EAh

2
m and the contact depth hc/hm increase with

the increase of the transition stress �AM, and their values depend on the material
parameters "tr, �My and n. However, the increasing rate of hc/hm becomes very small
when the transition stress �AM closes to the martensite yield stress �My. Meanwhile,
the effects of the maximum transition strain "tr on the dimensionless indention force
Fm=EAh

2
m and the contact depth hc/hm become weak as the transition stress increases.

From Figure 5, it is also observed that when the martensite yield stress is low
(e.g. 700MPa), either ‘pile-up’ (hc/hm4 1) or ‘sink-in’ (hc/hm5 1) phenomena might

0 200 400 600 800 1000
0

200

400

600

800

1000
etr = 8%, sAM = 350 MPa, sMy = 130MPa

etr = 4%, sAM = 700 MPa, sMy = 1300MPa

etr = 4%, sAM = 350 MPa, sMy = 700MPa

etr = 4%, sAM = 350 MPa, sMy = 1300 MPa

etr = 8%, sAM = 350 MPa, sMy = 130MPa

etr = 4%, sAM = 700 MPa, sMy = 1300MPa

etr = 4%, sAM = 350 MPa, sMy = 700MPa

etr = 4%, sAM = 350 MPa, sMy = 1300 MPa

(a)

0 200 400 600 800 1000
0

200

400

600

800

1000

hm, nm

F
m

/E
A
*h

m
, n

m
h c

, n
m

hm, nm

(b)

Figure 3. Simulated linear relationships between contact depth hc and hm (a) and between
Fm/EAhm and hm (b). (EA¼ 50GPa, �A¼ 0.3, n¼ 0.0).
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occur, which depends on the value of the transition stress. If the transition stress
is low (e.g. �AM/EA� 0.009), ‘sink-in’ occurs; while, if the transition stress is high
(e.g. �AM/EA� 0.009), then ‘pile-up’ takes place. This theoretical finding might be
the explanation for the experimental observation that ‘pile-up’ appears at a high
temperature and ‘sink-in’ appears at a low temperature in NiTi [22]. For the cases
with a higher martensite yield stress (e.g. �My¼ 1300MPa), only ‘sink-in’ can be
observed in the range of the prescribed transition stress.

Figure 6 displays the relationships of the calculated dimensionless indentation
force Fm=EAh

2
m versus the dimensionless yield stress �My/EA and the dimensionless

contact depth hc/hm versus �My/EA for different values of strain-hardening exponent
n, with a fixed maximum transition strain "tr (¼4%) and fixed transition stresses �AM

(¼350MPa). The calculated results provide a decreased relationship of the

0 200 400 600 800 1000
0

200

400

600

800

1000

hm, nm

hm, nm

F
m

/E
A
*h

m
, n

m
h c

, n
m

 n=0.0, etr=8%
 n=0.5, etr=4%
 n=0.1, etr=4%
 n=0.0, etr=4%

(a)

0 200 400 600 800 1000
0

200

400

600

800

1000

 n=0.0, etr=8%
 n=0.5, etr=4%
 n=0.1, etr=4%
 n=0.0, etr=4%

(b)

Figure 4. Simulated linear relationships between contact depth hc and hm (a) and between
Fm/EAhm and hm (b) for different values of hardening exponent n (EA¼ 50GPa, �A¼ 0.3).
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dimensionless contact depth hc/hm versus �My/EA when the yield stress increases,
which is different from that of the dimensionless contact depth hc/hm versus �AM/EA.
When the strain-hardening is weak (e.g. n¼ 0.0 or 0.1), the ‘pile-up’ occurs in the
range of small yield stress (e.g. �My/EA� 0.013 for n¼ 0.0, and� 0.0096 for n¼ 0.1),
but the ‘sink-in’ takes place in the range of a high yield stress (e.g. �My/EA4 0.015
for n¼ 0.0, and 40.001 for n¼ 0.1). However, for the cases of moderate and
strong strain-hardening, i.e. n¼ 0.3 and 0.5, only the ‘sink-in’ appears during the
indentation loading prescribed here. It is also concluded from Figure 6 that the
effects of the strain-hardening exponent n on the indentation loading process
decrease gradually with the increase in yield stress. These conclusions are similar to
those for ordinary elasto-plastic solids with a work hardening [39].

The maximum transition strain is also a key material property of SMAs and
it plays an important role in the indentation of the alloys. Its effects on the
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e tr = 4%, s
My
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sAM/EA

(a)

0.000 0.005 0.010 0.015 0.020 0.025
0.0
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0.8

1.0

1.2(b)

h c
/h

m

sAM/EA

F
m

/E
A
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m2

Figure 5. Simulated scaling relationships between dimensionless hc/hm and �AM/EA (a) and
between Fm=EAh

2
m and �AM/EA (b).
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dimensionless indentation force Fm=EAh
2
m and the contact depth hc/hm have been

partially displayed in Figures 3–5. Additionally, the detailed scaling relationships of
the calculated dimensionless indentation force Fm=EAh

2
m versus the maximum

transition strain "tr and the dimensionless contact depth hc/hm versus "tr for different
values of yield stress �My and hardening exponent n, with a fixed transition stresses
�AM (¼350MPa) are shown in Figure 7. The simulated results indicate that the
variation of the maximum transition strain hardly affects the dimensionless contact
depth hc/hm (Figure 7a), but the increase of the maximum transition strain results in
a clear decrease of dimensionless indention force Fm=EAh

2
m, especially for the case

with a high yield stress and a moderate or strong hardening (Figure 7b).

0.00 0.01 0.02 0.03 0.04
0.6
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1.0
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1.2
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(a)

0.00 0.01 0.02 0.03 0.04
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0.8

0.9

 n=0.0
 n=0.1
 n=0.3
 n=0.5

(b)

sMy/EA

F
m

/(
E

A
*h

2 )

Figure 6. Simulated scaling relationships between dimensionless hc/hm and �My/EA (a) and
between Fm=EAh

2
m and �My/EA (b) for different values of strain-hardening exponent n

(�AM¼ 350MPa, "tr¼ 4%).
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4. Indentation hardness of shape memory alloys

As Cheng and Cheng [25] defined the indentation hardness of ordinary elasto-plastic

solids, the hardness of SMAs with a sharp conical indenter can be evaluated as

H ¼
Fm

Am
¼

Fm

�h2c h¼hm

�� tan2�
, ð10Þ

where Am is the projected contact area when the indentation force reaches its

maximum Fm. Using the scaling relationships of the indentation force and the

contact depth Equations (8) and (9) and considering � is a constant, we can deduce

the scaling relationship of the indentation hardness H/EA as

H

EA
¼

Fm

EAAm
¼ �7

�AM

EA
,
�My

EA
, "tr, n

� �
: ð11Þ
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Figure 7. Simulated scaling relationships between the dimensionless hc/hm and "tr (a) and
between Fm=EAh

2
m and "tr (b) for different values of yield stress �My and hardening exponent n

(�AM¼ 350MPa).
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It implies that the indentation hardness of SMAs with a given conical indenter

depends on the transition stress �AM, the maximum transition strain "tr, the

martensite yield stress �My and the strain-hardening exponent n, if the friction

is neglected and the other material parameters are set as constant.
To compare the results of SMAs with those of ordinary metals, the following

two scaling relationships are also derived:

H

�AM
¼

EA

�AM
�7

�AM

EA
,
�My

EA
, "tr, n

� �
ð12Þ

H

�My
¼

EA

�My
�7

�AM

EA
,
�My

EA
, "tr, n

� �
: ð13Þ

Based on the numerical results from the finite element calculations, the quantitative

relationships between the hardness and the phase transition stress �AM, the maxi-

mum transition strain "tr, the martensite yield stress �My and the hardening exponent

n are presented below.
Figure 8 shows the relationships between the calculated dimensionless indenta-

tion hardness H/EA and the dimensionless transition stress �AM/EA for different

values of martensite yield stress �My and hardening exponent n. It is seen that when

the transition stress �AM is very small (e.g. �AM/EA5 0.005 for the cases with

martensite yield stress �My¼ 1300MPa), the indentation hardness slightly decreases

with the increase in �AM. After that, the hardness increases monotonically with �AM.

The �AM/EA value of the turning point varies from 0.008 to 0.003 depending on

the prescribed value of martensite yield stress �My (for NiTi shape memory alloys,

its reasonable value ranges from 500 to 1800MPa depending on the thermal

treatment of the alloys). Experimental study [10] found an anomalous increased
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Figure 8. Relationships between dimensionless hardness H/EA and dimensionless phase
transition stress �AM/EA for different values of yield stress �My, hardening exponent n and
maximum transition strain "tr.
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hardness of super-elastic NiTi shape memory alloy when the ambient temperature

changes from 22 to 120�C, which corresponds to the increase in the phase transition

stress from near 400 to 1000MPa, while the martensite yield stress is almost

unchanged (about 1600MPa) within this range of temperature. The influence

of the phase transition stress on the hardness shown in Figure 8 (in the range of

�AM/EA4 0.005) qualitatively explains this experimental finding.
The maximum transition strain "tr indicates the degree of phase transition

in shape memory alloys. However, its effect on the indentation hardness of NiTi

SMAs was not investigated in [10], while their experimental data showed a decreased

maximum transition strain at elevated temperatures. Using the finite element

method, the relationships between the hardness and maximum transition strain are

obtained for different values of martensite yield stress �My and hardening exponent

n, with a fixed transition stress �AM¼ 350MPa. The calculated results in Figure 9

show that, if the transition stress and martensite yield stress are constant, a decreased

maximum transition strain results in increased indentation hardness, especially

for the cases with higher values of martensite yield stress and hardening exponent.

It implies that the effect of maximum transition strain on hardness is more obvious

in cases with a high yield stress and a strong strain hardening. Figure 8 also

illustrates that the effect of maximum transition strain on indentation hardness

of shape memory alloy depends on the value of the transition stress. When the

transition stress is relatively higher and closer to the martensite yield stress, the

variation in maximum transition strain hardly influences the hardness value.

Therefore, it is concluded that the anomalous increased hardness of super-elastic

NiTi alloy observed in the experimental study [10] is caused by both increased

transition stress and decreased maximum transition strain as the ambient temper-

ature is elevated, and the transition stress becomes a dominated factor as the

transition stress is close to the martensite yield stress.
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Figure 9. Relationships between dimensionless hardnessH/EA and maximum phase transition
strain "tr for different values of yield stress �My and hardening exponent n (�AM¼ 350MPa).
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In addition to the phase transition, the plastic deformation of the transformed
martensite phase also affects the indentation hardness of SMAs with a sharp conical
indenter, as outlined in Figures 8 and 9. Here, more detailed relationships between
the dimensionless hardness and martensite yield stress are provided in Figure 10
for several values of the hardening exponent ranging from weak to strong strain
hardening. We can observe from Figure 10 that hardness increases with the increase
in yield stress and hardening exponent, and the effect of the hardening exponent on
hardness decreases with the increase in yield stress. The calculation with a very high
yield stress (e.g. �My/EA4 0.08) shows that the variation in hardening exponent
hardly affects the value of the hardness, and the yield stress becomes the only
dominated factor; however, such a high value of yield stress is not practical for
SMAs. In the reasonable range of yield stress, the strain hardening plays an
important role in determining the hardness of SMAs. These conclusions are similar
to those for ordinary metals [2,39].

For ordinary perfectly elasto-plastic solids, Cheng and Cheng [25] demonstrated
that the ratio of hardness H to Young’s modulus E almost remains constant between
2.5 and 2.6 when the normalised yield stress �y/E changes in the reasonable range
of 05 �y/E5 0.01 (E¼ 100–200GPa). However, our previous work [40] concerning
a perfect plastic deformation of martensite phase showed that the ratio of the
indentation hardness to the martensite yield stress does not remain unchanged even
in the range of 0 � �My=EA � 0:01, and it decreases continuously with the increase in
normalised yield stress �My/EA of SMAs. What will the results be for the cases with
strain hardening?

Figures 11 and 12 give the calculated relationships between the normalised
hardness H/�AM and the normalized transition stress �AM/EA, between the
normalised hardness H/�My and the yield stress �My/EA, respectively, for different
values of hardening exponent n ranging from weak to strong strain hardening.
It is shown that the indentation hardness of SMAs is not proportional to the
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Figure 10. Relationships of dimensionless hardness H/EA versus dimensionless martensite
yield stress �My/EA with several hardening exponents n (�AM¼ 350MPa, "tr¼ 4%).
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transition stress or to the martensite yield stress. The ratios of indentation hardness
to transition stress and to yield stress decrease continuously with the increase in
transition stress and with the increase in yield stress, respectively, even if the
transition stress is close to the prescribed martensite yield stress and the yield stress
is small. In the range of small yield stress and small transition stress, the normalised
hardness (H/�AM or H/�My) of the alloys with a strong strain hardening is many
times that of the alloys without strain hardening, and the hardening exponent n
plays an important role in determining the normalised hardness of the alloys;
however, the effect of strain hardening on the normalised hardness of the alloys
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Figure 11. Relationships between dimensionless hardness H/�AM and dimensionless phase
transition stress �AM/EA.
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Figure 12. Relationships between dimensionless hardness H/�My and dimensionless
martensite yield stress �My/EA for different values of hardening exponent n.
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becomes much weaker when the yield stress and the transition stress are higher.
We can conclude that the hardness of SMAs is not proportional to the martensite
yield stress or to the transition stress, even within the range of small yield stress
values. The hardness cannot be simply used as a measure of the phase transition
stress or plastic yield stress, which is in contrast to ordinary metals.

For ordinary elasto-plastic materials, the hardening exponent will also affect
the ratio of hardness to initial yield strength for a small ratio of initial yield strength
to the Young’s modulus [2]. However, if one chooses the strength at a representative
strain, Cheng and Cheng [2] found that the influence of the hardening exponent on
the ratio of hardness to yield stress at the representative strain can be neglected.
Following this idea, we re-plotted Figure 12 by normalising the hardness value by
the yield stress at a representative strain of 0.1, which is a total strain including
elastic strain, phase transition strain and plastic strain. The new curves are shown
in Figure 13. Now the four curves merge into one curve, which indicates that the
influence of the hardening exponent on the new normalised hardness can be
neglected. This conclusion is consistent with ordinary metals.

5. Conclusions

From scaling analysis and finite element calculations, several dimensionless
relationships were obtained for SMAs with solid phase transition. The relationships
display the dependence of the indentation force F, the contact depth hc and the
indentation hardness H in a sharp conical indention upon the material properties
of SMAs. This represents the phase transition and the plastic deformation of the
transformed martensite phase, i.e. the transition stress �AM, the maximum transition
strain "tr, the martensite yield stress �My and the strain hardening exponent n.
The results show that, even for SMAs, including the plastic deformation of
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Figure 13. Relationships between dimensionless hardness H=��My and dimensionless
martensite yield stress �My/EA. �

�
My is the yield stress at the representative strain of 0.1.

614 G. Kang and W. Yan

D
o
w
n
l
o
a
d
e
d
 
B
y
:
 
[
M
o
n
a
s
h
 
U
n
i
v
e
r
s
i
t
y
]
 
A
t
:
 
2
1
:
2
9
 
2
8
 
J
a
n
u
a
r
y
 
2
0
1
0



transformed martensite, the linear relationships of Fm/EAhm versus hm and hc versus
hm hold true, and the indentation hardness of SMAs is independent of indentation
depth. Surely, the values of the dimensionless indentation force Fm=EAh

2
m, the

contact depth hc/hm and the indentation hardness H/EA change with the values
of the transition stress �AM, the maximum transition strain "tr, the martensite yield
stress �My and the strain hardening exponent n. A higher transition stress or a higher
martensite yield stress or a lower maximum transition strain would lead to a higher
indentation hardness, which is in agreement with the experimental measurement [10]
and a previous study on spherical indentation hardness [11]. A higher strain
hardening would also result in a higher indentation hardness. The results further
indicate that the ratio of hardness to the phase transition stress or to the plastic
yield stress is not a constant; it decreases continuously with an increase in the
corresponding stress value. The hardness cannot be simply used as a measure of
phase transition stress or plastic yield stress of transformed martensite phase,
which is in contrast to ordinary metals.
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